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Alphabetical  List  of  Units  and  Their  SI 
Conversion  Factors 


To  Convert 

Into 

Multiply  By 

atmospheres 

pascals  (Pa) 

1.0133  E+05 

atmospheres 

pounds  per  square  inch 
(lb/in.2) 

1.4696  E+01 

centimeters  (cm) 

inches  (in.) 

3,9370  E-01 

feet  (ft) 

meters  (m) 

3.0480  E-01 

feet  (ft) 

millimeters  (mm) 

3.0480  E+02 

grams  (g) 

ounces  (oz) 

3.5274  E-02 

grams  (g) 

pound  seconds  squared 
per  inch  (lb  ■  sVin.) 

5,7100  E-06 

gram  inches  (g  ■  in.) 

ounce  Inches  (oz  ■  in.) 

3.5274  E-02 

gram  millimeters  (g  ■  mm) 

ounce  Inches  (oz  •  in.) 

1.3887  E— 03 

gram  square  millimeters 
(g  •  mu1) 

pound  inch  seconds  squared 

(ib  •  in.  ■  s2) 

8.8511  E-09 

grams  per  cubic  centimeter 
(g/cm3) 

pounds  per  cubic  inch 
(lb/in.3) 

3.6127  E-02 

horsepower 

kilowatts  (kW) 

7.4570  E-01 

inches  (in.) 

centimeters  (cm) 

2.5400  E+00 

inches  (in.) 

meters  (m) 

2.5400  E-02 

Inches  (in.) 

millimeters  (mm) 

2.5400  E+01 

kilograms  (kg) 

pounds  (lb) 

2.2046  E+00 

kilograms  (kg) 

newtons  (N) 

9.8067  E+00 

kilograms  (kg) 

pound  seconds  squared  per 
inch  (Ib  •  s2/in.) 

5.7100  E-03 

kilogram  square  centimeters 
(kg  •  cm2) 

pound  inch  seconds  squared 

(lb  ■  in.  •  s2) 

8.8511  E-04 

kilograms  per  cubic  meter 
(kg/m3) 

pounds  per  cubic  inch 
(lb/in.3) 

3.6127  E-05 

kilowatts  (kW) 

horsepower 

1.3410  E+00 

meters  (m) 

feet  (ft) 

3.2808  3+00 

meters  (m) 

inches  (In.) 

3.9370  E+01 

microinches  </xin.) 

millimeters  (mm) 

2.5400  E-05 

microinches  (jit  in.) 

microns  (/xm) 

2.5400  E-02 

microns  (ptm) 

microinches  (jxin.) 

3.9370  E+01 

millimeters  (mm) 

feet  (ft) 

3.2808  E-03 

millimeters  (mm) 

inches  (in.) 

3.9370  E+02 

millimeters  (mm) 

microinches  Oxin.) 

3,9370  E+04 

Alphabetical  List  of  Units  and  Their  SI 
Conversion  Factors  (Continued) 


To  Convert 

Into 

Multiply  By 

newtons  (N) 

kilograms  (kg) 

1.0197  E+01 

newtons  (N) 

pounds  (ib) 

2.2480  E-01 

newton  seconds  per  meter 
(N  •  s/m) 

pound  seconds  per  inch 
(lb  •  s/ln.) 

5.7100  E—03 

newtons  per  meter 

pounds  per  inch  (Ib/in.) 

5.7100  E-03 

ounces  (os) 

grams  (g) 

2.8350  E+01 

ounce  Inchon  (oz  •  in.) 

grim  inches  (g  •  in.) 

2.8350  E+01 

ounce  inches  (oz  ’  in.) 

gram  millimeters  (g  •  mm) 

7.2010  E+02 

pascals  (Ps) 

atmospheres 

9.8692  E-06 

pascals  (Pa) 

pounds  per  square  Inch 
(Ib/in,2) 

1.4504  E-04 

pascal  seconds  (Pa  ■  s) 

pound  seconds  per  square 
inch  (lb  •  a/in.2) 

1.4504  E-04 

pounds  (lb) 

kilograms  (kg) 

4.5360  E-01 

pound  inch  seconds 
squared  (lb  *  In.  ■  s2) 

gram  square  millimeters 
(g  •  mm2) 

1,1298  E+08 

pound  inch  seconds  squared 
(lb  ■  in.  •  s2) 

kilogram  square  centimeters 
(kg  ■  cm2) 

1.1298  E+03 

pound  seconds  per  inch 
(lb  •  s/in.) 

newtou  seconds  per  meter 
(N  •  s/m) 

1.7513  E+02 

pound  seconds  per  square 

Inch  Ob  •  s/in.2) 

pascal  seconds  (Pa  ■  s) 

6.8948  E+03 

pound  seconds  squared  per 
inch  (lb  •  s2/ln.) 

grams  (g) 

1.7513  E+05 

pound  seconds  squared  per 
inch  (lb  •  s2/ln.) 

kilograms  (kg) 

1.7513  E+02 

pounds  per  inch  (lb/ in.) 

newtons  per  meter  (N/m) 

1.7513  E+02 

pounds  per  square  inch 
(lb/ln.2) 

atmosheres 

6.8046  E— 02 

pounds  p'-  square  inch 
(lb/ln.2) 

pascals  (Pa) 

6.8948  E+03 

pounds  per  cubic  inch 
(lb/ in.3) 

grams  per  cubic  centimeter 
(g/cm3) 

2,7680  E+01 

pounds  per  cubic  inch 
(lb/ln.3) 

kilograms  per  cubic  meter 
(kg/m3) 

2.7680  E-i  04 
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'  PREFACE 


This  monograph  has  been  written  to  meet  the  need  for  a  comprehensive 
treatise  on  the  balancing  of  rotating  equipment.  The  subject  of  rotor  balancing 
is  a  broad  topic  which  involves  many  skills  and  disciplines.  It  has  recently 
evolved  from  what  was  previously  a  mechanical  engineering  operation  into  an 
electromechanical  technology.  This  has  resulted  from  the  intensive  application 
of  the  minicomputer  to  coordinate  the  required  balancing  operations.  Indeed, 
the  entire  subject  of  rotor  balancing  has  recently  experienced  an  era  of  growth 
and  development  in  which  technological  changes  have  occurred  in  many 
fundamental  areas.  These  changes  have  resulted  from  balancing  requirements 
associated  with  the  rapid  development  of  advanced  high-speed  rotating 
machinery  during  the  two  previous  decades,  The  continued  demand  for 
greater  power  output  per  unit  weight  in  rotating  equipment  has  led  to  the 
acceptance  of  more  flexible  rotor  balancing  techniques.  These  techniques  and 
the  associated  equipment  are  now  being  used  to  balance  advanced,  flexible 
rotor  equipment,  and  they  are  also  replacing  the  older,  established  rigid  rotor 
balancing  procedures. 

In  use,  this  book  is  directed  toward  the  professional  engineer  with  no 
significant  prior  experiences  in  rotor  balancing.  It  is  hoped  that  such  engineers 
may  obtain  from  it  an  introduction  to  the  principles  of  balancing,  certain  basic 
balancing  procedures,  and  some  acquaintance  with  the  hardware  involved  in 
rotor  balancing.  Sufficient  advanced  material  has  been  included  so  that  further 
in-depth  study  may  be  conveniently  pursued  on  spec’fic  state-of-the-art  topics 
using  the  literature  sources  specified  at  the  end  of  each  chapter. 

The  author  will  appreciate  advice  and  comments  from  readers  concerning 
other  Important  topics  and  related  material  that  might  be  included  in  future 
editions  of  this  monograph.  Advice  on  publications  of  importance  that  have 
been  Inadvertently  overlooked  is  also  welcome.  Careful  efforts  have  been 
made  during  preparation  to  eliminate  textual  errors,  but  advice  will  be 
appreciated  to  any  error  that  may  remain,  for  which  the  author  accepts  all 
responsibility. 

Gratitude  is  expressed  both  to  Henry  C.  Pusey,  former  Director  of  the 
Shock  and  Vibration  Information  Center  at  NRL  and  Dr.  J.  Gordan  Showalter, 
the  acting  director  for  their  supportive  recognition  of  the  importance  of  this 
subject,  and  for  much  encouragement  and  friendly  advice  given  during  the 
preparation  of  the  manuscript.  Special  gratitude  is  also  expressed  to  Sara  Curry 
for  her  patient  care,  editing,  and  guidance  in  the  preparation  of  the  manuscript, 
and  to  Dr.  Ronald  L.  Eshelman  of  the  Vibration  institute  and  to  Shixiang 
Zhou,  Visiting  Scholar,  Hupei  Province,  Peoples  Republic  of  China,  for  their 
helpful  review  of  the  material  herein.  A  special  note  of  thanks  goes  to  the 
Computerized  Technical  Composition  Section  of  NRL’s  Technical  Information 
Division,  especially  Mrs.  Deborah  Blodgett  and  Mrs.  Dora  Wilbanks.  Without 
their  patience  and  help  this  book  would  never  have  been  put  in  the  excellent 
shape  that  it  is  now  in. 

Rochester ,  New  York  Neville  F.  Rieger 
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FOREWORD 


Rotor  unbalance  is  a  basic  concern  in  the  design  and  operation  of 
machinery  because  it  is  a  mqjor  cause  of  excessive  vibration^ 

'  The  classical  balancing  procedures  available  today  are  deceptively 
Simple:  balancing  can  be  difficult  due  to  the  number  of  interacting 
phenomena  present.  The  entire  area  of  rotor  dynamics  plays  a  role  in 
many  balancing  problems.  Critical  speeds  are  influenced  by  rotor  and 
bearing  flexibilities;  the  weight,  flexibility,  and  position  of  couplings  as 
well  as  casing  and  foundation  properties  are  often  integral  parts  of 
balancing  techniques  and  strategies.  Because  critical  speeds  involve 
phase  changes— between  mass  unbalance  forces  and  vibration— they  al¬ 
ways  affect  the  sensitivity  of  the  balancing  process.  Balancing  tech¬ 
niques  for  high-speed  equipment  are  thus  intimately  involved  with  ro¬ 
tor  dynamics.  And  because  mass  unbalance  is  sensitive  to  thermal 
changes,  which  cause  changes  in  rotor  shape,  balancing  procedures 
must  also  account  for  thermal  effects.  The  fact  that  such  phenomena 
as  misalignment  cause  once-per-revolution  frequency  vibration— as 
does  mass  unbalance— is  one  reason  for  the  misapplication  of  balancing 
procedures.  It  Is  obvious  that  many  factors  are  involved  in  applying 
balancing  procedures  to  rotors. 

Balancing  techniques  and  rotor  dynamics  have  evolved  with  the 
development  of  machinery,  particularly  as  operating  speeds  have  in¬ 
creased.  The  development  of  balancing  technology  began  in  the  indus¬ 
trial  revolution  of  the  19th  century;  the  first  balancing  machine  was 
developed  and  patented  by  Martenson  in  1870.  At  that  time  and  in  the 
early  20th  century  balancing  accuracy  was  severly  limited  by  the  lack  of 
vibration  transducers  and  analyzers.  A  chalk  mark  of  the  high  spot  of 
the  rotor  was  used  to  identify  the  heavy  spot  (location  of  mass  unbal¬ 
ance).  Balancing  procedures  were  not  formalized  until  the  20th  century 
when  Thearle  in  1934  developed  a  two-plane  influence  coefficient 
method.  From  that  time  to  the  present  balancing  procedures  have 
closely  followed  developments  in  various  areas:  the  theory  of  rotor 
dynamics,  transducers  and  analyzers  for  measuring  vibration,  and  com¬ 
puters.  All  of  these  ingredients  were  essential  to  the  evolution  of  the 
f  sophisticated  flexible-rotor  balancing  techniques  available  today, 
n  ^-Ontfvearly  flexible-rotor  balancing  technique*  traceable  to  Lynn  in 
1928,  was  based  on  mode  shapes  (modal  method^  In  England  the 
theory  of  the  modal  method  was  developed  byTJfshop,  Gladwell,  and 
Parkinson  in  the  1960s;>Moore  demonstrated  the  practical  application  of 
the  method  to  heavy  routing  equipments  At  the  same  time  in  Europe 


Federn  developed  a  comprehensive  modal  balancing  method  that  en¬ 
compassed  a  wide  range  of  rotors.  The  simultaneous  development  of 
these  modal  methods  was  not  without  .controversy— specifically,  with 
whether  the  so-called  rigid  body  modes  should  or  should  not  be  elim¬ 
inated  in  the  balancing  process.  Even  greater  wks^tbe  controversy 
between  modal  and  influence  coefficient  methods  frhictf’  began  with 
Goodman’s  formulation  in  1962  of  the  influence  coefficient  method  of 
Thearle  for  flexible  rotors. 

The  exact-point  speed  method,  which  was  developed. for  multiple 
planes  and  speeds,  evolved  into  the  least  squares  methodjipajor  contri¬ 
butions  were  made  by  Lund,  ^ffls  metfibd  'depends  lieavfly  on  comput¬ 
ers,  good  measurements,  and  rigid  procedures  whereas  the  modal  ap¬ 
proach  involved  physical  insight.  — j 

The  merits  of  the  modal  -and  influence  coefficient  methods  were 
discussed  with  eloquence  and  emotion  at  major  vibration  meetings  for  a 
decade.  Finally  (jg  the  late  1970s,  the  opposing  factions,  represented  by 
Parkinson  of  the  U.K.,  an  advocate  of  the  modal  method,  and  Smalley 
of  the  U.S.,  an  advocate  of  the  influence  coefficient  method,  worked  to¬ 
gether  to  develop  the  unified  method  of  flexible  rotor  balancing.  This 
method  includes  aspects  of  both  the  modal  and  influence  coefficient 


methods 
similar  general 


.^About  the  same  time  Dreschler  of,  West  Germany  evolve 
eneral  method.  * 


'ed  a 


Even  though  a  huge  body  of  literature  exists  in  rotor  dynamics  and 
balancing,  few  books  have  been  written— and  until  now,  no  comprehen¬ 
sive  book  has  been  published.  Dr.  Rieger  has  written  the  first  classical, 
complete  work  on  balancing  with  a  strong  emphasis  on  rotor  dynamics. 
And  because  rotor  dynamics  provides  much  of  the  theoretical  basis  for 
balancing,  it  is  fitting  that  a  major  portion  of  the  text  be  devoted  to  it. 
This  exhaustive  coverage  of  the  field  is  reminiscent  of  Ker  Wilson’s 
books  on  torsional  vibration. 

Dr.  Rieger’s  book  is  well  organized  and  contains  many  illustra¬ 
tions,  worked  examples,  and  documented  experiments.  The  historical 
coverage  of  the  field  is  accurate  and  comprehensive.  It  shows  how  and 
why  the  rapid  development  of  this  field  occurred. 

Dr.  Rieger  is  to  be  congratulated  for  completing  this  well-written 
work.  It  will  provide  guidance  for  many  engineers  who  want  to  learn 
balancing  techniques  together  with  a  necessary  understanding  of  rotor 
dynamics. 


Ronald  L.  Eshleman 
Vibration  Institute 
Clarendon  Hills,  Illinois 
April  1984 
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CHAPTER  1 

FUNDAMENTAL  CONCEPTS 


1.1  Introduction 

Rotor  balancing  is  now  accepted  as  a  fundamental  requirement  for 
the  smooth  operation  of  rotating  machinery.  Its  objective  is  the  effec¬ 
tive  elimination  of  the  centrifugal  force  components  that  arise  from  the 
eccentric  rotation  of  the  rotor  center  of  gravity  (c.g.)  about  its  axis  of 
rotation.  If  such  an  eccentric  condition  exists,  the  rotor  is  said  to  be 
unbalanced.  An  unbalanced  rotor  experiences  an  overall  centrifugal 
force  that  causes  it  to  deflect  in  a  radial  direction.  This  centrifugal 
force  is  transmitted  to  the  bearings  and  to  the  structure  of  the  machine 
as  a  harmonically  varying  force.  Such  forces  may  cause  problems  rang¬ 
ing  from  an  irritating  noise  level  or  foundation  vibration  to  the  failure 
of  a  bearing  or  other  structural  components  by  fatigue.  Unbalance  is 
therefore  recognized  as  an  important  potential  cause  of  machinery 
failure. 

A  number  of  practical  causes  of  rotor  unbalance  are  listed  iri  Table 
1.1.  Each  cause  has  the  same  net  effect;  to  displace  the  rotor  c.g,  off 
the  axis  of  rotation.  Even  with  careful  machining,  single-component 
rotors  will  experience  some  residual  unbalance  from  dimensional  inac¬ 
curacy  and  material  inhomogeneity.  Rotors  constructed  from  many 
separate  components  (e.g.,  jet-engine  rotors,  multistage  pump  rotors) 
are  susceptible  to  greater  inherent  unbalance  because  of  construction 
difficulties  In  achieving  a  concentric  and  uniform  distribution  of  mass 
along  the  rotor  axis.  Most  high-speed  rotors  are  therefore  manufac¬ 
tured  to  production  tolerances  and  are  then  trim  balanced,  by  some 
suitable  procedure,  to  compensate  for  any  remaining  eccentric  mass  dis¬ 
tribution. 

The  balancing  of  rotors  is  clearly  an  important  aspect  of  modern 
machine  construction  of  the  and  maintenance  process.  Without  balanc¬ 
ing,  very  few  rotating  assemblies  could  function  smoothly.  This  is 
especially  true  of  high-precision  machinery,  such  as  Brayton-cycle  space 
power  systems,  aircraft  jet  engines,  large  turbine-generator  sets,  and 
pump  assemblies  for  nuclear  reactor  service. 

The  importance  of  balancing  is  now  recognized  in  the  codes  of 
various  qualifying  agencies,  such  as  the  Nuclear  Regulatory  Commis¬ 
sion  and  the  Department  of  Defense.  Its  importance  in  advanced  rotat¬ 
ing  machinery  has  been  widely  recognized  by  agencies  such  as  the 
National  Aeronautics  and  Space  Administration  and  many  branches  of 
the  Department  of  Defense  in  their  continuing  support  of  balancing- 
technology  programs  over  the  past  decade. 
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Table  1.1.  Possible  causes  and  signs  of  rotor  unbalance 

Cause  of  unbalance  Observable  signs* 

Disk  or  component  eccentric  on  Detectable  runout  on  slow  rotation 
shaft  (c.g.  runs  to  bottom  on  knife 

edges) 

Dimensional  inaccuracies  Measurable  lack  of  symmetry 

Eccentric  machining  or  forming  Detectable  runout 
inaccuracies  , 

Oblique  angled  component  Detectable  angular  runout;  mea¬ 

sured  with  dial  gage  on  knife  edges 

Dent  shaft;  distorted  assembly;  Detectable  runout  on  slow  rotation, 
stress  relaxation  with  time  often  heavy  vibration  during  rota¬ 

tion 

Section  of  blade  or  vane  broken  Visually  observable;  bearing  vibra- 
off  tion  during  operation;  possible  pro¬ 

cess  pulsations 

Eccentric  accumulation  of  pro-  Bearing  vibration 
cess  dirt  on  blade 

Differential  thermal  expansion  Shaft  bends  and  throws  c.g.  out; 

source  of  heavy  vibration 

Nonhomog  sneous  component  Rotor  machined  concentric,  bearing 

structure;  subsurface  voids  in  vibration  during  operation;  c.g.  runs 

casting  to  bottom  on  knife  edges 

Nonuniform  process  erosion  Bearing  vibration 

Loose  bolt  or  component  slip  Vibration  reappears  after  balancing 

because  of  component  angular 
movement;  possible  vibration  mag¬ 
nitude  and  phase  changes 

Trapped  fluid  inside  rotor,  pos-  Vibration  reappears  after  balancing; 

sible  condensing  or  vaporizing  apparent  c.g.  angular  movement 

with  process  cycle  occurs;  possible  vibration  magni¬ 

tude  and  phase  changes 

Ball-bearing  wear  Bearing  vibration;  eccentric  orbit 

with  possible  muitlioops;  frequency 
of  vibration  is  one,  two,  or  more 
per  revolution 


•Unless  otherwise  indicated,  the  frequency  of  vibration  is  one  per  revolution. 
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The  need  for  written  guidelines,  quality  criteria,  and  tolerance 
values  for  the  balancing  of  rotating  machinery  has  received  attention  in 
recent  years  from  the  International  Organization  for  Standardization 
(ISO)  and  from  various  professional  groups,  such  as  the  American 
Society  of  Mechanical  Engineers  and  the  Vereines  Deutsche  Ingenier. 
Various  manufacturers’  organizations  (e>g.,  the  American  Gear 
Manufacturers  Organization,  the  National  Electrical  Manufacturers 
Association,  the  American  Pump  Manufacturers  Association)  have  also 
published  their  own  industry  standards  and  guidelines  for  improving  the 
balance  quality  of  specific  rotating  machinery.  In  each  instance  the 
objective  is  to  specify  balancing  procedures,  guidelines*  and  criteria  that 
will  enable  manufacturers  to  design  and  Construct  rotating  equipment 
that  is  not  prone  to  failure  by  fatigue,  is  smooth  running,  and  has  a  low 
inherent  noise  level  during  operation.  Adequate  rotor  balancing  begins 
at  the  equipment  design  phase  and  is  an  essential  part  of  modern 
machinery  development  and  operation. 

This  monograph  discusses  the  problem  of  rotor  unbalance,  its 
effects  on  the  dynamics  of  rotating  machinery,  and  practical  procedures 
for  reducing  unbalance  levels.  Its  objective  is  to  consolidate  present 
knowledge  on  balancing  principles  and  procedures  into  a  single-volume, 
general  reference  on  rotor  balancing.  Chapters  1  through  4  discuss  the 
balancing  of  rigid-rotor  systems,  which  represent  the  largest  segment  of 
all  rotors  manufactured  and  balanced.  The  dynamics  of  rigid-rotor  sys¬ 
tems  ate  discussed  first  to  provide  a  theoretical  basis  for  the  practical 
balancing  of  such  rotors.  Rigid  rotor  dynamics  is  simpler  than  the 
dynamics  of  flexible-rotor  systems,  and  so  this  section  also  provides  a 
convenient  introduction  to  the  general  principles  of  rotor-bearing 
dynamics,  which  are  discussed  in  Chapter  S.  The  various  types  of 
balancing  machines  now  available  are  described  in  Chapter  3.  The  pro¬ 
cedures  for  balancing  rigid  rotors  are  discussed  in  Chapter  4,  using  the 
theory  and  the  practical  concepts  presented  in  the  two  preceding 
chapters.  Criteria  for  rigid-rotor  balancing  from  several  sources  are  dis¬ 
cussed,  although  emphasis  is  placed  on  ISO  Document  1940— 1973(E), 
"Balance  Quality  of  Rotating  Rigid  Bodies,"  which  is  now  the  basic 
reference  on  this  topic.  Flexible-rotor-bearing  dynamics  are  discussed 
in  Chapter  S.  The  flexible-rotor  balancing  procedures  described  in 
Chapter  6  are  based  on  the  principles  discussed  in  Chapter  S,  with 
emphasis  on  the  modal  methods  and  on  the  influence  coefficient 
method,  now  the  most  widely  used  balancing  procedures  for  flexible 
rotors.  Experiences  with  the  application  of  each  method  for  the  balanc¬ 
ing  of  flexible  rotors  are  described  in  Chapter  7,  which  also  discusses 
recent  ISO  publications  on  flexible-rotor  balancing  procedures  and  cri¬ 
teria.  Chapter  8  contains  a  review  of  important  trends  in  balancing 
technology. 
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The  appendix  is  a  review  of  static  and  dynamic  data  for  fluid  film 
bearings,  which  are  widely  used  in  rotating  machinery.  Such  bearings 
exert  an  important  effect  on  the  dynamic  behavior  of  rotor-bearing  sys¬ 
tems,  and  their  properties  are  frequently  referred  to  in  the  text.  The 
appendix  is  followed  by  a  comprehensive  bibliography  on  balancing. 


1.2  Standard  Terms  for  Balancing 
and  Mechanical  Vibration 

The  nomenclature  of  balancing  and  mechanical  vibration  has  been 
standardized  in  recent  years  under  the  auspices  of  the  ISO.  The  ISO 
documents  [1-3]*  are  fundamental  references  on  balancing  technology 
and  procedures,  and  they  contain  balance  quality  criteria  information 
that  is  referred  to  throughout  this  volume.  Standardized  terms  have 
been  used  wherever  possible  in  this  monograph. 


1.3  Nature  of  Unbalance 


A  rotor  is  in  a  state  of  unbalance  when  its  principal  axis  of  inertia 
does  not  coincide  with  its  axis  of  rotation.  This  causes  vibratory 
motion  to  be  transmitted  to  the  bearings  in  which  the  rotor  operates,  as 
the  result  of  centrifugal  forces  generated  by  the  eccentricity  of  the  prin¬ 
cipal  inertia  in  question.  This  condition  is  demonstrated  in  Fig.  1.1, 
where  the  c.g.  of  the  rigid  rotor  is  eccentric  from  the  rotor  axis  by  a 
distance  a.  The  bearings  have  no  flexibility  in  directions  normal  to  the 
rotor  axis*,  they  are  radially  rigid.  As  the  rotor  spins  about  its  axis  of 
rotation  under  these  conditions,  a  centrifugal  force  will  be  caused  by 
the  eccentricity  of  the  c.g.,  and  the  magnitude  of  this  force  can  be  cal¬ 
culated  from  the  equation 

«r  W  2 
F  *»  —  <u2o 
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where 

F  -  centrifugal  force  of  disk,  lb 
W  -  disk  weight,  lb 
g  -  gravitational  acceleration,  in./s2 


RIGID 

BEARING  _ 


RIGID  ROTOR,  ECCENTRIC  c. 

- L 


w 


RIGID 

_  BEARING 


Fig.  1.1.  Simple  rigid  rotor  in  rigiil  bearings 


'Numbers  in  parenthesis  correspond  to  references  Histeii  in  Section  1.9 
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oi  ■>  disk  velocity  about  the  axis  of  rotation, 
rad/s  O  rpm/9.55) 

a  -  eccentricity  of  the  disk  c.g.  from  the  disk 
axis  of  rotation,  in. 

This  force  is  transmitted  to  the  bearings  during  rotation.  A  practical 
example  of  such  a  "rigid"  rotor  in  "rigid"  bearings  is  a  slow-speed  bull 
gear  mounted  in  spherical  roller  bearings.  The  bull  gear  is  functionally 
rigid  because  of  its  large  size.  The  shaft  on  which  the  bull  gear  is 
mounted  is  very  stiff  became  of  its  short  length.  The  bearings  are  rigid 
by  design  to  provide  high-Quulity  smooth  power  transmission. 

The  effect  of  unbalance  on  a  flexibly  supported  rotor  is  shown  in 
the  washing-machine  schematic  of  Fig.  1.2:  the  rotor  shaft  deflects  in  a 
radial  direction  under  the  influence  of  bowl  unbalance.  The  upper 
bearing  is  flexibly  restrained  in  the  radial  direction;  the  lower  bearing 
is  rigidly  constrained  in  the  radial  direction.  Sources  of  unbalance  dur¬ 
ing  operation  are  the  eccentricity  of  the  washload,  which  may  vary  with 
location  in  the  bowl,  and  the  residual  unbalance  of  the  rotor  bowl.  At 
slow  rotational  speeds  the  centrifugal  force  developed  from  both 
sources  is  usually  insignificant,  but  much  greater  toads  may  be 
developed  when  the  machine  is  centrifuging  water  from  the  wash  at 
about  300  to  400  rpm.  Highly  eccentric  loads  may  even  render  the 
machine  unable  to  spin  up  to  centrifuging  speed,  because  all  available 
machine  power  is  consumed  in  the  work  done  by  the  washload  on  the 
dampers. 


AXIS  OF 
ROTATION 


Fig.  1.2.  Washing  machine  with  waahioad  unbalance 
and  bowl  unbalance 
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An  example  of  a  rigid  rotor  in  radially  flexible  bearings  is  the 
locomotive  diesel  turbocharger  unit  shown  in  Pig.  1.3a.  Such  rotors  are 
usually  assembled  by  mounting  the  compressor  disks  onto  the  shaft. 
Disks  and  shaft  may  possess  some  residual  unbalance,  and  this  unbal¬ 
ance  will  not  generally  lie  in  the  same  radial  plane  or  even  be  symmet¬ 
rically  located  between  the  beartogs  (Fig.  L3b),  If  the  rotor  remains 
rigid  during  operation,  the  total  unbalance  will  act  as  a  single  resultant 
force  vector  (Fig.  1,3c), 

F- 

l-l 

which  is  the  sum  of  the  individual  unbalance  force  vectors  F ,  acting  at 
the  rotor  c.g.  and  a  single  resultant  moment  vector  (Fig.  1.3d), 

M-  iM/-iF,xs„ 

M 


Fig.  1.3.  Rigid  rotor  with  nonuniform  axial  distribution  of  unbalance 
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acting  about  the  rotor  c.g.,  where  M,  are  the  individual  unbalance 
moments  acting  on  the  rotor  as  products  of  the  F,  times  their  distances 
S,  from  the  origin  (Fig.  1.3d).  Such  rigid  rotors  may  then  be  balanced 
to  operate  smoothly  in  their  bearings  by  the  addition  of  balance  weights 
in  any  two  separate  planes  along  the  rotor  length.  The  need  for  only  two 
balancing  planes  is  a  direct  result  of  the  unbalance  consisting  of  two 
basic  components,  a  force  and  a  moment.  In  practice,  the  balancing 
planes  are  situated  near  the  bearings  for  convenient  access  and  for  good 
balance  effectiveness  (long  moment  arms). 

The  effect  of  unbalance  on  a  flexible  rotor  consisting  of  a  thin  rigid 
disk,  of  weight  W,  mounted  at  midspan  on  a  weightless  flexible  shaft  in 
rigid  end  bearings,  is  shown  in  Fig,  1.4a.  The  disk  c.g.  is  situated  in  a 
transverse  plane,  slightly  eccentric  by  distance  a  from  the  elastic  axis  of 
the  shaft.  The  centrifugal  force  that  acts  on  the  disk  from  rotation  at 
speed  to  is  given  by 

r  W  , 

F  >■  —  w^a. 
g 

This  force  causes  the  shaft  to  deflect  in  the  radial  direction  by  a  dis¬ 
tance  r,  as  shown  in  Fig.  1.4b,  In  Chapter  5  it  is  shown  that  the  magni¬ 
tude  of  the  radial  deflection  r  is  given  by 

_ (H7*)u>2a 

K-iW/g)** 

where  K  is  the  radial  stiffness  of  the  shaft,  considered  as  a  flexible 
beam.  It  is  evident  from  this  expression  that  in  any  given  instance  the 
radial  deflection  will  Increase  greatly  as  [AT  -  {W/g)  cu2j  approaches 
zero- that  is,  as  the  condition 


is  approached.  This  expression  corresponds  to  the  transverse  natural 
frequency  of  the  disk- shaft  system,  and  the  large  amplitude  buildup 
evidently  represents  a  condition  of  resonance  for  this  system. 

The  single-disk  flexible  rotor  shown  has  a  single  unbalance  force 
where  the  disk  is  mounted  in  a  plane  transverse  to  the  shaft.  If  the 
disk  also  has  a  small  angular  misalignment  to  the  transverse  plane  (Fig. 
1.4c),  moment  unbalance  effects  will  arise  in  addition  to  the  force 
unbalance  effects  discussed  above.  Removing  moment  unbalance  as 
well  as  force  unbalance  requires  balancing  the  rotor  in  two  planes,  in 
the  same  manner  as  described  for  the  turbocharger  example. 

Two-plane  balancing  frequently  gives  rise  to  considerable  improve¬ 
ment  in  the  overall  balance  quality.  Rigid  cylindrical  rotors  such  as 
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motor  armatures  are  routinely  balanced  in  two  planes.  It  is  also  becom¬ 
ing  more  common  to  balance  disk-type  rotors  in  two  planes;  for  exam¬ 
ple,  increasing  numbers  of  automotive  wheels  and  gears  that  operate  at 
moderately  high  speeds  (typically,  automobile  wheels  at  500  to  800 
rpm,  gears  at  200  to  800  rpm)  are  being  balanced  in  two  planes. 


\  ■  II  ... 

;  .;wr  ■ 
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These  examples  illustrate  the  nature  of  unbalance  and  how  its 
effects  are  felt  in  several  practical  applications.  Where  the  rotor  is 
rigid,  the  resultant  unbalance  acts  as  a  force  in,  and  as  a  moment  nor¬ 
mal  to,  the  plane  of  the  rotor  e.g.  Under  conditions  where  unbalance 
forces  are  influenced  by  rotor  flexibility,  the  balancing  procedure  is 
usually  more  complicated. 

1.4  Classification  of  Rotors 

It  Is  common  practice  to  classify  rotors  as  either  rigid  or  flexible, 
according  to  their  observed,  or  anticipated,  dynamic  behavior  during 
operation.  Rigid  rotors  are  those  that  may  be  balanced  by  the  addition 
of  suitable  correction  masses  in  two  axial  planes  along  the  rotor.* 
Where  balancing  in  more  than  two  planes  is  required  to  achieve  an 
acceptable  condition  throughout  the  operating-speed  range,  the  rotor 
must  be  balanced  as  a  flexible  rotor.  In  practice,  it  is  frequently  not 
evident  from  inspection  as  to  whether  a  given  rotor  will  behave  in  a 
rigid  or  a  flexible  manner.  The  required  information  can  be  obtained 
by  calculating  the  rotor  behavior  or  by  measuring  it  during  operation. 
If  such  data  are  not  available  e.g.,  during  design,  the  following  ISO  clas¬ 
sification  of  rotors  may  be  used  to  prescribe  the  type  and  quality  of  bal¬ 
ance  needed  in  a  given  situation, 

Class  1.  Rigid  rotors:  Rotors  that  can  be  balanced  in  any  two  arbi¬ 
trarily  selected  axial  planes  and  will  remain  in  balance  throughout  the 
operating-speed  range. 

Class  2.  Quasi-ftexlble  rotors:  Rotors  which  cannot  be  considered 
rigid  but  which  can  be  adequately  balanced  in  a  low-speed  balancing 
machine  for  smooth  operation  throughout  the  operating-speed  range. 

Class  3.  Flexible  rotors:  Rotors  that  cannot  be  balanced  in  a  low- 
speed  balancing  machine  and  which  require  some  high-speed  balancing 
procedure. 

Class  4.  Flexible-attachment  rotors:  Rotors  which  can  be  catego¬ 
rized  as  class  1,  class  2,  or  class  3  rotors  but  which  have  components 
that  are  either  flexible  within  themselves  or  are  flexibly  attached. 

Class  5.  Single-speed  flexible  rotors:  Rotors  that  could  fall  into  class 
3  but  for  some  reason  (e.g.,  economy)  are  balanced  for  operation  at 
one  speed  only. 

Table  1.2  illustrates  the  types  of  rotors  in  each  of  the  above  categories. 
As  shown,  many  subcategories  for  class  2  rotors  have  also  been 
developed.  The  balancing  of  class  1  and  class  2  rotors  is  discussed  in 
detail  in  Chapters  3  and  4,  respectively;  the  balancing  of  class  3  rotors 
is  discussed  in  Chapters  6  and  7. 


For  precise  definitions  of  the  terms  rigid  rotor  and  flexible  rotor  see  Ref.  1  end  Table  1.2. 


Class  Description 


Example 


1 


Rigid  rotor:  unbalance  can  be  corrected  in 
any  two  (arbitrarily  selected)  planes  and, 
after  that  correction,  unbalance  does  not 
significantly  change  at  any  speed  up  to  max¬ 
imum  service  speed 


Gear  wheel 


2 


2At 


2Bt 


2Ct 


Quasi-flexlble  rotors:  rotors  that  cannot  be 
considered  rigid  but  can  be  balanced  In  a 
low-speed  balancing  machine 


A  rotor  with  a  single  transverse  plane  of  m  . .  ,WL 

unbalance  (e.g.,  single  mass  on  a  light  shaft  LI 

whose  unbalance  can  be  neglected)  Shaft  with  grinding  wheel 


A  rotor  with  two  axial  planes  of  unbalance 
(e.g.,  two  masses  on  a  tight  shaft  whose 
unbalance  can  be  neglected) 


Shaft  with  u 

grinding  wheel  and  pulley 


,Jin,n,n,n,n,n,n1n, 


rr 

LJ 

rr 

r\ 

R7I 

A  rotor  with  more  than  two  transverse  1a~ 

tr 

t 

rr 

t 

is— 

planes  of  unbalance  *jj 

roT 

ill  U  U  u  u  u 

Jet-engine  compressor  rotor 


2Dt 


A  rotor  with  uniformly  distributed  unbal¬ 
ance 


Printing-press  roller 


2E* 


A  rotor  consisting  of  a  rigid  mass  of 
significant  axial  length  supported  by  a  flexi¬ 
ble  shaft  whose  unbalance  can  be  neglected 


HEEE§“ 


Computer  memory  drum 


‘Adapted  from  ISO  Draft  Document  TC108/SC  1  WG2/N16. 
tRotors  where  the  axial  distribution  of  unbalance  is  knbwn. 
t  Rotors  where  the  axial  distribution  of  unbalance  is  not  known. 


FUNDAMENTAL  CONCEPTS 


11 


Table  1.2  (Continued) _ 

Class  Description  Example 


2F* 


A  symmetrical  rotor,  with  two  end  correc¬ 
tion  planes,  whose  maximum  speed  does  not 
significantly  approach  second  critical  speed, 
whose  service  speed  range  does  not  contain 
first  critical  speed,  and  with  a  controlled  ini¬ 
tial  unbalance 


Five-stage  centrifugal  pump 


20* 


2H* 


A  symmetrical  rotor  with  two  end  correction 
planes  and  a  central  correction  piano  whose 
maximum  speed  does  not  significantly 
approach  second  critical  speed  and  with  a 
controlled  Initial  unbalance 


-p-T 

m 

1 

Multistage  pump  impeller 


An  asymmetrical  rotor  with  controlled  initial 
unbalance  treated  in  a  similar  manner  as 
class  2F  rotors 


Impeller  pump.  Steam 
trubine  rotor 


3 


Flexible  rotors:  rotors  that  cannot  he  bal¬ 
anced  in  a  low-speed  balancing  machine  and 
require  high-speed  balancing 


Oenerator  rotor 


4 


Special  flexible  rotors:  rotors  that  could  fall 
Into  classes  1,  2,  or  3  but  have  in  addition 
one  or  more  components  that  are  them¬ 
selves  flexible  or  are  flexibly  attached 


Rotor  with  centrifugal 
switch 


5 


Single-speed  flexible  rotors:  rotors  that  could 
full  into  class  3  but  for  some  reason  (e.g., 
economy)  are  balanced  only  for  a  single  ser¬ 
vice  speed 


High-speed  motor 
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The  ISO  rotor  classification  is  based  mainly  on  practical  experience 
with  many  types  of  rotors  in  each  category.  Its  purpose  is  to  serve  as  a 
preliminary  guide  to  balancing  and  to  indicate  possible  next  steps  if  a 
rotor  fails  to  balance  by  the  first  procedure  tried.  However,  no  mention 
is  made  of  the  typical  speed  ranges  for  which  the  ISO  guidelines  will 
apply,  and  evaluation  of  the  applicable  category  is  left  to  the  user  in 
each  instance.  If  further  guidance  is  required,  the  next  step  will  be  to 
calculate  the  dynamic  properties  of  the  rotor  in  its  supports  or  to  spin 
test  the  rotor  in  an  environment  that  simulates  operating  conditions  a i. 
closely  as  possible.  Modern  design  procedure  would  include  the  calcu¬ 
lation  step  as  part  of  the  rotor-system  design  process,  and  virtually  all 
rotor  construction  Arms  would  spin  test  the  rotor  on  preliminary  assem¬ 
bly.  Practical  rotor  balancing  is  usually  part  of  this  initial  rotation 
checkout. 


1.5  Scope  of  the  Balancing  Problem 

Rotors  are  balanced  for  a  variety  of  practical  reasons.  The  process 
of  balancing  reduces  the  net  effect  of  the  unbalance  forces  on  the  rotor. 
This  reduced  unbalance  leads  to  lower  vibration  levels  being  transmit¬ 
ted  to  the  bearings  and  foundations.  Balanced  machinery  operates 
more  smoothly  and  quietly  than  unbalanced  machinery,  and  longer 
periods  between  overhauls  can  usually  be  scheduled  with  no  decrease  in 
reliability.  In  general,  a  well-balanced  machine  gives  the  impression  of 
superior  quality  and  greater  safety.  Further,  in  many  process  industries 
such  as  papermaking,  newsprint  production,  and  office  copiers,  product 
quality  improvement  is  closely  related  to  the  reduction  of  machine 
vibration  levels.  Much  machine  structural  vibration,  torsional  vibra¬ 
tion,  and  rotating-shaft  vibration  can  be  traced  to  unbalanced  rotating 
equipment.  Poor  product  quality  is  often  correctly  associated  with  any 
observed  structural  vibration  and  noise  generation. 

Rotating  industrial  equipment  is  commonly  categorized  as  low-, 
medium-,  and  high-speed  machinery.  Low-speed  equipment  is  often 
large  and  massive  and  may  have  relatively  low  natural  frequencies. 
Water-wheel  turbine  units,  man-centrifuges,  ship  propellers,  windmills, 
and  communications  satellites  commonly  operate  in  the  speed  range  of 
10  to  300  rpm,  and  each  component  or  system  is  balanced  by  some 
suitable  procedure  before  being  put  into  service  (see  Table  1.3).  Spe¬ 
cial  purpose  balancing  machines  have  been  developed  for  satellites,  ship 
propellers,  and  other  types  of  low-speed  components.  Medium-  and 
high-speed  rotating  machinery  must  always  be  balanced  to  operate 
smoothly.  The  choice  of  balancing  procedure  is  made  on  the  basis  of 
effectiveness  and  economics.  The  ISO  classification  of  rotors, 
described  in  the  preceding  section,  provides  guidance  as  to  the  most 
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Table  1.3.  Typical  operating  conditions  for  various  low-speed  machines 


Type  of  machine 

Speed  range  (rpm) 

Power  (W) 

Size  range 

Aerospace  man-centrifuge 

20-100 

300-500 

50-ft  arm 

Office  building  fans 

400-1800 

30,000-200,000 

5-12  ft 

Marine  propellers 

80-300 

100-50,000 

3-25  it 

Large  marine  diesel  engine 

80-300 

6000-15,000 

8-ft-dia.  cylinders 

Power  windmill 

60-300 

30-200  kW 

60-ft-dia.  blades 

Mineshaft  pulleys 

50-240 

100-300 

12-20.fi  diameter 

Francis  water  turbine 

80-450 

5000-30,000 

10-35  ft 

Salient-pole  generator 

80-450 

5000-30,000 

1ft— 6C  ft 

Watches,  docks 

60 

io-4-i<r3 

0. 1-3.0  in. 

Hospital  washing  machines 

120-300 

7-20 

5-15  ft 

suitable  balancing  procedure  for  a  given  case.  Additional  guidance  can 
be  obtained  by  calculating  the  dynamic  properties  of  the  machine  sys¬ 
tem,  to  determine  at  the  design  stage  whether  the  rotor  is  rigid  (class 
1)  or  flexible  (class  3),  or  otherwise,  under  operating  conditions. 
Accurate  computer  procedures  for  calculating  the  critical  speeds  and  the 
unbalance  response  characteristics  of  rotating  machine  systems  have 
been  developed  in  recent  years.  When  the  dynamic  properties  of  the 
unit  are  known,  the  class  of  rotor  will  be  evident  from  the  mode  shapes 
(ri'Md  or  flexible)  that  occur  within  the  operating-speed  range.  A  suit¬ 
able  balancing  technique  can  then  be  selected,  and  the  required  number 
of  balancing  planes  can  be  designed  into  the  rotor/stator  structure 
where  the  addition  of  correction  weights  will  be  most  effective. 

The  design  of  rotors  for  effective  balancing  is  becoming  recognized 
as  an  important  part  of  the  overall  design  process.  If  a  given  rotor  does 
not  deform  but  remains  rigid  throughout  its  speed  range,  it  may  be  bal¬ 
anced  as  a  class  1  rotor,  usually  with  balance  correction  planes  near  its 
ends.  If  the  speed  range  includes  a  strong  bending  critical  speed,  a 
midspan  correction  plane  will  also  be  desirable  (and  possibly  essential) 
for  efficient  balancing.  It  is  obviously  easier  to  include  such  a  plane 
during  the  design  stage  than  to  make  room  for  it  during  manufacture. 

The  range  of  machinery  for  which  special  balancing  facilities  have 
been  developed  is  indicated  in  Figs.  l.S  through  1.8.  For  example,  the 
high  production  requirements  of  the  automotive  industry  have  led  to 
the  development  of  self-contained  automatic  balancing  facilities  incor¬ 
porating  conveyors,  automatic  handling  and  inspection  equipment, 
automatic  indexing,  unbalance  measurement  and  evaluation  instru¬ 
ments,  and  precise  correction- hole  drilling  operations.  Crankshaft  and 
clutch  housing  assemblies  are  balanced  in  this  manner  in  many 
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Fig.  1.5.  Facility  Tor  automatic  motor  armature  balancing.  (Courtesy  of 
Schenck  Trebel  Corporation.) 


Fig.  1.6.  Medium-sire  double-flow  turbine  rotor  being  balanced 
in  a  hard-pedestal  machine.  (Courtesy  of  Schenck  Trebel  Cor¬ 
poration.) 
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Fig.  1.8.  Semi-automated  balancing  facility  for  rigid  and  flexible  rotors  for  speeds  up 
to  9000  rpm  and  transmitting  up  to  4000  hp.  (Courtesy  of  Mechanical  Technology 
Inc.) 


engine  plants  to  within  precise,  repeatable  limits.  Similar  equipment  is 
available  for  automatic  wheel-tire  assembly  balancing  in  two  planes  and 
for  balancing  of  railroad  axle  sets. 

Armature  production  is  another  high-volume  industry.  Figure  1.5 
shows  an  automatic  armature-balancing  facility.  Automated  balancing  is 
attractive  in  high-volume  industries  because  the  installation  cost  of  an 
automatic  balancing  facility  is  frequently  less  than  the  overall  costs  of 
manually  operated  facilities  capable  of  the  same  skilled  work.  For 
example,  an  automatic  armature-balancing  facility  can  balance  100 
armatures  per  hour  to  within  0.01  oz-in.  For  an  equivalent  production, 
the  comparable  ongoing  annual  cost  of  semiskilled  labor  using  nonau- 
to mated  equipment  could  be  a  sizeable  portion  of  the  capital  cost  of  the 
automated  facility. 

The  specific  balancing  needs  of  many  other  industries  have  aivo 
led  to  the  development  of  special  purpose  equipment.  The  balancing  of 
steam  turbine  generators  has  become  more  complex  as  the  size  of  the 
average  turbine  has  increased;  turbine  balancers  now  range  from  the 
conventional  hard- pedestal  units  shown  in  Fig.  1.6  to  the  large  vacuum 
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spin-test  balancing  facility  shown  in  Fig.  1.7.  Further  details  of 
turbine-generator  balancing  facilities  now  in  operation  throughout  the 
world  are  given  in  Section  3 .5. 

Ultra-high-speed  power-shaft  balancing  is  being  investigated  at 
Mechanical  Technology  Inc.,  Latham,  New  York;  where  an  installation 
has  been  developed  to  balance  shafts  operating  at  speeds  of  up  to  9000 
rpm  and  transmitting  up  to  4000  hp.  This  problem  involves  complex 
shaft  dynamics  and  sophisticated  balancing  technology.  A  semiau- 
tomated  rotor  balancing  facility  is  shown  in  Fig.  1.8. 

The  use  of  lasers  to  remove  metal  for  automatic  balancing  has 
been  attempted  by  several  industrial  firms:  Avery  (United  Kingdom)  in 
1964,  Schenck  Trebel  (who  marketed  a  laser-removal  balancer  in 
1972),  and  by  Mechanical  Technology  Inc.  in  1974.  At  present,  it  is  a 
potentially  useful  development  for  future  application  in  industry. 
Removal  of  metal  by  the  Schenck  Trebel  laser  balancer  is  shown  in  Fig. 


PiS.  1.9.  Equipment  for  meul  removal  by  laaer,  It  la  not  necessary,  In  the  balancing 
process,  to  stop  the  workpiece  from  routing.  The  volume  of  meul  removed  per 
|  laser  pulse  is  presently  small,  making  the  cycle  time  longer.  RoUtlonal  speed  is  the 
f|.  range  of  100  to  400  rpm.  (Courtesy  of  Schenck  Trebel  Corporation.) 
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1.6  Whirl  Orbits 

Unbalance  is  a  major  cause  of  vibration  in  rotating  machinery,  but 
it  is  not  the  only  cause.  Bearing  instability,  seal  instability,  mechanical 
rubbing,  thermal  instability,  and  externally  applied  vibrations  are  other 
known  causes  of  rotor  vibration.  When  a  rotor  is  undergoing  initial 
balancing  in  the  manufacturer's  plant,  most  of  these  additional  sources 
of  vibration  are  likely  to  be  absent;  however,  when  the  rotor  is  installed 
in  its  own  bearings  and  casing,  and  is  Operating  under  process  load  and 
flow  conditions,  the  above  sources  other  than  residual  unbalance  can 
give  rise  to  undesirable  unit  vibrations.  For  corrective  action,  accurate 
diagnosis  of  the  cause  of  any  such  vibrations  is  an  essential  first  step. 

Whirl  orbits  are  customarily  obtained  by  means  of  displacement 
sensors  mounted  on  the  casing  to  observe  the  orbit  of  the  shaft.  The 
displacement  sensors  are  arranged  90s  apart,  as  shown  in  Fig.  1.10.  A 
vibration  signal  is  obtained  from  variations  occurring  in  the  gap  clear¬ 
ance  as  the  shaft  rotates.  This  signal  is  then  filtered  and  displayed  on 
an  oscilloscope  screen.  Typically,  a  machine  on  the  test  stand  or  a  unit 
that  is  giving  trouble  in  the  field  will  be  instrumented  with  shaft  sensors 
situated  near  the  bearings,  to  obtain  details  of  the  whirl  orbit  shape. 
Extensive  experience  with  the  orbit  types  shown  in  Figs.  1.11  through 
1.15  has  indicated  that  frequently  there  is  a  correlation  between  the 
types  of  orbits  shown  and  the  sources  of  rotor  vibrations  discussed 
below. 

Irregular  Orbits 

Rotor  whirl  orbits  are  frequently  irregular  in  shape.  This  irregular¬ 
ity  arises  from  the  presence  of  several  simultaneous  sources  of  excita¬ 
tion  acting  on  the  rotor.  Rotor  unbalance,  magnetic  field  effects,  exter¬ 
nally  transmitted  vibration,  hystoretic  whirling,  and  stator-rotor  fluid 


SIGNALS  PROCESSED  BY 
TRACKING  FILTERS  AND 
TIME-AVERAGED  TO 
IDENTIFY  PRINCIPAL 
FREQUENCY  COMPONENTS 


Fig.  1.10,  Noncontacting  probe  arrangement  for  shaft  orbit  measurements 
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(a)  Orbit  of  shaft  with  several  con¬ 
current  whirls  at  different  frequencies 
(unflitered  response) 


(b)  Synchronous  unbalance  whirl  orbit 
obtained  by  filtering  out  nonsynchro- 
nous  frequencies  from  above  orbit 
(synchronous  filtered  response) 


Fig.  1.11.  Typical  whirl  orbits  for  a  shaft  in  fluid-film  bearings 


interaction  are  all  possible  sources  that  can  contribute  at  different  fre¬ 
quencies  to  the  total  orbit.  Where  one  source  of  excitation  (e.g., 
unbalance)  predominates,  the  other  excitations  will  be  superimposed  on 
the  primary  orbit  (Fig.  1.11a). 

Elliptical  Orbit  at  Shaft  Synchronous  Frequency 

An  orbit  such  as  that  shown  in  Fig.  1.1  lb  can  result  when  all  non- 
synchronous  components  of  the  shaft  vibration  are  absent  or  have  been 
filtered  out  of  sensor  signals  similar  to  those  shown  in  Fig.  1.11a.  This 
filtered  synchronous  orbit  is  the  response  of  the  shaft  to  residual  unbal¬ 
ance  at  its  speed  of  rotation.  The  eilipticity  of  the  orbit  represents  the 
difference  in  bearing  stiffness  in  the  two  principal  stiffness  directions. 
The  angular  orientation  of  the  orbit  is  the  result  of  coupling  between 
the  bearing  radial  stiffness  properties  in  the  x-  and  y-airections.  Bearing 
properties  can  influence  the  unbalance  orbit  in  the  following  ways: 


Property 

Identical  stiffness  in  the  x-  and 
^-directions 

Different  stiffnesses,  no  cou¬ 
pling  between  the  x-  and  .in¬ 
directions 

Different  stiffnesses,  cross¬ 
coupling  between  the  x-  and  .in¬ 
directions;  fluid-film  bearings 


Effect  on  orbit 

Circular  orbit  (Fig.  1,12a);  vertical 
displacement  due  to  gravity 

Elliptical  orbit  (Fig.  1.12b);  the  x- 
and  ^-directions  coincide  with  orbit 
principal  axes 

Elliptical  orbit  (Fig.  1.12c);  orbit 
principal  axes  oriented  between  the 
x-  and  y-dlrections;  x-y  offset  due 
to  static  fluid  properties 


(a)  Shaft  in  bearingi  with  Identical  itiffneisea  in  both  coordinate  direc¬ 
tions  and  no  cross-coupling  effect! 


(b)  Shaft  in  bearings  with  dissimilar  stiffnesses  in  both  coordinate 
directions,  and  no  cross-coupling  effects 


(c)  Shaft  in  fluid-film  bearings  with  dissimiliar  stiffnesses 
and  cross-coupling  effects 

Pig.  1.12.  Effect  of  several  bearing  stiffness  conditions  on  the  journal  whirl  orbit 


j 
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Rotors  that  operate  in  rolling-element  bearings  tend  to  show  a 
small  gravity  offset  in  the  whirl  orbit;  the  orbit  Itself  is  usually  quite 
circular.  Both  characteristics  are  due  to  the  high  radial  stiffness  and 
isotropic  bearing  stiffness.  High-frequency  components  may  also  be 
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present  at  the  ball-passing  frequency.  Unbalance  whirling  in  fluid-film 
bearings  usually  occurs  in  an  elliptical  t.bit,  at  synchronous  frequency. 
The  presence  of  a  strong  filtered  synchronous  response  signal  suggests 
that  rotor  unbaianu  is  a  possible  cause  of  the  observed  whirling  Non- 
synchronous  whirling  at  some  multiple  of  the  running  speed  is  seldom 
due  to  residual  unbalance. 


Orbits  with  Loops 

An  orbit  with  internal  loops  (Figs.  1.13—1.15)  indicates  the  pres¬ 
ence  of  two  or  more  separate  excitations  with  different  frequencies. 
The  examples  given  below  illustrate  how  this  may  occur  in  practice. 

A  h’.lf-frequency  whirl  often  has  a  characteristic  orbit,  as  shown  in 
Fig.  1.13a.  The  shape  of  the  orbit  is  due  to  the  action  of  a  bounded 
whirl  that  has  a  frequency  about  half  the  rotational  frequency  of  the 
shaft  and  is  superimposed  on  the  shaft  unbalance  whirl  occurring  at 
synchronous  frequency.  It  should  be  noted,  however,  that  not  all  half¬ 
frequency  whirls  are  stable  or  bounded. 

Forced  whirling  of  a  floating  sun  gear  between  three  epicydlc 
planetary  gears  is  shown  in  Fig.  1.13b.  The  planetary  gears  give  a 
"three-per-revolution"  excitation  to  the  shaft  at  their  rotational  fre¬ 
quency;  the  shaft  has  its  own  synchronous  whirl  caused  by  unbalance. 
The  net  effect  is  a  three-lobe  epicyclic  orbit. 

Light  rubs  of  a  shaft  against  a  bearing  wall,  seal  face,  or  other  sta¬ 
tor  component  may  cause  the  looped  orbits  shown  in  Fig.  1.14a.  The 
details  of  the  orbit  depend  on  the  speed  of  the  shaft  and  its  relation  to 
the  critical  speed  of  the  system;  for  example,  at  near  twice  the  critical 
speed,  the  orbit  may  look  like  a  bearing-induced  half-frequency  whirl  as 
the  shaft  responds  to  a  light  rub  with  a  forward  whirl  at  its  natural  fre¬ 
quency,  on  which  is  superimposed  the  shaft  unbalance  whirl.  Many 
loops  may  indicate  continuous  intermittent  light  rubbing  in  a  well- 
balanced  shaft  (Fig.  1.14b). 

Heavy  occasional  rubs  may  also  induce  very  high  speed  backward 
whirls,  as  shown  in  Fig.  1.14c.  The  shaft  responds  by  whirling  back¬ 
ward  at  its  natural  frequency  in  a  decaying  transient  whirl,  at  speeds 
below  the  natural  frequency.  Where  the  contact  is  sustained  along  the 
bearing  or  seal  surface,  the  shaft  will  rotate  backward  with  some  slip¬ 
ping.  High  whirl  frequencies  can  be  generated  in  this  manner,  causing 
high  centrifugal  forces  that  maintain  the  contact  between  shaft  and  cas¬ 
ing,  as  shown  in  Fig.  1.14d.  This  type  of  rubbing  can  cause  extreme 
wear  and  possible  seizure  of  the  shaft  in  its  bearings.  For  a  discussion 
of  the  properties  of  orbital  rub  motion,  see  Ref.  4. 

Shaft  misalignment  may  be  recognized  by  a  characteristic  two-per- 
revolution  whirl  pattern  (Fig.  1.1  Sa)  superimposed  on  the  shaft  unbal- 
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ance  whirl  at  synchronous  speed.  Another  indication  of  shaft  misalign¬ 
ment  occurs  when  the  whirl  orbits  in  adjacent  fluid-film  bearings  lie  in 
opposite  halves  of  the  bearing  clearance  (Fig.  1.15b).  Banana-shaped 
orbits  and  "figure-eight"  orbits  both  contain  twice-per-revolution  fre¬ 
quency  components  for  the  reasons  indicated  in  Fig.  1.15. 


(c)  Effect  on  original  orbit  as  in  Fig. 
1.12  of  sudden  light  rub  against  the 
bearing  (typical,  not  necessarily 
characteristic) 


(d)  High-frequency  backward  whirl 
induced  by  heavy  transient  rubbing 


Fig.  1.13.  Shaft  whirl  patterns  arising  from  various  causes 
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(a)  Light  sustained  rubbing  of  shaft 
against  bearing  wall 


(b)  Intermittent  rubbing  of  shaft 
against  stator 


(c)  Shock-Induced  rubbing  of  rotor 
against  stator;  high-frequency  transient 
at  shaft  natural  frequency  decays  with 
transient 


(d)  Continuing  skidding  within 
rolling-element  bearing  (excluding 
noise  components) 


Fig,  M4.  Typical  rubbing  patterns  induced  by  various  types  of 
contact  between  shaft  and  wail 
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(a)  Orbit  indication  of  misalignment 


(b)  Effect  of  misaligned  coupling  of  orbits  at  adjacent  bearings 
Fig.  1.15.  Effects  of  misalignment  on  shaft  orbits 


External  Vibration  Effects 

There  are  many  possible  causes  of  external  vibration.  External 
vibration  components  (usually  nonsynchronous)  can  appear  in  the  whirl 
orbit  superimposed  on  the  unbalance  whirl  motion.  Possible  sources 
are  again  suggested  by  the  shape  of  the  orbit  and  by  any  integer  loops. 
For  example,  magnetic  unbalance  excitation  from  an  ac  generator  could 
be  indicated  by  the  number  of  loops  being  equal  to  the  number  of  pole 
faces  (Fig.  1.16a).  Vortex  excitation  from  a  pump  impeller  or  from 
turning  vanes  in  a  fan  might  Induce  high-frequency  cornpone  ..s  at  the 
shedding  frequency  of  tho  impeller  or  vanes  (Fig.  1.16b).  I  '(cresting 
vortex-shedding  problems  in  hydraulic  turbine  sets  have  been  iiscussed 
by  Parmakian  [S].  Screw  compressors  or  pumps  that  use  tobed  rotors 
may  generate  forced  vibrations  at  the  frequency  of  the  escaping  fluid 
(i.e.,  lobe-passing  frequency),  which  is  commonly  two  or  four  times  the 
rotational  speed.  This  could  give  orbits  of  the  type  shown  in  Fig.  1.16c. 

External  vibrations  consisting  of  regular  impulses  will  generate  reg¬ 
ular,  repeated  loops  in  the  unbalance  orbit  only  if  the  impulses  are 
integer  harmonics  of  the  unbalance  frequency;  if  not,  the  multirevolu¬ 
tion  pattern  will  be  irregular.  Intermittent  impulses  cause  the  rotor  to 
respond  at  Its  natural  frequency  or  frequencies.  The  vibration  orbit 
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from  such  sources  is  commonly  a  rapidly  decaying  transient  for  rotors 
in  fluid-film  bearings  (Fig.  1.16d). 

Early  diagnosis  of  whether  rotor  vibrations  are  due  to  unbalance  or 
to  some  other  source  is  of  major  importance  in  machine  problem  solv¬ 
ing.  Unbalance  vibrations  can  be  eliminated  by  the  techniques 
described  in  this  monograph.  However,  shaft  whirls  that  are  due  to  ins¬ 
tability  or  externally  imposed  vibrations  cannot  be  removed  by  balanc¬ 
ing.  Unstable  whirls  must  be  treated  by  other  techniques,  which  fre¬ 
quently  involve  modifications  to  the  bearings,  seals,  or  casing  [6]. 
Similarly,  vibrations  affecting  the  rotor  from  external  sources  must  also 
be  treated  by  other  means,  e.g.,  by  isolation  of  the  unit. 


(a)  Unbalanced  magnetic  field 
causei  four  pulsea  per  revolution  in 
rotor  with  realdual  unbalance  (sus¬ 
tained  orbit) 


(b)  High-frequency  vortex  shed¬ 
ding  transmitted  to  casing  and  rotor 
with  residual  unbalance,  Sustained 
orbit  with  stochastic  high-frequency 
component, 


(c)  Four-lobed  rotor  causes  vibra¬ 
tion  at  four  pulses  per  revolution 
superimposed  on  residual  unbal¬ 
ance.  Sustained  orbit. 


(d)  External  impulse  causes  rotor 
to  vibrate  at  its  natural  frequency 
during  rotation.  Vibrations  decay 
rapidly  in  fluid-film  bearings.  Tran¬ 
sient  orbit  decays  to  synchronous 
unbalance  orbit. 


Fig.  1.16.  Effect  of  externally  induced  vibration  on  rotor  orbits 
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1.7  Literature  Sources  on  Balancing 

The  general  subject  of  rotor  balancing  includes  rigid-rotor  balanc¬ 
ing,  flexible-rotor  balancing,  and  balancing  machines.  The  balancing  of 
all  classes  of  rotors  requires  a  knowledge  of  rotor  dynamics,  which  in 
turn  involves  shaft  dynamics,  bearing  dynamics,  and  system  dynamics. 
The  subject  of  bulancing  machines  includes  balancing  principles,  equip¬ 
ment,  shop  balancing  practices,  and  field  balancing  techniques,  applied 
to  botli  rigid  and  flexible  rotors. 

The  published  literature  on  balancing  is  contained  in  the  transac¬ 
tions  of  professional  societies,  in  technical  journals,  and  in  company 
publications.  The  books  by  Timoshenko  [7]  and  by  Den  Hartog  [8] 
provide  a  general  introduction  to  rigid-  and  flexible-rotor  balancing, 
with  some  comments  on  balancing  machines.  A  more  recent  book  by 
Wilcox  [9]  contains  a  comprehensive  discussion  of  the  principles  and 
techniques  of  balancing,  mostly  applied  to  class  1  and  class  2  rotors 
(i.eM  rigid  and  quasi-rigid  rotors).  Wilcox  does  not  discuss  the  wide 
range  of  literature  available  on  balancing. 

The  balancing  literature  has  been  reviewed  by  Eubanks  [10],  who 
surveyed  and  evaluated  several  balancing  methods;  by  Levit  and  Royz- 
man  Ill],  who  discussed  the  balancing  of  gas-turbine  engines;  by  Little 
[12],  whose  thesis  on  flexible-rotor  balancing  contains  selected  refer¬ 
ences  on  this  subject;  and  by  Kendig  [13],  whose  thesis  compures  the 
modal  and  influence  coefficient  methods  of  flexible-rotor  balancing, 
and  discusses  the  literature  of  these  two  methods.  Reviews  by  Kushul’ 
and  Shlyakhtin  [14]  (in  English)  and  by  Dimentberg  [15]  (in  Russian) 
on  flexible-rotor  balancing  techniques  describe  selected  European  works 
on  modal  balancing  of  shafts  in  rigid  undamped  bearings.  Fhxibte- 
rotor  balancing  has  recently  been  reviewed  by  Rieger  [16]. 

The  literature  on  rotor-bearing  dynamics  has  been  discussed  in 
detail  at  various  stages  by  Rieger  [17],  Gunter  [18],  Bishop  and  Parkin¬ 
son  [19],  and,  more  recently,  by  Shapiro  and  Rumbarger  [20]  (bearing 
dynamics),  Eshleman  [21]  (critical  speeds),  and  Rieger  [16]  (unbalance 
response  and  balancing).  An  extensive  bibliography,  without  annota¬ 
tion,  on  rotor  dynamics  has  been  presented  by  Loowy  and  Piarulli  [22]. 
It  contains  many  Czechoslovak  and  Soviet  references  not  previously 
cited  in  an  English-language  review.  The  books  by  Dimentberg  [23]  on 
shaft  dynamics  and  by  Tondi  [24]  on  rotor  stability  problems  contain 
many  additional  references  to  the  European  literature  on  rotor-bearing 
dynamics. 

The  most  useful  sources  of  information  on  balancing  machines  and 
balancing  equipment  are  the  sales-reiated  publications  of  firms 
manufacturing  industrial  balancing  equipment.  The  repoi  ts  by  Eubanks 
[10]  and  by  Laskin  [25]  appear  to  be  the  only  independent  critical 
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reviews  on  balancing  machines.  No  reference  work  appears  to  exist  on 
the  many  special-purpose  balancing  machines  available  (gyro  balancers, 
universal  balancer,  etc.),  nor  on  the  many  custom  balancing  facilities 
(turbine-generator  spin  pits,  automated  balancing  facilities,  satellite  and 
space-vehicle  mass-centering  units,  etc.)  now  in  use,  apart  from  these 
descriptive  sales-related  publications.  The  patent  literature  provides 
another  source  of  information  on  balancing  devices  and  innovations 
(see  Section  3.7),  but  again  no  comprehensive  discussion  of  this  subject 
has  been  attempted. 

1.8  Historical  Notes  on  Balancing  and  Rotor  Dynamics 

Rotor  dynamics  and  balancing  are  closely  related  to  the  develop¬ 
ment  of  power-generating  and  power-transmission  equipment.  Practical 
steam  power  began  with  the  reciprocating  engine  (Watt,  1769)  and  with 
the  steam  turbine  (DeLaval,  1883;  Parsons,  1884).  Steam  screw  pro¬ 
pulsion  of  ships  was  proved  feasible  with  the  Great  Eastern  (Brunei, 
1841).  Steam  turbine  screw  propulsion  began  with  the  yacht  Turbinia 
(Parsons,  1897)  and  with  submarine  U.S.S.  Nautilus  (Rickover,  19SS). 
Historical  details  are  given  in  Refs.  26  and  27. 

The  first  paper  on  rotor  dynamics  was  published  in  1869,  by  Rank- 
ine  [28],  who  established  the  existence  of  a  shaft  critical  speed,  by 
analysis.  Such  critical  speeds  had  been  observed  in  practice  at  that  time 
(though  not  explained),  in  association  with  factory  overhead  drive 
shafting,  which  often  carried  many  massive  pulleys.  DeLaval  [26] 
demonstrated  in  1883  that,  with  turbomachines  of  the  type  shown  in 
Fig.  1.17  it  was  possible  to  pass  through  a  critical  speed  while  develop¬ 
ing  useful  power.  At  that  time  critical  speeds  were  thought  to  be  due 
to  unstable  operating  conditions,  similar  to  the  column-buckling 
phenomenon.  This  erroneous  concept  was  inferred  from  the  Rankine 
paper,  and  was  indirectly  endorsed  by  Greenhill  [29]  in  1883,  in  a  paper 
on  marine  propulsion  shaft  buckling.  Chree  [30]  in  1904  explicitly 
stated  and  endorsed  this  instability  viewpoint.  A  comprehensive  study 
of  the  shaft-pulley  problem  was  made  by  Dunkerley  [31]  in  1894.  This 
paper  presented  the  results  of  experiments  with  many  shaft  system 
models  and  correlated  them  with  the  elegant  critical  speed  analyses  of 
Osborne  Reynolds.  These  extensive  results  are  still  of  value  today. 
Foppl  [32]  in  1895  analyzed  and  explained  the  supercritical  operation  of 
the  DeLaval  turbine. 

In  1916,  an  experiment  by  Kerr  [33]  caused  a  controversy  in  the 
literature  about  the  fundamental  mechanics  of  rotor  response  to  unbal¬ 
ance,  indicating  that  this  topic  was  still  widely  misunderstood.  A  defin¬ 
itive  paper  by  Jeffcott  [34]  in  1919  corrected  this  misunderstanding  and 
established  modern  rotor-dynamics  analysis— 50  years  after  Rankine’s 
paper. 
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Fig.  1.17.  High-speed  reaction  (Kero)  turbine  with  conical  friction 
transmission  (patented  in  1883)  and  DeLaval’s  sketch  of  supercritical 
nozzle  and  impulse  blades  (1888).  (Illustration  from  the  DeLaval 
Memorial  Lecture  1968,  ’Gustaf  De  Laval,  the  High  Speeds  and  the 
Gear,*  by  Professor  Ingvor  lung;  reproduced  by  permission  of  Stal- 
Laval  Turbine  AB,  Flnspong,  Sweden.) 
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The  first  recorded  balancing  machine  was  devised  and  patented  by 
Martinson  in  1870,  in  Canada.*  It  allowed  any  machine  component  to 
be  balanced  as  a  rigid  body.  Components  to  be  balanced  were  mounted 
in  soft  supports  and  end  driven  from  a  pulley.  Dynamic  subcritical 
magnification  of  the  rotor  amplitudes  was  used  to  obtain  an  improved 
balance  indication.  The  location  of  the  unbalance  in  this  machine  was 
determined  by  hand-held  chalk  marking  the  "heavy"  spot,  according  to 
Dihrberg  [351.  The  number  of  such  machines  built  and  used  is  not 
known. 

A  balancing  "stand"  built  by  Marten  (ca.  1900)  is  shown  in  Fig. 
1.18.  Known  at  the  time  as  Marten’s  balancing  scale ,  it  incorporated  a 
10:1  mechanical  lever  arm  magnification  of  rotor  amplitudes  to  increase 
readout  sensitivity.  This  principle,  coupled  with  the  dynamic 
magnification  then  available  with  Martinson’s  balancing  machine, 
should  have  led  to  farther  improvements  in  the  quality  of  balance 
attained. 


Fig.  1.18.  Principles  of  Martin’s  balancing  scale  (ca.  1900).  Slow 
rotation  oi  the  component  being  balanced  gave  rise  to  vibratory 
amplitudes  in  the  vertical  direction;  these  were  magnified  in  the 
ratio  10:1  on  the  scale  by  the  lever  principle  shown.  (IK. 
Dihrberg,  "Schwingungstechnik  bei  Auswuchrr.aschinen,"  Auswut- 
technlk ,  BED  0,  Stand  vom  1.1.65;  cCarl  Schenck  Masohinenfa- 
brik  GmbH,  Darmstadt.  Used  by  permission.) 


*A  detailed  discussion  of  balancing  machines  and  facilities  is  presented  in  Chapter  3, 
which  also  contains  illustrations  of  several  of  the  machines  discussed  here. 
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Lawaczeck  (1907)  wrote  a  short  note  on  the  theory  and  design  of 
balancing  machines,  and  in  19G8  patented  a  new  type  of  balancing 
machine  (see  Chapter  3).  This  machine  operated  in  the  vertical  posi¬ 
tion  and  had  a  flexible  lower  bearing  support,  which  allowed  only  hor¬ 
izontal  motions  of  the  lower  bearing  support.  The  lower  support  j 

motion  is  then  a  large-amplitude,  simple  harmonic  vibration  at  operat¬ 
ing  speed  in  which  the  maximum  motion  is  in  phase  with  the  max-  j 

imum  amplitude.  The  angular  position  of  the  unbalance  was  again  > 

found  by  chalk  marking,  and  the  magnitude  of  unbalance  could  be  i 

found  by  a  few  trial-and-error  tests  with  trial  weights  in  the  correction  J 

plane.  One  end  of  the  rotor  was  balanced  at  a  time.  Lawaczeck  (1912)  \ 

also  developed  a  horizontal  version  of  this  machine.  j 

Both  Lawaczeck  machines  suffered  from  the  inconvenience  of  not  j 

being  able  to  interchange  the  “free"  end  the  ‘'fixed"  ends  readily.  This  | 

meant  that  the  rotor  had  to  be  removed  from  the  machine  and  then  i ' 

reinstalled  with  the  ends  reversed,  to  remove  any  unbalance  remaining  j 

in  the  other  plane  with  a  second  run.  Heymann  [36]  overcame  this  j 

limitation  in  1916  with  his  "double-pendulum"  machine,  which  allowed  j 

the  horizontal  restraint  on  both  end  bearing  supports  to  be  varied  from  5 

rigid  tc  flexible  as  needed.  This  allowed  independent  corrections  to  be  I 

made  at  either  balance  plane  without  removing  the  rotor,  simply  by  j 

clamping  one  end  and  measuring  at  the  other  end.  f 

The  ideas  of  Lawaczeck  and  Heymann  were  combined  into  a  single  ' 

machine  around  1918;  this  was  the  forerunner  of  modern  balancing  ] 

machines.  The  first  Lawaczeck— Heymann  machines  operated  by  run-  , 

ning  up  to  a  speed  above  the  support  natural  frequency  and  then  coast¬ 
ing  down  in  speed  through  resonance  to  obtain  response-amplitude 
magnification.  These  machines  allowed  rotor  residual  unbalance  to  be  '' 

determined  and  corrected  to  a  satisfactory  degree  for  the  first  time.  j 

The  post  World  War  I  demand  for  rotating-machine  components  caused  J 

this  idea  to  spread  rapidly.  Soderberg  [37]  describes  a  large  similar  1 

machine  built  in  Philadelphia  in  1923.  I 

Akimoff  [38]  in  1916  developed  another  type  of  balancing  ; 

machine,  which  was  based  on  the  concept  that  the  effects  of  unbalance  'j 

could  be  nullified  through  the  application  of  known  centrifugal  forces  !} 

and  moments,  when  these  effects  were  applied  at  suitable  locations.  j 

Thus  the  required  unbalance  details  could  be  obtained  directly  from  the  \ 

vibration  measured  from  the  pedestal  signals  (i  «.,  zero  pedestal  motion  ^ 

indicated  a  null  balance  condition).  The  annulment  was  achieved  by  | 

using  a  second  (permanent)  rotor  attached  beneath  the  rotor  being  bat-  i 

anced.  The  permanent  rotor  consisted  of  a  drum  of  horizontal  rods 
that  could  be  adjusted  radially  and  axially  as  required.  The  magnitude 
of  the  unbalance  and  its  angular  location  were  determined  from  the  | 

location  of  the  horizontal  rods  when  a  null  balance  had  been  achieved.  I 
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Other  null  balancing  machines  that  were  patented  during  this  period 
were  the  Newkirk  machine  1391,  and  the  AEG— Losenhausen  machine, 
which  used  electromagnetic  forces  to  excite  a  flexibly  supported 
machine  frame  at  such  a  frequency  and  phase  angle  that  the  original 
unbalance  forces  were  canceled. 

Most  machines  built  during  the  period  1900  to  1940  measured  ro¬ 
tor  residual  unbalance  by  some  mechanical  indicator.  The  first  mention 
of  electrical  sensing  and  measurement  is  in  an  Allegemein  Elektricitfit 
Gesellschaft  (AEG)  patent  in  1932  on  piezoelectric  crystals,  in  which 
the  wattmeter  method  is  mentio’-i  as  a  meter  and  signal  Alter;  The 
first  mention  of  stroboscopic  angle  measurement  occurs  in  a  U.S.  patent 
in  1935.  In  the  same  year,  Thearle  (401  mentioned  the  use  of  an  elec¬ 
trodynamic  pickup  and  stroboscopic  angle  indication,  and  Rose  [41]  dis¬ 
cussed  the  use  of  the  plane-separation  principle  and  its  application  with 
electric  analog  circuits.  Thearle  further  developed  these  ideas  in  1938. 

Pedern  (421  in  1942  developed  an  effective  and  sensitive  phase- 
anglc-measuring  device  using  calibrated  lines  on  an  oscillograph.  This 
device,  used  during  World  War  II  to  balance  ship  gyros,  made  it  possi¬ 
ble  to  obtain  a  high  degree  of  sensitivity  by  simple  mechanical  coupling, 
allowing  displacement  measurements  down  to  20  piin.  Filtering 
remained  a  problem  with  such  devices,  and  background  noise  was 
difficult  to  eliminate. 

Following  Jeffcott’s  clarification  of  the  mechanics  of  rotor  unbal¬ 
ance  whirling,  the  most  important  problems  of  rotor  dynamics  have 
been  mainly  concerned  with  certain  instabilities  of  the  rotor  (fluid-film 
whirl,  hysteresis  whirl,  parametric  instabilities,  etc.).  Recently,  howev¬ 
er,  new  questions  of  rotor  balancing  associated  with  the  increased  use 
of  flexible  rotating  machinery  (e.g.,  large  turbine-generator  sets)  have 
reemerged.  Groebel  [43]  in  1952  wrote  a  qualitative  discussion  of 
modal  balancing  applied  to  generator  rotors,  and  Meidahl  [44]  indicated 
certain  orthogonality  relations  on  which  modal  balancing  concepts  are 
based.  In  a  scries  of  papers  between  1959  and  1968,  Bishop,  Gladwell, 
Parkinson,  and  others  [18,45,46]  developed  the  theory  of  modal  balanc¬ 
ing  and  gave  experimental  verification  to  a  high  degree.  Practical  appli¬ 
cation  of  the  modal  balancing  method  to  turbines,  generators,  and 
high-speed  pumps  was  described  by  Moore  [47,48]  during  this  period. 
Development  of  the  comprehensive  modal  balancing  method  was  un¬ 
dertaken  by  Giers  [49]  and  by  Federn  [42],  Both  methods  and  the 
differences  between  them  are  discussed  in  Chapter  6. 

The  development  of  modal  balancing  was  paralleled  by  a  practical 
trial-and-error  procedure  which  became  known  as  the  influence 
coefficient  method.  Thearle  [40]  described  it  in  1935,  and  Den  Hartog 
[8]  briefly  outlined  the  theory  of  its  application  to  rigid  rotors. 
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Goodman  [SO]  generalized  the  application  of  influence  coefficient 
balancing  for  flexible  rotors  in  1962,  and  the  first  computer  programs 
for  influence-coefficient  balancing  became  available  around  that  time. 
Tessarzik,  Badgiey  and  Anderson  [51]  contributed  to  the  continuing 
development  of  this  procedure  from  1964  on.  The  influence  coefficient 
method  is  essentially  computerized  balancing  performed  in  an  effi¬ 
ciently  organized  sequence  of  operations,  capable  of  mathematical 
optimization. 

A  wide  variety  of  special  devices  are  described  in  the  patent  litera¬ 
ture  of  rotor  balancing.  Noteworthy  ere  the  original  machine  patents  of 
Martinson  (1870),  Lawaczeck  (1908)  and  Heymann  (1916),  the  watt¬ 
meter  concept  (1932),  Thearle’s  balancing  head  (1932),  the  plane- 
separation  method  (1935),  electric  plane  separation  (1938),  and  the 
electronic  measuring  technique  of  Federn  (1942).  Automatic  balancing 
devices  for  supercritical  operation  have  been  proposed  by  LeBlanc 
(1904),  Thearle  (1932),  and  others;  one  such  device  has  been  used  for 
domestic  washing  machines  [52], 
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Nomenclature 

a 

a 

<*i 

A 

b 

e 

E 

fc 

ft 

F 

g 

H 

i 

/ 

K 

L 

M 

Nc 

Nt 

R 

R 

Rj 

e-Rbb>  e^cb 
eRc 

eRj 


gE  bb  t  g-^cb 

gRc 


distance  from  left  bearing  to  rotor  c.g. 

eccentricity  of  c.g. 

eccentricity  of  disk  c.g. 

cross-sectional  area 

area  of  ith  cross  section 

distance  from  right  bearing  to  rotor  c.g. 

2.71828... 

modulus  of  elasticity 

critical  whirl  frequency,  Hz 

translatory  critical  whirl  frequency,  Hz 

centrifugal  force 

gravitational  acceleration 

effective  radius  of  gyrotron 

>/=r 

second  moment  of  area 

stiffness  of  shaft  end  supports 

rotor  length 

rotor  mass 

critical  whirl  speed 

translatory  critical  whirl  speed 

whirl  radius  vector 

whirl  radius  at  shaft  centroid 

dimensionless  translatory  whirl  radius 

dimensionless  whirl  radius  of  shaft  ends 

dimensionless  whirl  radius  of  shaft  ends  in 
conical  mode 

dimensionless  whirl  radius  of  shaft  ends  in 
translatory  mode 

dimensionless  conical  whirl  radius  at  bearings 

dimensionless  whirl  radius  of  shaft  center  in 
conical  mode 


gRt 


dimensionless  whirl  radius  of  shaft  center  in 
translatory  mode 
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t 

w 

W 

xj 

z 

Y 

r 

o 

v 


W0 

wt 


time 

specific  weight 
weight  of  disk 
coordinate  directions 
axial  distance  along  shaft 
time-dependent  complex  whirl  angle 
complex  whirl  angle  amplitude 
time-dependent  whirl  angle 
whirl  frequency 
3. 141 59  . . . 

time-dependent  whirl  angle 
shaft  speed,  rad/s 
critical  whirl  frequency,  rad/s 
translator  critical  whirl  frequency,  rad/s 


:'rv$zv: , 


39 


CHAPTER  2 

RIGID-ROTOR  DYNAMICS 

2.1  Dynamic  Properties  of  Rigid  Rotors 

The  response  of  a  rigid  rotor  to  a  dynamic  forcing  is  most 
meaningfully  expressed  in  terms  of  the  natural  modes  of  the  rotor 
system.  Rigid  rotors  in  flexible  supports  have  two  such  modes: 
translator  whirling  and  conical  whirling.  The  rotor  experiencing 
residual  unbalance  forces  and  moments  responds  with  displacements 
involving  combinations  of  these  rigid-body  modes.  Consider  the  simple 
rigid-rotor  system  in  Fig.  2.1.  If  the  bearings  have  identical  horizontal 
and  vertical  dynamic  properties,  this  system  will  have  only  two  whirl 
modes,  translator  and  conical;  if  however,  the  bearings  have  dissimilar 
horizontal  and  vertical  stiffnesses,  the  rotor  will  have  four  whirl  modes 
and  four  corresponding  critical  whirl  frequencies,  The  rotor  can 
become  resonant  with  its  unbalance  force,  in  each  of  these  four  modes. 

Mss*  M  >■  ^ 

Tr»n»l«torv  Irwrtli  lT  “  ! 3R5  4-  Is ) 

Polar  inertia  lP  -  OpR* 

Irwrtlt  I  «  lT  -  Ip  (•ynahronou*  whirling) 


Pig.  2.1,  Whirl  modes  for  t  rigid  cylindrical  rotor 
In  flexible  bearings 
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A  rotor  is  said  to  whirl  when  the  c.g.  of  any  cross  section  traces  an 
orbit  during  rotation  instead  of  remaining  at  a  fixed  point.  Unbalance 
whirling  occurs  in  synchronism  with  the  rotational  frequency  of  the 
shaft.  Other  types  of  whirling  are  also  possible;  these  whirls  may 
include  unstable  and  asynchronous  whirls  11-3], 

The  critical  frequencies  of  any  rotor  system  are  the  natural  fre¬ 
quencies  of  the  system.  This  means  that  under  rotating  conditions 
these  frequencies  are  influenced  by  the  rotatory  inertia  of  the  rotor  and 
by  the  gyroscopic  effect  exerted  on  the  polar  inertia  of  the  rotor  by 
out-of-plane  forces.  When  the  rotational  speed  coincides  with  a  critical 
frequency  of  the  system,  a  condition  of  resonance  develops  between 
the  rotating  unbalance  excitation  and  the  critical  frequency  of  the  sys¬ 
tem.  Residual  unbalance  then  tends  to  excite  the  rotor  into  large- 
amplitude  whirl  motions.  In  practice,  such  motions  are  usually 
bounded  by  system  damping  effects.  They  may  also  be  otherwise  re¬ 
strained  by  bearings  or  seals.  It  is  well  known  that  any  resonant  speed 
represents  a  potentially  dangerous  operating  condition  for  rotating 
machinery.  This  danger  can  be  removed  by  balancing  the  rotor  and 
also  by  choosing  suitable  system  parameters,  suoh  as  supports  with 
properties  that  allow  the  rotor  to  operate  in  speed  ranges  removed  from 
its  critical  speeds. 

2.2  Rotor  Systems 

The  whirl  amplitude  of  an  unbalanced  rotor  depends  on  the 
dynamic  properties  of  the  rotor  in  its  supporting  structure  (i.e.,  bear¬ 
ings,  casing)  and  on  the  magnitude  and  distribution  of  the  residual 
unbalance  within  the  rotor.  For  any  mechanical  equipment,  the 
dynamic  response  amplitude  and  the  transmitted  vibrations  are  strongly 
influenced  by  interaction  between  the  rotor,  its  bearings,  the  casing, 
and  the  foundation.  Together  these  components  constitute  a  mechani¬ 
cal  system.  This  chapter  discusses  the  dynamic  response  of  rigid  rotors 
to  unbalance  forces  imposed  during  operation. 

The  most  significant  rotor-system  properties  for  studies  of 
machinery  response  to  unbalance  forces  are 

1 .  Rotor  mass,  elastic,  and  damping  properties 

2.  Bearing  mass,  elastic,  and  damping  properties 

3.  Machine  casing  and  foundation  mass,  elastic  properties,  and 
damping  interaction  with  the  environment 

4.  Rotor  unbalance  magnitude,  orientation,  and  axial  distribution 

5.  System  critical  speeds  and  their  variation  with  bearing  and  sup¬ 
port  stiffness,  operating  speed,  machine  load,  temperature,  etc. 
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6.  Variation  of  rotor  response  amplitude  with  speed,  particularly  at 
bearing  and  seal  locations 

7.  Variation  of  bearing-transmitted  force  with  speed  and  load 

8.  Variation  of  foundation  force  with  speed  and  load 

9.  Instability  threshold  speed  of  the  rotor  system. 

The  first  four  items  are  basic  mechanical  properties  that  constitute  any 
rotor  system.  The  next  live  items  are  important  dynamic  properties  of 
the  rotor  system;  they  are  related  to  the  system  operating  conditions, 
such  as  speed  and  load.  Bef  jre  the  functions  of  these  five  system  con¬ 
ditions  are  described,  dynamic  properties  1  through  4  will  be  discussed 
in  greater  detail. 

2.3  Rotor  System  Properties 

This  section  discusses  the  factors  affecting  dynamic  properties  of 
the  rotor  system.  Most  of  the  important  terms  used  are  defined  in  ISO 
192S  (1974),  "Balancing  Vocabulary."  Any  unbalanced  rigid  rotor  can  be 
described  in  terms  of  the  properties  listed  in  Table  2.1.  Expressions  for 
mass,  inertia,  and  radius  of  gyration  for  several  typical  rotor  sections 
are  given  in  Table  2.2  [4]. 

Bearings 

Most  rotors  are  supported  in  either  rolling-element  bearings  or  in 
fluid-film  bearings.  Both  types  of  bearing  possess  static  and  dynamic 
properties.  As  used  here,  the  term  static  properties  means  properties 
that  depend  on  steady  load  conditions  and  constant  speed,  in  a  ther¬ 
mally  stable  environment,  such  as  load  capacity  and  operating  oil  tem¬ 
perature. 

The  static  properties  of  rolling-element  bearings  are  governed  by 
the  tendency  for  the  race  to  deform  elastically  at  low  speeds  and  by 
centrifugal  force  effects  at  high  speeds.  Most  rolling-element  bearings 
arc  limited  to  long-term  operation  below  77°C  unless  a  special  lubricant 
is  used  or  unless  provision  is  made  for  externally  cooling  the  race. 
Load  capacities  and  static  design  considerations  have  been  discussed  by 
Palmgren  [5]  and  Harris  [6].  Additional  refr  ences  are  given  by 
Shapiro  and  Rumbarger  [7]. 

The  static  properties  of  fluid-film  bearings  are  determined  by  the 
bearing  type  (externally  pressurized,  self-acting;  liquid-  or  gas- 
lubricated),  by  bearing  geometry  (plain  cylindrical,  tilting-pad,  etc.), 
and  by  load,  speed,  structural  and  lubricant  properties,  and  the  operat¬ 
ing  environment  (temperature,  pressure,  etc.).  The  governing  dimen¬ 
sionless  parameters  are  the  Sommerfeld  number  of  operation,  the  bear¬ 
ing  length-to-diflmeter  (L/D)  ratio,  and  the  operating  Reynolds  number 
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Table  2.1.  Dynamic  properties  of  unbalanced  rigid  rotors 


Property 

Symbol 

Description 

Mass 

M 

Acts  at  rotor  c.g. 

Inertia,  polar 

h 

Acts  at  rotor  c.g.;  causes 
gyroscopic  effect 

Inertia,  transverse 

Ij 

Acts  at  rotor  c.g.;  causes 
translatory  inertia  effect 

Inertia,  effective 

1 

Acts  at  rotor  c.g.;  /  “  /f-7/>  for 
synchronous  unbalance  whirling* 

Radius  of  gyration 

H 

Effective  c.g.  radius  for  rotor  mass 

Length 

L 

Rotor  length  between  bearings 

Location  of  c.g. 

Zt 

Location  of  c.g.  from  reference 
origin,  usually  at  the  centerline 
of  a  bearing 

Residual  unbalance 
force 

F 

Acts  of  rotor  c.g. 

Residual  unbalance 
moment 

M 

Acts  about  rotor  c.g. 

Location  of 
unbalance  planes 

Zh  z2 

Distance  from  c.g.  or 
other  reference  datum 

Balance  weight 

Plane  1 

Plane  2 

wx 

w2 

Acts  radially  in  balance  plane  1 

Acts  radially  in  balance  plane  2 

*/  -  for  non-»yuchronoui  whirling,  where  eu  is  the  rotational  speed  and  v  is  the 

whirl  frequency. 
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Table  2.2  (Cont’d)  Geometric;  Properties  of  Solid?  [41* 


Sphere 

it 


Hollow 

Sphere 

it 


Eiiipeokt 

it 


il 

Jj  fT  V  y 

<J/pH  -•  ft  [*• 

V  rn  __*«•  I  v»4#a*<  v w  Iv *  vabc  v»-r*e» 


e«e  ewe 


ew-^-a 


e*> 

b  « *Ia<  +  e»> 

1  a1  +  a* 

H«- V  , 

*l"*1 

-,-fT1 

M  W  JL  l 

a 

it  __  A*  +  e» 

Jl. 

1,  A»  +  0 

b 

esie  k>u>K»u 


•Ui6d  by  permiuion  of  Machine  Design  Magazine, 
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if  the  lubricant  flow  is  turbulent.  The  static  design  of  externally  pres¬ 
surized  bearings  has  been  discussed  by  Rippei  [8],  Witcock  and  Booser 
[9],  and  others.  The  design  of  self-acting  bearings  has  also  been  dis¬ 
cussed  by  these  authors,  and  by  Raimondi  and  Boyd  [10],  Warner  [11], 
Lund  [12],  and  others,  bearing  technology  has  an  extensive  literature; 
the  above  references  provide  an  introduction  to  this  subject. 

The  dynamic  properties  of  bearings  are  those  characteristics  that 
directly  Influence  the  response  of  the  rotor  system,  with  time.  Bearing 
flexibility  and  damping  both  affect  the  response  of  rigid  rotors  to  unbal¬ 
ance  forces  and  to  impulsive  external  loads.  For  small  dynamic 
motions,  these  bearing  properties  are  commonly  expressed  in  terms  of 
stiffness  and  damping  coefficients.  For  rolling-element  bearings, 

Fx  U)  —  Kx  X  +  Bx  X,  where  X  - 

at 

and 

(/)  -  K,  Y  +  By  Y,  where  Y  -  •&. 

For  fluid-film  bearings, 

Fy  0)  -  Kxx  X  +  Kyy  Y  +  Byy  X  +  Byy  t 

and 

Fy  (r)  ~  Kyy  X  +  Kyy  Y  +  ByxX  +  Byy  Y. 

The  terms  used  in  these  equations  are  defined  as  follows: 

X,  X  -  time-dependent  displacement  and  velocity  in  the  X 

direction 

Y,  Y  -  time-dependent  displacement  and  velocity  in  the  Y 

direction 

K x,  Ka ,  -  stiffness  coefficients  relating  force  to  displacement 
in  the  X  direction 

Ky,Kyy  -  stiffness  coefficients  relating  force  to  displacement 
in  the  Y  direction 

Kyy  ,  Kyy  -  stiffness  coefficients  relating  force  in  one  direction 
( X ,  Y)  to  displacement  in  the  normal  direction 
(T,  X) 

By,  Byy  -  damping  coefficients  relating  force  to  velocity  in  the 
X  direction 
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By,  B„  “  damping  coefficients  relating  force  to  velocity  in  the 
X  direction 

Byy,  Byy  -  damping  coefficients  relating  force  in  one  direction 
(X,  T)  to  velocity  in  the  normal  direction  (Y,  X). 

The  force-displacement  properties  of  both  rolling-element  and 
fluid-film  bearings  are  nonlinear,  which  Indicates  that  the  stiffness  df/de 
is  variable  with  displacement  (Fig,  2,2).  Fortunately,  large-amplitude 
journal  motions  in  bearings  typically  occur  only  briefly  (transition 
through  critical  speed  with  low  damping),  under  conditions  of  machine 
distress  (rotor  instability,  instantaneous  unbalance,  or  excessive  tran¬ 
sient),  In  most  Instances,  journal  orbits  about  the  static  equilibrium 
position  are  small  (Fig.  2.3).  This  allows  the  uncoupled  bearing  equa¬ 
tions  to  be  linearized,  with  use  Of  the  constant  coefficients  indicated 
above.  The  same  is  true  of  bearing  damping,  which  Is  also  frequently 
linearized  to  simplify  discussion  and  analysis. 


Fig.  2.2.  Typical  load-displacement  curvet  for  rolling-element 
and  fluid-film  bearings 
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Fig.  2.3,  Unbalance  whirl  orbit  (bout  italic  equilibrium  position 
for  fluid-film  journal  bearings 


1  Machine  Casing  and  Foundation 

Most  rotors  are  supported  in  bearings  mounted  in  a  massive  casing 
on  some  mass-elastic  foundation.  The  effect  of  the  casing  and  founda¬ 
tion  on  the  dynamics  of  the  rotor  may  be  significant  if  the  casing  has 
natural  frequencies  that  lie  in  the  same  region  as  those  of  the  rotor  and 
|  bearing  system.  In  Such  cases  the  mass-elastic  properties  of  the  support 
I  system  must  also  be  considered  in  examining  the  dynamic  properties  of 
who  machine.  It  is  usual  to  linearize  the  stiffness  and  damping  proper- 
■fifties  of  the  casing.  However,  foundation  dynamics  is  often  a  complex, 
§  specialized  area  that  should  be  approached  with  caution.  For  details  of 
1  the  dynamic  interaction  of  soil  and  foundation,  see  Ref.  13.  For 
9  present  purposes,  where  foundation  dynamic  effects  are  referred  to, 
p  they  will  be  thought  of  as  being  made  up  of  smail-amplitude  linear 

(motions  about  a  static  mean  position. 

Rotor  Unbalance 

I  The  two  principal  causes  of  rotor  unbalance  are  local  random  mass 
eccentricities  of  the  rotor  c.g,  along  Us  length,  and  any  distortion  of  the 
rotor  elastic  axis  that  may  arise  from  differential  thermal  expansion, 
slippage  of  shrink  fits,  and  so  on.  A  comprehensive  listing  of  sources 
of  unbalance  is  given  in  Table  1.1. 

In  a  rigid  rotor,  the  cumulative  effect  of  random  c.g.  eccentricities 
is  felt  as  a  single  unbalance  force  that  acts  at  the  rotor  c.g.;  its  magni¬ 
tude  is  calculated  as 
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is  the  effective  unbalance  radius  acting  about  the  rotor  c.g.  due  to  the 
sum  of  the  moments  of  the  elemental  rotor  sections,  as  shown  in  Fig. 
2.4.  In  practical  circumstances,  the  magnitudes  and  the  orientation  of 
the  unbalance  force  and  unbalance  couple  are  seldom  known  in 
advance,  though  the  effect  they  create  is  routinely  determined  at  the 
balance  planes  by  measurement  in  a  balancing  machine.  The  orienta¬ 
tion  of  these  effective  unbalance  forces  to  some  arbitrarily  ohosen  refer¬ 
ence  plane  in  the  rotor  Is  likewise  determined  as  part  of  the  balancing 
process.  For  the  present  discussion,  the  effect  of  unbalance  is 
represented  as  an  equivalent  force  and  couple  about  the  c.g.  of  the  rigid 
rotor,  This  makes  it  possible  to  determine  the  effect  of  a  prescribed 
nominal  unbalance  condition  (e.g,,  1.0  oz-in.)  at  the  rotor  c.g.  on  the 
rotor  response.  Such  sensitivity  analysis  provides  useful  insight  into 
the  possible  unbalance  response  of  the  rotor  in  its  supports. 


Ftg.  2.4.  General  unbalance  condition*  induced 
by  equivalent  c.g,  force  and  moment 
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2.4  Dynamic  Modeling  of  Rotor  Systems 

Rotor  properties,  bearing  properties,  and  casing  and  foundation 
properties  may  influence  the  response  of  .  the  total  machine  system  to 
unbalance.  Figure  2,5  shows  a  .typical  high-speed  grinding  machine 
assembly,  An  understanding  of  the  dynamic  behavior  of  this  or  any 
other  rotating  mechanical  system  can  be  obtained  by  developing  a 
representative  , model  of  the  rotor  system  that  includes  numerical  values 
of  the  critical  parameters  listed  in  the  previous  section,.  In  practice, 
such  dynamic  models  are  now  routinely  developed  during  the  design  of 
most  high-speed  rotating  equipment.  The  data  cotne  from  rotor-system 
drawings,  from  bearing  design  charts  (or  computer  programs),  and 
from  other  system  specifications,  such  as  dynamic  support  properties 
(foundation  impedance),  The  degree  of  refinement  used  in  the  model 
is  arbitrary,  it  depends  on  the  Immediate  need  and  on  the  extent  of 
available  datu. 


Fig.  2,5.  High-spaed  motor-driven  grinding  machine  (courtesy 
of  Black  and  Decker  Corp.) 


Consider  now  the  two  rotor-system  models  shown  in  Fig.  2,6;  both 
models  represent  the  dynamic  properties  of  the  high-speed  grinder  in 
Fig.  2.5.  Both  models  contain  all  of  the  parameters  mentioned  previ¬ 
ously,  but  the  amount  of  detail  is  obviously  much  different.  The  first 
model  (Fig.  2.6)  is  a  simple  representation  that  could  be  used  to  esti¬ 
mate  the  two  rigid-body  critical  speeds  of  the  grinder  and  the  response 
to  unbalance.  It  assumes  that  the  rotor  is  rigid,  that  the  bearings  are 
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flexible  with  low  damping,  and  that  the  foundation  is  rigid  (no  dynamic 
interaction).  The  second  model  would  be  used  for  computer  analysis  of 
the  high-speed  grinder.  It  contains  much  More  detail,  a  burden  readily 
handled  by  the  computer.  This  model  does  not  assume  that  the  rotor  is 
rigid,  though  it  may  be.  Both  bearing  stiffnesses  and  damping  effects 
are  considered  in  more  detail  (though  still  linear),  and  account  is  taken 
of  bearing-support  flexibility.  Computer  calculation  of  both  Critical 
speeds  and  unbalance  response  has  been  shown  to  be  a  reliable  tech¬ 
nique  which  provides  valuable  guidance  to  rotating  machinery 
designers. 


Grinding  Whwil  Drlva-Motor 
Unbalance  Unbalance 


Bearing 


Grinding-Wheel 

Unbalance 


rt — h 

•  / 

/ 

L 

T 

hr 

! 

J 

Bearing 


(a)  Representation  of  high-speed  grinder  as  a  rigid  rotor 

0 


Damped 

Flexible 

Bearing 


Elaetlc 

Foundation 


Grinding  Wheel 
Unbalance 


Damped  Flexible 
Bearing 


(b)  Flexible  rotor-bearing  system  for  high-speed  grinder 
Fig.  2.6.  Dynamic  models  for  rotor  system  snalysls 


2.5  Critical  Frequencies  and  Critical  Speeds 

When  a  natural  mode  of  a  rotor  system  is  excited  by  some  har¬ 
monic  force  applied  at  its  natural  frequency,  a  condition  of  resonance 
exists.  This  condition  is  often  accompanied  by  large  modal  amplitudes 
of  vibration.  In  general,  the  natural  frequencies  of  a  rotor  system  are 
dependent  on  speed  because  of  gyroscopic  coupling  between  the  coordi¬ 
nate  motions.  For  rotating  machinery,  the  natural  frequencies  are  often 
called  critical  frequencies,  and  each  rotor  system  possesses  several  such 
frequencies.  Any  critical  frequency  can  be  excited  into  resonance, 
given  a  suitable  source  of  excitation,  although  occasionally  there  may 
be  other  sources  of  asynchronous  excitation  (e.g.,  fan-guide  vane  exci¬ 
tation  or  reverse-whirl  gear  excitation)  that  wilt  excite  some  less  com¬ 
mon  form  of  whirling. 
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The  calculation  of  critical  frequencies  for  rigid-rotor  systems  is  dis¬ 
cussed  in  the  remainder  of  this  chapter.  In  certain  instances,  only  the 
synchronous  critical  frequency  is  determined  because  of  its  practical 
importance.  Simple  cases  using  modal  separation  are  discussed  wher¬ 
ever  possible.  The  following  factors  are  examined.  >, 


s&ijgfl  Rotor  mtminMiiaalad  Ewwlte.9bwy.ywl 

2.6  Midspan  symmetry;  Identical  Mass  mode  and  inertial 
bearings  mode  are  Independent 

and  separable.  Simple 
natural  frequency 
expressions  exist. 


2.7  Offset  rotor  Q.g.;  Identical  bearings  Modes  coupled 

2.8  Midspan  c.g.;  different  end  bearing  Modes  coupled; 

stiffnesses,  identical  coordinate  biquadratic  frequency 

stiffnesses  equation 


2,9  Combination  of  the  two  systems  Modes  coupled; 

listed  above;  offset  rotor  c.g.;  biquadratic  frequency 
different  end  bearing  stiffnesses  equation 


2.10 


Midspan  c,g.;  Identical  bearing!, 
dissimilar  bearing  coordinate 
stiffnesses 


Modes  separable;  four 
natural  frequencies, 
two  for  each  coordinate 
stiffness  direction 


2.11 


2.12 


Midapan  symmetry;  dissimilar 
bearings  dissimilar  bearing 
coordinate  stiffnesses 


Offset  c.g.;  dissimilar  bearings, 
dissimilar  coordinate  bearing 
stiffnesses. 


Modes  coupled;  four 
natural  frequencies 
corresponding  to 
coordinate  stiffnesses; 
frequency  determinant 

Modes  coupled 


A  numerical  example  is  given  in  each  case  studied  to  illustrate  specific 
features.  It  Should  be  noted  that  the  effects  of  damping  are  not 
included  in  the  rigid-rotor  critical  speed  analyses  that  follow;  they  are, 
however,  discussed  in  Sections  2.13  through  2,16.  The  results  are  more 
applicable  to  practical  systems  involving  rigid  rotors  in  rolling-element 
bearings  or  rigid  rotors  in  fluid-fiim  bearings  with  flexible,  undamped 
bearing  pedestals  than  to  highly  damped  journal  bearing  systems.  This 
has  been  done  mainly  to  demonstrate  the  rotor-dynamics  principles 
involved. 
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2.6  Critical  Speeds 

A  critical  speed  of  a  rotor  system  is  defined  as  any  rotational  speed 
of  the  rotor  or  rotating  element  at  which  resonance  occurs  in  the  sys¬ 
tem.  Critical  speeds  are  dynamic  properties  of  the  rotor  system.  They 
occur  when  some  harmonic  force  becomes  resonant  (coincides  in  fre¬ 
quency)  with  a  natural  frequency  of  the  system.  Only  radial  whirl 
motions  of  the  rotor  in  its  supports  caused  by  fotor  unbalance  are  con¬ 
sidered  here. 

Each  natural  frequency  of  a  rotor  system  has  a  particular  mode 
shape.  At  a  critical  speed,  the  harmonic  force  from  centrifugal  unbal¬ 
ance  excites  the  corresponding  mode  of  the  system,  causing  the  rotor  to 
"whirl"  in  its  supports  in  this  mode  shape,  in  synchronism  with  the 
rotor  speed,  Whirling  often  causes  large  rotor  dynamic  amplitudes, 
large  transmitted  vibrations,  and  possible  component  failure.  It  is  cus¬ 
tomary  practice  to  calculate  the  critical  speeds  and  mode  shapes  of  any 
new  rotating  equipment;  such  calculations  are  also  the  first  step  in  the 
diagnosis  of  any  vibration  problems  in  rotation  machinery. 

The  critical  speeds  of  rotor-bearing  systems  are  dependent  on 
speed  for  the  following  reasons. 

1.  Gyroscopic  stiffening  of  the  rotor  increases  with  speed.  At  zero 
speed,  all  gyroscopic  effects  are  zero.  The  rotor  translatory  inertia 
affects  the  natural  frequencies  of  the  system.  At  operating  speed,  the 
inertial  effect  of  any  rigid  component  Is  (/P  -  /T)w2  under  synchronous 
excitation  at  frequency  tu;  here,  If  is  polar  inertia  and  It  is  translatory 
inertia. 

2.  Stiffness  and  damping  properties  of  fluid-film  bearings  vary  with 
speed,  and  squeeze-film  vibration  damping  properties  vary  with  forcing 
frequency.  As  most  classes  of  rotating  machinery  Incorporate  either 
one  or  both  of  the  ubove  effects,  it  is  evident  that  critical  speed  calcula¬ 
tions  for  general  rotor  systems  must  Include  consideration  of  both 
effects  to  ensure  accurate  calculation  of  critical  speeds,  For  rigid  rotors 
this  problem  is  simplified  by  the  absence  of  rotor  flexibility.  Nonethe¬ 
less,  the  above  requirements  still  apply. 

2.7  Simple  Rigid  Rotor  in  Flexible  Supports 

Figure  2.7a  shows  a  rigid  cylindrical  rotor  supported  in  flexible 
bearings  with  the  rotor  c.g.  midway  between  the  bearings,  Both  bear¬ 
ings  have  Identical  stiffness  properties,  and  the  stiffnesses  of  both  bear¬ 
ings  ure  identical  in  both  the  x-  and  the  .y-coordinate  directions.  The 
system  has  two  natural  whirl  modes,  translatory  and  conical,  as  shown 
in  Figs,  2,7b  and  2.7c.  If  damping  effects  are  neglected,  the  critical  fre¬ 
quencies  of  these  two  modes  can  be  calculated  by  first  recognizing  that 
these  modes  are  uncoupled  because  of  the  symmetry  of  the  system. 
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SYMMETRICAL  ROTOR 
o.g.  AT  MIDSPAN 


(u)  Rigid  rotor  In  symmetrical  bearings 


(e)  Conical  whirl  mode 

Fig,  2.7,  Rotor  with  uncoupled  rigid  whirl  modes 

Translatory  Critical  Frequency 

First  consider  the  purely  translutory  motions  of  the  rotor  shown  in 
Fig.  2.7b.  The  equations  of  small'displucemenl  free  motions  are 

MX  +  2  KX  -  0 
MY +2KY-0 

where 

X,  Y  are  time-dependent  coordinate  displacements 
M  is  the  rotor  mass 
K  is  bearing  radial  stiffness. 

As  the  whirl  orbit  is  circular  In  this  case,  the  coordinate  motions  can  be 
combined  into  a  single  whirl  vector  R  of  radius 

R-  X  +  iY 
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where 


X  -  x  e'"' 

Y- y  e1*'. 

Substituting  gives 

MR  +  2KR  -  0. 

A  solution  for  harmonic  motions  at  the  frequency  of  rotation  &>  can  be 
obtained  by  substituting  R  -  re1*'  in  the  above  expression,  r  being  the 
magnitude  of  the  whirl  radius.  A  nontrivial  solution  for  <■>  does  not 
permit  re1*'  to  be  zero,  and  therefore 

IK  -  Mt ,?  -  0. 


This  requires  that 


where  eoT  is  the  circular  critical  frequency  of  the  free  transvei:-**  '  ^ra¬ 
tions  for  the  simple  symmetrical  rotor  in  flexible  supports.  This  can  be 
expressed  as 


If  the  system  is  operated  at  this  rotational  speed  with  an  unbalance 
force  acting,  the  rotor  whirl  amplitude  will  grow  toward  an  infinite 
value  unless  otherwise  restrained,  e.g.,  by  system  damping. 

Conical  Critical  Frequency 

The  conical  whirl  motions  shown  in  Fig.  2.7c  are  influenced  by 
gyroscopic  torques  that  arise  from  angular  momentum  changes.  Such 
changes  result  from  the  small  angular  displacements  9  and  4>  shown  in 
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Fig.  2.8  for  a  typical  cylindrical  rotor  element.  In  accordance  with  the 
right-hand  rule,  the  direction  of  the  torque  vectors  shown  is  determined 
by  the  fi,  <f>  displacements,  which  cause  the  torque^vector  to  move  into 
the  spin  vector  as  shown. 


Fig.  2.8.  Coordinate  geometry  and  gyroscopic  moments  acting 
on  a  massive  rotating  disk 
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The  cylindrical  roto*'  section  in  Fig,  2.7c  has  both  translatory  iner¬ 
tia  lx  and  polar  inertia  /p,  For  small-amplitude  harmonic  motions,  the 
equations  of  free  undamped  conical  whirling  are 

1x9  +  jKL*0  F  W  -  0 
and 

Ix<t>  +  ~  IpotO  ™  0, 

where 

K  ->  bearing  stiffness 

L  -  rotor  length 

/T  “  translatory  inertia  for  the  rotor  about  its  c.g. ' 

7p  “  polar  inertia  of  the  rotor  about  its  c.g. 

0  *  time-dependent  whirl  angle  in  the  X \  Z  plane 

tf>  -  time-dependent  whirl  angle  in  the  y,  Z  plane, 

To  solve  the  above  expressions,  write 

y  «■  6  +  l<j>. 

Substituting  in  the  equations  of  motion  gives 

/Ty  ~  ilpuy  +  jKL2y  -  0. 

To  solve  for  harmonic  motions  at  rotational  frequency  to,  set 
y  -  IV*". 
where 

y  -  time  dependent  complex  whirl  angle 
T  -  complex  whirl  angle  amplitude 

For  synchronous  whirling,  y  —  to,  and  we  may  write 

I  “  h  ~  h' 


Substituting  gives 

~  KL 2  -  /to2)  r  elul  -  0. 


.  vi.wi'A,' , ...  y.i 
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A  nontrivial  solution  for  the  speed  «  that  satisfies  this  expression 
requires  that 

i-A'I2  -  im1  -  0. 


Solving  this  expression  gives  the  critical  frequency  for  conical  whirling, 

ki/a 


Wc  “ 


XL2 

21 


(rad/s) 


or 


/c“ 


2  ir 


ii/i 


Kj 2  i ytl 

~  Hr,  Arc  -  9.55 


1/2 


(rpm). 


This  expression  allows  the  conical  critical  speed  of  the  symmetrical 
rotor  system  shown  in  Fig.  2.7  to  be  calculated. 

Sample  Calculation  1 

The  steel  cylindrical  rotor  shown  in  Fig.  2.7  is  3.0  in.  in  diameter 
and  8.0  in.  long.  The  rotor  is  mounted  on  two  bearings  of  radial  stiff¬ 
ness  Kx  -  Ky  -  10s  lb/in.  with  a  span  of  6  in.,  supported  on  a  rigid 
foundation.  Find  the  translatory  critical  speed  and  conical  critical  speed 
of  the  system.  Specific  weight  w  of  steel  is  0.283  lb/in.3. 


The  rotor  weight  is 

W  ~  Z-  D2L7  w  -  -7-  (3)2(8)  (0.283)  -  16.0  lb. 
4  4 


The  mass  of  the  rotor  is 

M  -  —  -  -£jrr  -  0.0414  lb-s2/in. 
g  386.4 


The  translatory  critical  speed  is 


0)  f  “ 


(2*  1/2 

2  x  105 

M 

0.0414 

1/2 


2198  rad/s 


/T  -  349.8  Hz  -  20,989  rpm. 

The  translatory  critical  speed  occurs  at  20,989  rpm. 
The  effective  inertia  for  synchronous  whirl  is 


60 


BALANCING  OF  RIGID  AND  FLEXIBLE  ROTORS 


((8)J-3(1.5)2] 


-  0.1975  lb-in.-s2 


<Uc 


KL2 

1/2 

(loW 

21 

(2)  (0.1 975) 

3019  rad/s 

/ 


and 

fc  -  480.5  Hz  -  28, 829  rpm. 

The  conical  critical  speed  occurs  at  28,829  rpm.  The  simplicity  of  the 
above  procedure  results  from  the  symmetry  of  the  system,  which  allows 
the  two  modes  to  be  considered  independently.  When  such  mode 
separation  is  not  possible,  the  procedure  described  in  the  next  section 
must  be  applied. 


2.8  Coupled  Modes  of  «  Rigid  Rotor  in  Flexible  Supports 

The  c.g.  of  the  system  shown  in  Fig.  2.9  is  displaced  toward  one 
end  of  the  rotor.  If  the  c.g.  radial  displacements  are  denoted  by  X  and 
Y,  their  slopes  by  9  and  <6,  and  the  displacements  at  the  bearings  by 
2T,  y,  and  X2  respectively,  the  equations  of  translatory  motion  are 

MX  -  -  KXi  -  KXi 
and 

MY  -  -  KYX  -  KY2. 

The  equations  of  angular  motion  are 

If  9  ™  KaX |  ~  KbX2  —  If  ct >4> 


and 

/T#-  KaYi-  KbY2  +  IP<o9. 


-  •,  •  *. 

'  1  ’ll.  I ' '  *, -V  ;  i  V;  .  -  1  .V''1" 
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Fig.  2.9,  Rotor  with  end  bearings  of  dissimilar  stiffnesses 
and  associated  whirl  modes 


As  both  bearings  are  identical  and  have  orthogonal  radial  stiffness 
properties,  the  whirl  orbit  of  the  rotor  at  any  section  will  be  circular. 
For  a  solution,  set 

R-X  +  lY 


and  introduce 


y  -  0  +  /*, 


where  /  -  For  small  whirl  motions, 

Xx-X-  aO,  X2-X+  b9, 


Writing 


Yx  -  Y  —  a<f>, 


R\  -  R  -  ay\ 


and  substituting  gives 


Yt  -  Y  +  b*. 
R2  m  R  4*  by 


MR  +  2 KR  -  K(a  -  b)y  -  0 


h  y  +  K(a*  +  b2)y  —  K  (a  —  b)R  ■*  ilftny. 


"V-W ' ' 

••  ;'i«!  } 


and 
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For  a  synchronous  whirl  solution,  we  set 

R  -  R0elmt 


and 


and  write 


y  -  IV*', 


/  *  If  ~  I p. 

This  gives  the  matrix  frequency  equation 


2 K  -  Afc oa  -  K(a-  b)  . 

Ro 

0 

-K(a-b)  K(a2  +  b2)  -  Iv1 

To 

0 

Expanding  the  determinant  of  coefficients  in  this  expression  gives 
the  system  frequency  equation, 

This  system  has  two  critical  speeds,  corresponding  to  the  two  roots  of 
the  above  expression.  The  terms  K(a  -  b)  in  the  determinant  express 
the  coupling  between  the  two  modes.  Where  a  m  b,  the  c.g.  is 
equidistant  between  the  bearings,  and  these  terms  are  absent.  For  a 
uniform  rotor  this  condition  occurs  when  the  overhung  length  is  zero. 
The  modes  are  then  uncoupled,  and  the  critical  speeds  are  found 
directly  from  the  uncoupled  frequency  equations  as 


CO  I  "  Of 


<02  “  <*>€*“ 


2  K 


1/2 


M 
KL 2 


(rad/s); 


21 


1/2 


(rad/s). 


These  expressions  agree  with  the  equations  obtained  in  the  preceding 
discussion  of  uncoupled  modes. 

Sample  Calculation  2 


Consider  the  rigid  cylindrical  rotor  3.0  in.  in  diameter  by  8.0  in. 
long  with  its  c.g.  displaced  1 .0  in.  to  one  side  of  the  bearing  span  mid¬ 
point  (Fig.  2.9)  such  that  a  -  4.0  in.  and  b  -  2.0  in.  Calculate  the 
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critical  speeds  for  this  rotor  mounted  in  identical  bearings  of  stiffness 
Kx  -  Ky  —  10s  lb/in.  with  a  span  6.0  in. 

As  before,  the  rotor  mass  is 

M  -  0.0414  Ib-sVin. 

and  the  rotor  inertia  is 

/  —  /T  —  /P  -  0.1975 

Substituting  into  the  second  equation  gives 

f_10i_  a,v  .  2(10*?  1  ,  (105)2(4  4  2)2  ,  Q 

0.1975  W  +  2  }  +  0.0414  +  (0.1975)  (0.0414) 


w4  -  w2(1.496  x  107)  4  4.403  x  1013  -  0. 

o>i  —  2007  rad/s,  w2  ■  3307  rad/s, 

/i-  319.4  Hz,  /2  -  526.3  Hz, 

N\  -  19, 165  rpm,  A'2  -  31,580  rpm. 

These  are  the  critical  speeds  of  the  rigid  rotor  in  flexible  bearings  with 
its  c.g.  offset  by  1.0  in.  More  generally,  the  influence  of  the  c.g.  offset 
is  given  below. 


Mode 

Critical  speed  (rpm) 

No  offset  With  0.5-in.  offset 

With  1-in.  offset 

First 

20,989 

20,427 

19,165 

Second 

28,829 

29,622 

31,580 

It  can  be  concluded  that  offsetting  the  c.g.  couples  the  modes, 
decreases  the  first-mode  critical  speed,  and  increases  the  second-mode 
critical  speed. 

The  procedure  for  obtaining  the  mode  shapes  of  rigid-rotor  sys¬ 
tems  follows  established  lines  (see,  for  example,  Ref.  14).  The  mode 
shapes  for  the  1-in.  offset  c.g.  cast  are  not  symmetrical  about  the 
midspan.  Mode  shapes  can  be  obtained  by  inserting  numerical  values 
for  the  corresponding  natural  frequencies  into  the  equations  of  motion: 


(2  x  105)  -  0.0414«2 


■103  x  (4-2) 


-10s  x  (4  -  2)  105  x  (42  4  22)  -  0.1975  w2  f 


Jr... : 

•  ■  aV’v''  ■'  ’’ 

i i " 
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Without  damping*  modal  amplitudes  can  be  obtained  only  as  relative 
values.  To  proceed,  set  the  c.g,  whirl  radius  R  equal  to  unity  and  calcu- 
late  T,  Ru  and  R2.  From  the  first  equation,  the  relation  between  R 
and  F  is 


T  - 


1 


(2  x  105  -  0.04140**)  *  1  -  (0.207  X  T0“4)«J 


2  x  10s 
and  the  modal  amplitudes  are 

Ri  -  R  -  or  -  1  -  4  11  -  (0,207  x  10~4)  w2] 

R2  -  R  +  6r  -  1  +  2  (1  -  (0.207  x  10“4)  «2]. 
For  the  first  mode,  substituting  -  2007  rad/s  gives 

r,~  0.166 

it  u  -0.336. 


and 

/?!,  -  1.332. 

For  the  second  mode,  substituting  <uj  —  3307  rad/s  gives 

r  -  -  1.264 

/l  12  ■■  6.056 


and 


i?32  -  1.5  28. 

R  i  and  R2  are  bearing  whirl  amplitudes  relative  to  c.g.  amplitude  R 
1.0.  The  corresponding  mode  shapes  are  plotted  in  Fig.  2.9. 

Finally,  the  results  can  be  validated  by  applying  the  principle  of 
orthogonality.  It  is  shown  in  standard  vibration  textbooks  [14]  that 

(ZjF  (Ml  (Zj  -  {0}, 

where  (Zi)  and  {Z2}  are  modal  displacement  vectors  for  modes  1  and  2; 
that  is, 


{Zi) 


i.0’ 

0.166! 
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B(  1.0 

-{ 

i  1-1.264 

and  [M]  is  the  mass  matrix 

M  0]  0.0414  0  I 

[Mi¬ 
lo  /]  0  0.19751 

Thus, 

0.0414  0  I  (  1. 

{Z2)TIM](Z,}  -  {1.0,  -  1.264}  A10JL 

0  0.19751  (0.1 

These  results  verify  the  calculations  and  theory  presented. 


0.0414 

0 

1.0 

0 

0.1975 

0.166 

2.9  Rigid  Rotor  In  Bearings  of  Dissimilar  Stiffnesaes 

A  rigid  offset  rotor  in  end  bearings  that  have  different  radial  stiff¬ 
ness  properties  is  shown  in  Fig.  2.10.  Since  the  coordinate  stiffness 
properties  of  each  bearing  are  identical,  the  rotor  whirl  orbits  are  again 
circular.  The  rotor  c.g.  is  offset  to  one  side  of  the  midspan  point.  The 
equations  of  free  motion  for  the  rotor  c.g.  are 

MR  «  -  R\K\  -  R2K2 
and 

lyy  —  ilpiay  —  R\K\a  —  R2K2b, 
with 

R,  «  R  -  ay  R  -  X  +  IY 

Rj  —  R  +  by  y  —  0  +  /$. 

The  equations  become 

-  M  m2  R  +  (K\  +  A'j)  R  +  (K2b  -  Kxa)  T  -  0 


(K2b  -  Kia )  R  +  (A,«2  +  K2b2)  T  -  /«2  T  -  0. 
The  matrix  equation  of  motion  is 

iff' 

A,  +  K2  -  Mm2  K2b  -  Kxa  R  0 

•  mm  < 

K2b-Kxa  (Kxa2  +  K2b7)  —  Io>2  T  0 
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Tranilatory/conlcal  whirl  mode 


Conical/ tranalatory  whirl  mode 


Fig.  2,10.  Rotor  with  coupled  rigid  whirl  modos 
The  frequency  equation  is 

a  ,  +  ,  ATi  +  tfjl  ,  KiK2(a  +  b)*  A 

I  /  M)  Ml 

If  K\  —  Ki  -  K,  this  expression  reduces  to  that  given  in  sample  calcu¬ 
lation  2  for  the  rotor  in  identical  bearings  with  an  offset  c.g.  If,  in  addi¬ 
tion,  (a-  b)  ■*  ~,  the  above  expression  further  reduces  the  expres¬ 
sions  given  in  sample  calculation  1  for  the  uncoupled  modes  a»j  and  a>2 
of  the  symmetrical  rotor  in  symmetrical  bearings. 

Sample  Calculation  3:  Critical  speeds  of  an  offset  c,g.  rotor  In  bearings  with 
dissimilar  stiffness 

Consider  the  same  rotor  as  in  sample  calculation  2:  M  -  0.0414 
lb-s.Vin.,  /  -  0.1975  lb-in.-s2,  a  -  4.0  in.,  b  -  2,0  in.  but  K\  -  2  x 
101  lb/in.,  Af2  -  1  x  105  Ib/in,  See  Fig.  2.10, 

Based  on  the  preceding  theory,  the  frequency  equation  for  this  sys¬ 
tem  becomes 
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a/  —  a>2 


(2  x  10s)4*  -I-  (1  x  105)  22  3  x  10s 

0.1975  “5.0414 


+ 


(2  x  105)  (1  x  10s)  61 

(0.0414)  (0.1975) 


0, 


or 

w4  -  w2  (2,547  x  107)  4-  8.806  x  101J  -  0, 

-  4.1257  X  106,  m}-  2.1344  x  10\ 

<u  |  ■«  2031  rad/s,  •  4620  rad/s, 

/,  -  323.3  Hz  -  19,396  rpm,  A  -  735.3  Hz  -  44,118  rpm; 

that  is,  N[  —  19,396  rpm  and  N2  —  44,118  rpm.  Stiffening  one  bear 
ing  has  caused  an  increase  in  both  critical  speeds  of  this  system. 


Critical  speed  (rpm) 

Mode 

Identical  bearings 

-  1  x  103  Ib/in. 

Dissimilar  bearings 
Ki  -  2xl05, 

K2  -  1  x  105  lb/ in, 

Percent 

change 

First 

19,165 

19,396 

+  1.2 

Second 

31,580 

44,118 

+  39.7 

Mode  shapes  can  be  calculated  by  the  method  described  in  sample  cal 
culation  2.  The  matrix  frequency  equation  is 


(3X  105)  -  0,0414  ft!1 

(2  x  105)  -  4(2  x  105) 

R 

0 

(2  x  10s)  -  4(2  x  105) 

16(2  x  10s)  +  (4x  10s)  -  0.1975  u)1 

r 

0 

From  the  first  equation, 

r  _  — L__  [3  x  ios  -  0.0414  w2]  -  0.5  -  (6.9  x  10"8)  u2, 
6  x  10s 

*i-  1.0-410.5-  (6.9  x  10-*)  w2l, 
and 

R2  -  1.0  +  2[0.5  -  (6.9  x  10-*)  •*]. 
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For  the  first  mode,  <*>]  —  2031  rad/s  gives 

Fi- 0.2154,  /?„-  0.1385,  1.431. 

For  the  second  mode,  <o2  ~  4620  rad/s  gives 

r2 —  -.9727,  Ri{-  4.891,  R22  --  0.9454. 


Mode  shapes  are  shown  in  Fig.  2.10.  When  comparing  Fig.  2.10 
with  Fig.  2.9,  we  can  see  that  An  and  Ru  of  the  former  are  smaller 
than  those  of  the  latter.  Verifying  these  results  by  the  principle  of 
orthogonality  gives 


(Ml 


0.0414  0 

0  0.1975 


{Z2F  [Ml  (Z,)  -  (1.0,  -  0.9727} 


0.0414 


0.1975 


1.0 

-0. 

10.2154) 


2.10  Rigid  Rotor  in  Identical  Bearings  with  Dissimilar 
Coordinate  Stiffness  Properties 

The  rigid-rotor  system  shown  in  Fig.  2.11  has  its  c.g.  at  mldapan 
and  is  mounted  in  identical  bearings  with  different  stiffnesses  in  the  x- 
and  ^-directions,  AT!  and  K2.  Symmetry  of  the  modes  about  midspan 
allows  each  mode  to  be  analyzed  separately,  as  in  Section  2.7;  however, 
the  x-  and  y -coordinate  motions  cannot  be  combined  directly  because 
elliptical  orbits  occur  in  this  case.  For  this  system  the  equations  of  free 
motion  for  the  first  mode  are 

MX  +  2K\X  -  0 

and 

MY  +  2K2Y  -  0. 

To  solve  for  these  motions,  set  X  “>  x  e'"',  Y  -  y  e1*",  and  solve  for 
to.  This  gives  the  uncoupled  equations 

(2K\  -  Mto1)  x  e,a*  -  0 

and 

(2 K2  -  Mto2)  y  elul  ■■  0. 
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Fig.  2.1 1.  Rigid  rotor  in  identical  bearings  with  dissimilar 
coordinate  stiffnesses 


For  nontrivial  solutions,  the  critical  frequencies  in  the  principal  stiffness 
directions  of  the  bearings  are  given  by 


O)? 


«i  - 


2K\ 

M  ’ 

2Ki 

A/“ 

2K\  l'/2  . 

~m  \ 

tt>2  “ 

2K2 

M 

(rad/  s) . 


This  system  has  two  critical  speeds  at  which  the  rotor  can  become 
resonant  and  whirl,  The  location  of  each  critical  speed  is  governed  by 
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the  corresponding  coordinate  stiffness  value  of  each  bearing.  If  A"j  is 
the  horizontal  bearing  stiffness  and  K\  <  A2,  the  lower  critical  speed 
will  occur  at 


(Ol 


2  K, 


M 


1/2 


(rad/s),  /Vi  -  9,55 


2  ATi 
M 


1/2 


(rpm), 


At  speeds  close  to  this  speed,  the  rotor  will  whirl  (under  the  influence 
of  unbalance  and  damping)  in  an  elongated  ellipse  who° .  major  axis  lies 
in  the  direction  of  bearing  stiffness  *i-  Similarly,  the  upper  critical 
speed  will  occur  at 


a>2 ' 


M 


1/2 


(rad/s),  N2  -  9.55 


2*2 


M 


1/2 


(rpm), 


and  the  rotor  will  whirl  in  a  second  elongated  ellipse  with  its  major  axis 
in  the  direction  of  A*.  Note  that  when  K\  *•  A2,  ^l  "  a>2,  and  the 
two  critical  speeds  occur  at  the  same  speed.  For  this  condition,  the 
whirl  is  no  longer  elliptical,  but  is  circular.  The  latter  result  applies  for 
the  bearings  discussed  in  the  three  preceding  examples. 

Conical  whirling  in  this  system  is  more  complicated.  To  begin, 
consider  a  rotor-bearing  system  that  is  symmetrical  about  its  midspan 
so  that  the  modes  can  be  separated.  For  identical  bearings  with  dissimi¬ 
lar  coordinate  stiffnesses,  the  equations  of  free  motion  are 

/T  0  +  1/2  KxL-9- (-  Ip  co<f)  «  0 


and 


ly  +  1/2  —  /p  <o  9  “  0. 


The  solution  is  obtained  by  setting 

9  «  0  eh’ 


and 


<t>  - 

where  v  is  the  whirl  frequency  at  the  rotational  speed  to.  This  general 
approach  allows  any  nonsynchronous  critical  frequencies  to  be  found. 
Substitution  gives 

i(  1/2)  A,  I2  -  k2/t10  +  (/i'a>/p)<J>  -  0 
and 

-  (/iWP)e  +  1(1/2 )K2L2  -  v2IT]4>  -  0. 
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The  frequency  equation  is 

- ' [t— —  Iflr  “tt 

Substituting 

,  f*i  +  *2|  L2 

**■  h  T 

and  solving  give 

ji.)2 « I,  +  j. I f]  ,  ( «£l]2  i (-Mr 

Vo  2  I  Vo^T  jAfi  +  Afjj  |  Vo/t  4  [  Vo^T  j 

This  expression  has  four  roots,  corresponding  to  the  forward  and  back¬ 
ward  whirl  modes,  in  both  coordinate  stiffness  directions  of  the  bear¬ 
ings.  The  frequencies  are  conjugates;  that  is,  the  backward  whirl  is  the 
negative  of  the  forward  whirl,  and  therefore  only  the  positive  root  need 
be  considered.  Critical  whirling  will  occur  wherever  the  rotational 
speed  coincides  with  either  frequency,  but  in  this  case  the  problem  is 
more  complicated  because  the  gyroscopic  effect  of  polar  inertia  causes 
the  whirl  frequencies  to  be  dependent  speed.  The  variation  of  the  whirl 
frequency  with  speed  must  be  found  by  plotting  (v/v0)  vs  (cv/vo). 
Resonant  speeds  can  also  be  found  from  this  plot  by  drawing  lines 
representing  the  relationship  between  the  oxciting  frequency  and  the 
rotational  speed:  For  example,  synchronous  unbalance  excitation 
occurs  where  m  equals  the  rotation  speed  (l .  Several  examples  to  illus¬ 
trate  the  gyroscopic  effect  on  conical  critical  speeds  are  given  below. 

Sample  Calculation  4a:  Thin-disk  rigid  rotor  with  /T  *■  (1/2)  lf  in  flexible 
bearings  of  dissimilar  stiffnesses 

Substituting  /T  -  (1/2)  Ip  in  the  frequency  expression  gives 
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For  Ky  -  2Kt>  this  expression  gives  values  as  listed  below. 


u 

V 

V 

Vo 

Vo 

I 

VO 

2 

0 

1.1547 

0.8165 

0.5 

1.5330 

0.5774 

1.0 

2.4183 

0.3899 

1.5 

3.3043 

0.2853 

2.0 

4.2368 

0.2225 

3.0 

6.1625 

0.1530 

4.0 

8.1232 

0.1161 

Sample  Calculation  4b:  Rotor  with  Ij  ~  Ip  In  bearings  of  dissimilar 
stiffnesses 

Substituting  /T  -  Ip  into  the  frequency  equation  gives 


± 


1 

4 


K\~Kj 
Ky  +  K2 


2 


1/2 


For  K\  -  2 Ki,  this  expression  gives  the  following  range  of  values. 


&) 

V 

V 

v0 

VQ 

1 

Vo 

0 

1.1547 

0.8165 

0.5 

1.3186 

0.7150 

1.0 

1.6330 

0.5774 

1.5 

2.0073 

0.4697 

2.0 

2.4183 

0.3899 

3.0 

3.3043 

0.2833 

4.0 

4.2368 

0.2225 
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SPEED  RATIO 


SYNCHRONOUS  CRITICAL  SPEED 

LOWER  CRITICAL  FREQUENCY 


0  1.0  2.0  3.0  4.0  5.0 

SPEED  RATIO 


•t-  'P 

K1  -  2K2 


2.0  r 
1.0 
o 


UPPER  CRITICAL  FREQUENCY 


El 


_L 


-LOWER  CRITICAL  FREQUENCY 

J _ i _ I 


0  1.0  2,0  3.0  4,0 

SPEED  RATIO 


5.0 


ly  *  lOlp 
Ky  -  2Kj 


Fig,  2.12.  Variation  of  critical  frequencies  with  speed: 
rigid  rotor  in  flexible  bearings 
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Sample  Calculation  4c:  Rotor  with  It  —  10/P  In  bearings  of  dissimilar  stiff¬ 
ness 


Substituting  It 
12 


10/p  into  the  frequency  equation  gives 


1  +  200 

Oi 

V0 

2 

1 

Cl) 

4 

i 

4  x  104 

Vo 

*r 

100 

1  «L 

2 

X 

[  vo 

T 

*,  +  *2) 

1/2 


For  K\  -  2K2,  this  expression  gives  the  following  set  of  values. 


Cl) 

V 

\JL 

VO 

F0 

I 

(do 

2 

0 

1.1547 

0.8165 

0.5 

1.1569 

0.8150 

1.0 

1.1632 

0.8105 

1.5 

1.1734 

0.8035 

2.0 

1.1871 

0.7942 

3.0 

1.2230 

0.7709 

4.0 

1.2676 

0.7438 

Results  for  these  three  cases  are  shown  in  Fig.  2.12. 

These  results  all  show  that  bearings  with  different  coordinate 
stiffnesses  cause  two  forward  whirl  inodes  and  two  backward  conjugate 
whirl  modes  (i.e.,  ±»n,  ±n2).  The  frequencies  of  all  these  modes  are 
Influenced  by  gyroscopic  effects.  These  modes  may  be  excited  by  syn¬ 
chronous  unbalance  if  the  excitation  frequency  jo  coincides  with  the 
natural  frequency  v.  The  preceding  figures  show  that  in  calculation  4b, 
where  /T  <  /P,  only  one  synchronous  critical  frequency  will  occur.  In 
calculation  4b,  where  Ij  -  /P,  there  is  still  one  synchronous  critical 
frequency,  but  the  second  frequency  tends  to  become  resonant  at  w  — 

In  calculation  4c,  /T  >  /P,  two  resonant  frequencies  will  occur,  as 
indicated  by  the  two  intersections  with  the  synchronous  excitation  line. 
Similar  results  were  observed  by  Den  Hartog  [IS]  and  Yamamoto  [16] 
for  flexible  rotors.  Asynchronous  excitations  (v  -  2<a,  etc.)  will  lead  to 
other  resonance  properties  in  rigid-rotor  systems. 

2.11  Rigid  Rotor  In  Flexible  Bearings:  General  Case 

The  general  cylindrical  rotor  shown  in  Fig.  2.13  operates  in  bear¬ 
ings  with  dissimilar  coordinate  stiffnesses  in  the  x-  and  y -directions. 
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Tranalatory  whirl! 
lower  principal 
ttlffnaaa  direction 


Tranalatory  whirl! 
higher  principal 
•tlffneia  direction 


Conical  whirl-, 
lowar  prinolpal 
atlffnaia  dlraotlon 


Conical  whirl! 
higher  principal 
etltfneaa  direction 


Fig.  2  ,13.  General  rigid  rotor  in  bearings  of  dissimilar  coordinate  stiffnesses 
and  with  corresponding  whir!  modes 


Its  c.g.  is  at  distances  a  and  b  from  the  left  and  right  bearings.  When 
mass,  transverse  inertia,  and  polar  inertia  effects  are  considered,  the 
equations  of  transverse  motion  are 

MX  -~KU  X]  -  Ki 2  X2 
and 

MY  -  -  ,  T,  -  Kn  Y2. 

The  equations  for  angular  motions  are 

If  9  +  If  tu  <f>  *■  ATj)  a  X\  —  K\ 2  b  X2 


and 


It  if»  —  If  0)9  *■  K 2i  o  Y\  —  Af  22  b  Y2- 


76 


BALANCING  OF  RIGID  AND  FLEXIBLE  ROTORS 


Introducing  the  expressions 
Xx-X-aO,  Y-a <t> 

Xi-X+ bO,  Y2-  Y+b<b 

and  substituting  the  solutions 
X  -  x  elH  9-9  elvl 

Y-y  e,H  <b  -  <*•  eivi 

into  the  equation  of  motion  yields  the  displacement  solution 


(.Ku+Ku-Mp1)  0  -(Kna-Kub)  0 

0  (tfji+ATa-AfV2)  0  -(Kiia-Knb) 

-(Kna-Kub)  0  (KnJ+Kub'-iy)  +Uruv 

0  Kith)  —ilptop  (Ki\a1+K2ibli 

-hv*) 


The  above  expressions  cannot  be  simplified  by  combining  because  the 
whirl  orbit  is  elliptical,  not  circular. 

As  usual,  the  determinant  of  the  coefficients  vanishes  at  any 
natural  frequency,  Although  it  is  tedious  to  obtain,  the  frequency 
equation  for  the  above  biquartic  system  has  the  general  form 

a^v*  +  ayp1  4-  a2v6  4-  a2vs  +  +  asv 3  +  afiv2  +  a2v  +  a8  -  0, 

where  the  coefficients  a,  may  be  complex.  For  each  real  rotor  system 
the  roots  ±vr  occur  as  four  conjugate  pairs,  and  so  the  system  has  four 
critical  frequencies  at  any  given  speed  a>,  each  corresponding  to  a  pair 
of  equal  and  opposite  (i.e.,  forward  and  backward)  rotor  whirl  motions. 
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Sample  Calculation  5:  General  rigid-rotor  system  In  dissimilar  flexible  bear¬ 
ings 


The  rotor  system  shown  in  Pig.  2.14  will  be  used  to  demonstrate 
the  general  critical  frequency  and  resonant  speed  properties  of  a  rotor 
in  flexible  bearings.  The  dynamic  properties  are  determined  by  the 
rotor  mass  and  inertia  values,  the  location  of  the  o.g.  with  respect  to  the 
bearings,  and  the  bearing  stiffness  values,  which  are 


c  - 


L  - 
D  - 


0.0828  lb-s2/in. 

Kn  -  2  x  104  lb/in. 

0.0932  lb-ln.-s2 

Ku  -  4  x  104  lb/in. 

1.813  lb‘in.-s2 

Klx  -  4  x  104  lb/in. 

/T  -  If  -  1.7198  lb-in.-s2 

Ku  -  8  x  104  lb/in. 

8.0  in. 

4.0  in. 

4.0  in. 

16.0  in. 

3.0  in. 

The  frequency  determinant  for  this  system  is 


(fix  104  -  0.0828k1)  0  0 

o  02  xio4- 0.0828k1)  o 

0  0  (192  x  104-  1,813k') 

0  0  -  /« (0,0931 9)  x 


0 

0 

Hu  (0.093 19)k 
(384  x  104- 1.813k1) 


-0 


1 

I 


1  'I' 


■I'.,  ' 


0 


0 
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r  3-IN.  DIAMETER 


- 16  IN.  m. 

o.g. 

- _ if 

rv 

*11 

V 

* 

1  k,28  1N 
■* -  12  IN. 

K„  jjj'  Kj2 

|*  4  |N.  -*i 

! 


STIFFNESS 

DIRECTIONS 


r  ,!'a 
11,21 


Vartlcal  mod#, 
f  -  136.5 


Vartlcal  mod#, 
f  -  181.6 


Horizontal  mod#, 
f  -  163.8 


Horizontal  mod#, 
f  -  231.6 


Fig.  2.14.  Overhung  rolor  in  flexible  bearings:  whirl 
modes  at  N  -  4000  rpm 

for  N  —  4000  rpm;  i.e.,  <o  ™  418.88  rad/s.  The  roots  of  the  above 
expression  for  this  speed  are  listed  below. 


V 

N 

/ 

(rad/s) 

(rpm) 

(Hz) 

851.26 

8,129.5 

135.49 

11,496.85 

191.61 

IIB 

9,827.81 

163.78 

1,455.35 

231.64 

A  computer  solution  for  the  ubove  numerical  example  is  shown  in 
Fig.  2.15,  where  values  of  the  four  natural  frequencies  v\,  v2>  ^3-  ^4  are 
plotted  vs  rotor  speed  <u.  This  chart  shows  the  variation  of  the  four 
natural  frequencies  with  speed.  These  frequencies  correspond  to  trans¬ 
lator  whirl  and  conical  whirl  modes  in  both  planes  of  principal  stiffness 
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i  x  is3  Ju 


Hr»qu«rsay 
v  Hi 

1  x  !03 


0 

0  10  10  IS 

Speed,  rpm  x  10'3 

Fig.  2.15.  Computer-calculated  whirling 
frequencies  for  rigid-rotor  system  shown 
in  Fig,  2.14 

of  the  rotor  end  supports.  Excitation-order  harmonic  lines  are'  also 
shown,  for  lx,  2x,  and  3x  rpm.  The  points  of  intersection  between 
these  lines  and  the  natural  frequency  curves  represent  the  correspond¬ 
ing  critical  speeds  of  the  system.  Other  potential  asynchronous  critical 
speeds  may  also  arise  from  such  nonharmonic  sources  as  ball-passing 
frequencies,  for  undamped  rolling-element  bearings,  and  from  the 
vane-passing  frequencies  of  rigid-rotor  fan  units. 

2.12  Critical  Speed  Chart 

The  expressions  developed  in  the  preceding  sections  show  how  the 
critical  speeds  of  a  rotor  system  arise  and  how  they  are  influenced  by 
the  radial  stiffness  of  the  rotor  supports.  This  relationship  between  crit¬ 
ical  speed  and  support  stiffness  is  the  basis  of  a  practical  procedure  for 
presenting  information  on  the  synchronous  critical  speeds  of  any  rotor 
system.  Figure  2.16  shows  how  the  synchronous  critical  speeds  of  a 
typical  rotor  system  will  vary  with  support  stiffness.  Such  a  chart  is 
called  a  critical  speed  chart;  its  vertical  axis  is  the  rotor  speed  and  its 
horizontal  axis  is  the  rotor-support  stiffness.  The  characteristics  shown 
are  the  synchronous  speed-dependent  critical  speed  lines.  The  support 
stiffness  may  be  the  bearing  stiffness,  the  pedestal  stiffness,  the  founda¬ 
tion  stiffness,  or  any  combination  of  these  stiffnesses.  In  practice,  data 
for  such  a  critical  speed  chart  are  obtained  by  calculating  the  critical 
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Bafrlng  Radltl  Stlffnau  (lb /In.) 


Fig.  2.16.  Critical  speed  map  for  rigid  rotor  in  externally  pressurized  gas  bearings 


speeds  of  the  rotor  system  over  a  range  of  specified,  or  assumed,  sup- 
port  stiff  ms  values.  The  support  stiffness  is  held  constant  in  each  cal¬ 
culation,  and  the  several  critical  speeds  of  the  rotor  system  correspond¬ 
ing  to  the  given  support  stiffnesses  are  then  found.  Figure  2.16  shows 
typical  critical  speed  curves  for  a  sample  calculation.  The  stiffness  vs 
speed  characteristic  for  an  actual  bearing  support  system  is  also  plotted. 
The  particular  critical  speeds  of  a  rotor  operating  in  such  bearing  sup¬ 
ports  wilt  evidently  occur  at  the  speed  points  where  the  bearing  charac¬ 
teristic  Intersects  the  natural  frequency  lines. 

The  following  calculations  demonstrate  the  properties  of  the  criti¬ 
cal  speed  chart. 

Sample  Calculation  6:  Rigid  rotor  In  undamped  flexible  bearings 

A  high-speed  rotor  operates  In  externally  pressurized  gas  bearings 
at  its  ends.  The  rotor  closely  resembles  a  10-in. -diameter  solid-steel 
cylinder,  6.0  in.  in  length.  The  bearings  have  Identical  stiffnesses  for 
which  Ka  ■»  Kyy  —  K  lb/in.,  with  zero  cross  coupling  and  negligible 
damping.  Develop  the  critical  speed  chart  and  determine  critical  speeds 
given  the  following  stiffness  properties  for  each  hydrostatic  bearing. 
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N 

K 

(rpm) 

(lb/in.) 

1000 

6000 

5000 

10,000 

13,000 

40,000 

60,000 

100,000 

The  parameters  of  the  system  are  as  follows: 

Rotor  mass 

M  -  -f-  -vL°v-  “  0.03106  lb  sVin. 
4  386.4 


Rotor  inertia 


Af 


/  -  /T  -  /p  -  (L1  -  3 Z>2/4)  -  0.0758  lb.ln.-s1 


Translatory  critical  speed 

*2Kr 


Nt  -  9.55 


M\ 


-9.55 


1 1/2 


0.03106 


(*)>'2 


-  76.63  (K)U1  rpm 


Conical  critical  speed 


Nc  -  9.55 


KL 2 


21 


1/2 


1 1/2 


™  Y 

»  o  55  - _  (K)l/1 

503  2(0.0758)  ’ 


-  147.2  (AT) 1/2  rpm. 


The  critical  speeds  are  as  follows: 


K 

(lb/in.) 

Nr 

(rpm) 

(rpm) 

1  x  103 

2,423.3 

4,654.8 

3  x  103 

4,197.2 

8,062.5 

1  x  104 

7,663 

14,720. 

1  x  105 

24,232 

46,548. 
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In  Fig.  2.16,  the  logarithmic  plot  shows  a  linear  increase  in  rotor 
critical  frequencies  with  speed,  which  is  customary  for  rigid  rotors.  The 
critical  speeds  of  the  rotor  system  are  found  by  plotting  the  bearing 
characteristic  data  on  the  same  chart.  The  system  critical  speeds  occur 
at  the  points  of  intersection  shown,  i.e.,  at  speeds  NT  "  10,000  rpm 
and  Nc  m  55,000  rpm. 

Sample  Calculation  7:  Uniform  rotor  In  flexible  bearings 

The  solid  uniform,  steel  rotor  shown  in  Fig.  2.17  has  a  diameter  of 
3.0  in.  and  a  length  of  16.0  in.  It  is  mounted  in  two  flexible  end  bear¬ 
ings  for  which  the  variation  of  stiffness  with  speed  is  given  in  the  fol¬ 
lowing  table. 


K 

(lb/in.) 

N 

(rpm) 

No 

(dimensionless) 

1  x  lO*1 

11,000 

0.20 

4  x  103 

19,425 

0.35 

2  x  103 

55,000 

1.0 

1  x  103 

6.1  x  105 

11.0 

If . . . — - !«  IN. 

8PMD.DEPENDENT 
PIAHINO  STIFFNESS  ; 

m 

L 

* -  3. IN,  DIAMETIH  j 

t  Speed. dependent 
[  BEARINO  stiffness 

m 

Irpml 

11,000 

10,4)5 

55,000 

010,000 

104 

4  K  I01 

:>  to’ 

I03 

Fig,  2.17.  Uniform  rotor  in  end  bearings  with  variable  stiffnesses 


Determine  the  first  four  critical  speeds  for  this  case,  given  that  the 
modulus  of  elasticity  E  ■*  29  x  10®  lb/in.2  and  the  weight  density  w  ■■ 
0.283  lb/in.3  for  the  rotor  material. 

These  critical  speeds  may  be  obtained  by  first  developing  the  rotor 
critical  speed  chart  (Fig.  2.18),  and  then  plotting  the  bearing  charac¬ 
teristic  on  this  chart.  The  rotor-system  critical  speeds  are  determined 
from  the  points  of  intersection.  The  speed  coefficient  Is 


H 

,4 

i 


lit 

.jft 


'MtIJUllMV 
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Fig,  2,18,  Critical  speed  chart  for  uniform  rotor  In  Identical  flexible  supports 


V 

2 

m. 

1/2  (  \2 

_««:*  *  386.4  (29  x  106)  3 2 

T 

wA 

( 16  J  0.283  x  16 

■■  55,000  rpm. 


The  bearing  stiffness  characteristic  intersects  the  critical  speed  lines 
the  following  dimensionless  critical  speed  values: 


NL1 

wA 

9.55trJ 

gEl 

-  0.42,  1,0,  2.28,  6,25. 


at 


The  first  four  critical  speeds  are 

Ni  -  0.42  x  55,000  -  23,100  rpm 


^2  -  1.0  x  55,000  -  55,000  rpm 
Ny  -  2.28  x  55,000  -  125,400  rpm 


N*  -  6.25  x  55,000  -  343,770  rpm. 

The  first  two  criticul  speeds  occur  in  the  upper  straight-line  range  of  the 
two  lowest  criticul  frequency  lines.  This  indicates  that  the  rotor  will 
bend  very  little  In  these  rigid  modes,  The  higher  modes  are  flexural 
modes  in  which  the  rotor  bending  displacements  would  be  as  significant 
as  the  bearing  displacements. 
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It  is  evident  that  a  critical  speed  chart  can  be  developed  for  any 
rotor-bearing  system.  In  practice,  this  is  done  by  means  of  a  critical 
speed  computer  program  to  define  thr*  rotor  critical  speed  lines,  with 
data  points  calculated  over  a  range  of  specified  bearing  stiffnesses.  The 
critical  speeds  of  a  rotor  in  actual  bearings  with  speed-dependent 
stiffness  properties  can  then  be  determined  by  plotting  the  bearing 
stiffness  characteristic  on  the  chart  as  described  above. 

The  main  shortcoming  of  the  critical  speed  chart  is  its  exclusion  of 
damping  effects,  which,  for  example,  in  fluid-film  bearing  systems,  can 
exert  significant  effects  on  the  locations  of  the  critical  speed  lines. 
Recent  developments  in  rotor  dynamics  have  included  such  effects  in 
the  bearing  properties  {12]. 

2.13  Rigid-Rotor  Unbalance  Response 

Residual  unbalance  causes  rotors  to  whirl  in  their  bearings  at  rota¬ 
tional  frequency;  this  condition  is  called  synchronous  whirling.  When 
the  rotor  approaches  a  critical  speed  of  the  rotor-bearing  system,  the 
rotor  whirl  radius  will  grow  as  resonance  develops,  and  the  maximum 
whirl  amplitude  will  occur  at  the  critical  speed.  Under  such  cir¬ 
cumstances,  the  whirl  amplitudes  are  restrained  only  by  the  system 
damping,  whereas  at  speeds  away  from  the  critical,  the  system  stiffness 
and  mass  act  to  restrain  the  rotor.  Nonresonant  whirl  amplitudes  are 
therefore  usually  smaller  than  whirl  amplitudes  at  resonant  speeds.  The 
following  sections  discuss  the  synchronous  unbalance  response  of  rigid 
rotors  in  several  types  of  flexible  supports. 

2.14  Symmetrical  Rotor  System  with  Midplane  c.g.  Unbalance  Force 

A  symmetrical  end-bearing  rotor  system  with  equal  bearing 
stiffnesses  in  the  x-  and  ^directions  (Fig.  2.19)  will  be  considered  first. 
Initially,  the  unbalance  force  F  is  assumed  to  be  acting  alone  (couple 
unbalance  M  **  zero).  For  this  system,  the  whirl  modes  are  symmetri¬ 
cal  about  the  midplane,  and  the  equations  of  undamped  forced  whirling 
in  the  translatory  mode  under  force  Fare 

MX  +  2 KX  -  Maw7  cos  wt 
and 

MY  +  2 KY  -  Maw 2  sin  wt. 


where 


a  —  c.g.  eccentricity. 


Initial 
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EFFECTIVE  FORCE  AND 
MOMENT  AT  ROTOR  eg. 


Effective  force  In  balance  plane  1:  F,  “  F  J 

Effective  force  In  balance  plane  2:  f2  -  F  -  T 

Fig.  2.19.  Simple  rotor  system  with  force  and  couple  unbalance 

Again  writing  the  whirl  radius  as  R  «  X  +  iY  with  i  -  v^-T  and 
recalling  that 

cos  ait  +  /  sin  tut  —  elu', 
we  find  that  the  equations  of  motion  reduce  to 
MR  +  2 KR  •»  Mam2  elul. 

The  solution  is  obtained  by  setting 

R  -  R0 

Substituting  into  the  equation  of  motion  gives 

(2K  —  A/o>2)  /?q  elul  **  Main2  elu>l, 


t  MitiiiinMTMinVfc* 
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and  thus 


Ro 


Mato2 

2K  -  Mto2  ’ 


where  R0  is  the  magnitude  of  the  steady-state  whirl  radius  correspond 
ing  to  speed  to.  This  can  be  written  in  dimensionless  form  as 


Rj  - 


Mu2  m 

IK  -  Mo2  ~  1  -  (to/toT)2  ’ 


that  is, 


R’r 


(l2 

1  -  n1’ 


where 

ft  —  — ,  dimensionless  speed 

Rt:  —  dimensionless  translatory  whirl  radius 
IT  -*  whirl  frequency  ratio  -  to/coj 
wT  -  undamped  translatory  natural  frequency  or  critical 
speed  of  rotor  bearing  system  —  -J'lK/M  rad/s 
to  «  rotor  speed,  rad/s. 


The  well-known  result  for  the  undamped  response  vs  speed  of  this 
symmetrical  rotor  system  to  midplane  unbalance  is  plotted  in  Fig.  2.20. 
The  amplitude  is  seen  to  increase  greatly  as  the  resonant  condition  is 
approached,  and  this  result  is  commonly  observed.  In  practice,  the 
inclusion  of  damping  in  the  rotor  supports  (i.e.,  bearings,  pedestals) 
will  serve  to  limit  any  build-up  of  large  critical  whirl  amplitude  to 
acceptable  values.  This  verifies  the  results  obtained  for  the  frequencies 
and  modes  of  the  rotor  system  with  dissimilar  stiffnesses. 


2. IS  Symmetrical  Rotor  System  with  Mldplane  c.g.  Unbalance 
Couple 

Conical  whirling  may  be  induced  in  a  rigid  rotor  by  an  unbalance 
couple  M  acting  as  shown  in  Fig.  2.19.  For  a  simple  uniform  rotor 
with  equal  bearing  stiffnesses,  the  equations  of  motion  are 

Ij9  +  (1/2)  KL2  fi  +  w/p  i  -*  (1/2)  M  a  to2  L  cos  col 
and 

/T  tj>  +  (1/2)  KL 2  4>  -  to  /p  0  -  (1/2)  Mato2L  sin  a tt. 
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Q 


Dimensionless  speed  ratio: 
Dimensionless  response  amplitude: 


a> 


r«  „  fb 

ht  J 


i  -  s‘ 


Fig.  2.20.  Dimensionless  response  of  symmetrical  rigid-rotor 
system  to  c.g.  balance 


Because  the  bearings  have  equal  coordinote  stiffnesses  ( Kx  —  Ky),  the 
whirl  orbit  will  be  circular  ami  the  whirl  angles  9  anti  will  be  equal 
and  related  by  a  90°  phase  difference.  This  may  be  represented  by  the 
expressions 

o  “  —  i  <(>,  i  “*  • 

Substitution  of  this  and  the  complex  angle  expression 

y  —  9  +  i  <f> 


allows  the  equations  of  motion  to  be  written  as 

lTy-  iti>  IPy  +  (1/2)  KL1  y  -  (1/2)  Mam1  L 
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The  solution  is  obtained  by  setting 

y  -  T  ela>‘ 

and  writing,  for  synchronous  whirling, 

/-/r-/p 

which  gives 

((1/2)  KL 2  -  l  T  -  (1/2)  Maa2L\ 

that  is, 

r  (1/2)  Ma<a2L 
0  "  (1/2)  KL2  -  /a)2  ‘ 

Recalling  that  the  conical  critical  speed  for  this  syste  n  is  given  by 

KL2 


- 


21 


and  writing 


ft2-  -So¬ 
ftie 


,  /  -  MH2, 


where  M  is  the  mass  of  the  rotor  and  H  is  the  equivalent  radius  of 
gyration  for  /  —  /T  —  /P,  we  obtain 


aL 

2  H2 

ft) 

0)c 

2 

_  __  aL 

[  | 

2Rb 

1  - 

ft) 

ft»C 

r  "  2H2 

G 

1 

L 

where  Rb  is  the  complex  conical  whirl  radius  at  either  bearing.  If  we 
write  the  dimensionless  conical  whirl  radius  /?c*b  for  the  bearing  ampli¬ 
tude  as 

a-  *1  & 

cb  “  a  "  4//2  [l-fif)’ 

then  /?cb  has  the  same  speed  variation  as  /?t,  given  that  <oc2  — 
( KL2/21 )  for  conical  whirling,  in  place  of  (<u2  —  (2 K/M)  for  transla- 
tory  whirling.  With  this  notation,  Fig.  2.20  may  also  be  used  to  demon¬ 
strate  the  variation  of  rotor  conical  unbalance  response  with  speed. 
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Sample  Calculation  8 

For  the  rotor  described  in  sample  calculation  1,  see  Fig.  2.7,  c.g.  at 
midspan,  D  ™  3.0  in.,  L  ■■  6.0  in.,  Lf  ■»  8.0  in.,  a  —  b  —  3.0  in., 
calculate  the  whirl  radius  at  10,250  and  20,500  rpm  for  (a)  residual 
unbalance  of  0.10  oz-in.  applied  at  the  c.g.,  and  for  (b)  two  equal  and 
opposite  unbalances  of  0.05  oz*in.  at  the  bearing  locations  of  the  rotor. 
Each  bearing  stiffness  is  10s  lb/in.  in  both  coordinate  directions,  and 
the  bearing  radial  clearance  is  0.0045  in. 

(a)  For  c.g.  unbalance ,  the  rotor  parameters  are  as  follows: 

Rotor  weight  W  -  16.0  lb  -  256  oz 


Rotor  mass  M  -  0.0414  lb-s2/in. 

Unbalance  force  U  W  a 

For  c.g.  eccentricity, 

a  "  "W  “  2ST  “  0,391  X  10~3  in‘ 


The  translatory  critical  speed  is 


COf  » 


2  x  105 


1 1/2 


0.0414 


-  2198  rad/s 


Nx  -  20,989  rpm. 
Translatory  critical  speed  ratio  is 
(i)  N  -  10,250  rpm 


-  0.4884 


(ii)  N  -  20,500  rpm  O ,  -  j&M  _  0.9768. 

Translatory  dynamic  multiplier  [J?x  -  (if /(l  -  n?)]: 

<i>  N  -  10,250  rpm,  Rj  -  -  0.3133 


R 


RJy  R  -  0.3133  a  -  0.1225  x  10”J  in. 
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(ii)W-  20,500  rpm,  Rj  -  (0.9768)711  -  (0.9768)2)  -  20.80 

XT  -  20.80  a  -  8.1348  x  10"3  In. 

The  conclusions  to  be  drawn  from  this  are  as  follows: 

1 .  At  about  half  the  translator  critical  speed,  the  whirl  radius  due 
to  the  stated  unbalance  is  of  acceptable  size  (0.00012  in.)  for  smooth 
operation  within  the  bearing  radial  clearance. 

2.  At  97.68%  of  the  translator  critical  speed,  the  whirl  radius  due 
to  the  stated  unbalance  too  is  large  (0.008  in.)  for  the  bearing  clear¬ 
ance. 

3.  This  rotor  must  be  balanced  for  operation  at  speeds  approach¬ 
ing  the  translator  critical  speed  (unless  adequate  system  damping  can 
be  provided). 

(b)  For  end-plane  unbalance,  half  the  unbalance  (0.05  oz-in.)  is 
located  in  the  rotor  at  the  bearing  locations.  This  is  equivalent  to  half 
the  rotor  weight  (128  oz)  at  a  radius  of  0.391  x  10~3  in.  in  each  end 
plane,  180°  apart.  The  parameters  are  as  follows: 

Conical  critical  speed 

(>iC  ~ 

Nc  -  28,829  rpm 

Critical  speed  ratios 

(i)  10,250  rpm,  il2  -  -  0.3555 

00  20,500  rpm,  Sl2  -  -  0./110. 

Dynamic  multiplier  /?£  ■*  Si}/ (l  -  n?2): 

(I)'V'  -10,250,  pm  *a-rffS,-0.»447 


KL2 

21 


1/2 


—  3019  rad/s 


(ii)  N2  -  20,500  rpm  (0.7110)7(1  -  (0.71 10)2]  -  1.0223. 


To  determine  the  bearing  whirl  radius,  recall  that  the  radius  of 
gyration  H  is  given  by 


Ii2  - 


M 


0.1975 

0.0414 


4.77 
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and 

nj 

1  -  n| 


.  l2  ni 
eb  “4  h2  1  -  nf 


thus,  at 


(i)  10,250  rpm 

r  H  l  JiL 
°“[l-«22  2tf2 


3.558  x  10-s  rad 


Qj  Ll 
1  —  « 22  J  4  H1 


-  0.1442  x 


_ 82 _ 

4  x  4.771 2 


-  0.1014 


Rb  -  *cb«  -  0.1014  x  0.391  X  10“3 

-  0.396  x  10~4  in. 

(ii)  20,500  rpm 

T0  -  1.0223  -  2  5135  x  10~4  rad 

^  -  1  0223  4  x  4^1=  ~°'7185 

Rb  «  R  *b  a  -  0.7185  x  0.391  x  10“3  -  0.281  x  10~3  in. 

We  therefore  conclude  that  the  bearing  whirl  radii  at  both  speeds  due 
to  end-plane  out-of-phase  unbalance  are  small.  The  magnitude  of  the 
residual  conical  unbalance  does  not  indicate  any  dangerous  unbalance 
condition  at  these  speeds. 
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It  should  be  noted  that,  as  both  the  force  unbalance  and  the  couple 
unbalance  results  are  based  on  linear  bearing  stiffness  analyses,  the 
results  can  be  adjusted  by  proportioning.  For  example,  if  the  unbalance 
force  changes  to  U  ->  0.84  oz-ih.  and  the  moment  unbalance  changed 
to  two  equal  and  opposite  forces  of  ■  F2  *  0.42  oz-in.,  the  above 
results  would  change  linearly  as  follows: 

Translatory  mode: 

10,250  rpm:  R  -  0.1225  x  10'3  -  -  0.00103  in. 

20,500  rpm:  R  -  0.0081  x  10~3  -  0.068  in. 

Conical  mode: 

10,250  rpm:  R  -  0.396  x  10"4  x  -  3.326  x  10“3  in. 

20,500  rpm:  R  -  2.81  x  10“4  x  -  2.360  x  10"3  in. 

Linear  unbalance  response  analysis  can  be  conveniently  adapted  in  this 
manner  to  test  the  sensitivity  of  the  system. 


2.16  Rigid  Rotor  with  Displaced  c.g.  in  Symmetrical  Bearings 

If  a  rotor  has  its  c.g.  displaced  toward  one  bearing,  Fig.  2.9,  with  a 
single  unbalance  acting  at  its  c.g.,  and  it  is  operating  in  identical  bear¬ 
ings  with  identical  coordinate  stiffnesses,  the  whirl  modes  are  coupled 
as  described  previously.  Considering  first  the  case  of  unbalance  at  the 
c.g.,  the  steady-state  equations  of  motion  are 


MX  +  K  Xt  + 
MY  4-  K  Yx  + 
If  B  f-  to  Ip  <j>  + 


/[■  4  “  tu  If  9  — 


K  Xi  -  M  a  <n2  cos  o»r, 
K  Y2  ■*  M  a  roJ  sin  o»r, 
K  a  X:  +  K  b  X j  -  0, 
K  a  y,  +  K  b  Y2  -  0. 
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Introduce  the  geometric  relations 

*1  -  X  -  a  9,  Yi-  Y-  a  <j> 


X2-X+  bO,  Y2  -  Y  +  b<(> 

and  write  the  complex  whirl  radius  and  whirl  slops  as 
R~X  +  iY,  Ri-R-ay 

y  «  0  •+•  i  4»,  R2  ■*  R  +  b  y. 

Substituting  gives  the  equations  of  motion  as 

MR  +2  KR  -  K(a  -  b)y  -  MatJe'" 

and 

/j  y  +  K(a2  +  b2)y  -  K(a  -  b)R  -  i<o  IPy. 
For  a  synchronous  response  solution,  set 

R  -  R0  e M 


and 


y  -  r0  eM 

/  —  /*p  —  /p- 


The  matrix  response  equation  then  becomes 

IK  -  Mu)2  -  K(a-  b)  Ro  1 

—  Maor 

-K(a-b)  K (a2  +  b2)  -  Ia>2  T0  0 


Solving  for  the  whirl  amplitudes  at  the  rotor  center  in  the  c.g.  plane 
gives 


(u2  t(a2  +  b2)  ( K/I )  -  at2] 


l.4  -  a2l(a2  +  b2)(K/I)  +  (2K/M)]  +  K2(a  +  b)2/MI 


£o  _ _ a)2  (a  -  b)(K/I) _ 

a  “  o>4  -  w2l(a2  +  b2) {K/I)  +  (2 KIM)]  +  K2(a  +  b)2/MI 
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( SR c  a)a  -  r0  a 
and 

*"  («*e*  b  —  To  b, 

where  the  g  subscript  denotes  whirl  caused  by  a  single  unbalance  acting 
at  the  c.g.,  and  gR^  and  tab  respectively  denote  the  corresponding 
complex  conical  whirl  radius  of  two  bearings.  The  numerators  of  these 
expressions  relate  to  the  c.g.  unbalance  force,  i.e.,  single-plane  unbal¬ 
ance.  Note  that  the  denominator  is  the  frequency  equation  obtained 
earlier  for  this  displaced-c.g.  case. 

If  a  “  b,  that  Is,  there  is  no  c.g.  offset,  then 


£o  _  u>H(KLV2I)  -  a)2l  a>2 

a'  "  [(KL2/2I)  -  <o2)[2K/M)  -  m2)  "  [(2 K/M)  -  a>2] 


[<!)]•  —  CO2] 

n? 

"  l-nf 

and 

tRl  -  0. 

These  expressions  coincide  with  those  described  previously  in  Sec¬ 
tion  2.14,  for  the  zero  c.g.  offset  condition.  Couple  unbalance  in  the 
same  rotor  system  can  be  studied  through  the  effect  of  two  equal  unbal¬ 
ances  1 80°  apart  at  bearing  locations,  related  back  to  the  rotor  c.g.  as  an 
unbalance  couple  of  magnitude  0.5  Ma  m2L.  As  these  unbalance  forces 
are  opposite  and  equal,  no  effective  unbalance  force  acts  at  the  rotor 
c.g.  For  this  case,  the  coordinate  equations  of  forced  motion  are 

MX  -I-  KX\  +KX2-  0 

MY  +  KYi  +  KY2  -  0 

IjQ  +  Ifaaft  —  KaX\  4-  KbX2  0.5  Mam2  L  cos  mt 


and 


Iy<b  -  IpmB  —  KaY\  +  KbY2  ■■  0,5  Mam2L  sin  m  t. 
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Introducing  the  expressions  defined  previously  for  R  and  y  allows 
these  equations  to  be  written  as 

MR  +  2KR  -  K(a  -  b)  y  -  0 


ITy  -  lwley  +  K (a2  +  b2)  y  -  K(a  -  b)R  -  0.5  M  au2Lelul. 
The  matrix  equation  of  motion  is 

IK -Mu2  -K(a-b)  1*0  ,0 

-0 .5Maw2L 

- K(a-b )  K  (a2  +  b2)  —  Iu2  T0  1 


Simplifying  gives  the  c.g.  whirl  amplitudes 

*o _ u2L(a  -  b)K/2I _ 

*  T  "  a  “  o»4  -  u2[ (a2  +  b2)(K/I)  +  (2 K/M)l  +  K*(a  +  b)2/MI 


,  £i _ <i)2L  (2K  —  u>2M)/2I _ 

0  c  a  m  1/  -  Ma2  +  b2)(K/I)  +  (2*/ M)]  +  K2(a  +  b)2/MI 


e*b.  -  (e *c5)a  -  r0a 


o*bb  -  (tRc'd)b  -  r 0b, 

where  the  e  subscript  denotes  the  whirl  caused  by  two  equal  unbalances 
180°  apart  at  bearing  locations,  and  e/?b»  and  e/?bb  denote  the 
corresponding  complex  conical  whirl  radius  of  two  bearings,  respec¬ 
tively. 

If  a  ■  b,  that  is,  there  is  no  c.g.  offset,  then 


e*r  -0 


»♦  £i  Mq)2L  [(2 K/M)  -  u2] 

,C"«"  21  '  [(2K/M)  -  u2]{(KL2/2I  --  co2} 
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t 


fll  L 
1-  nf  J  2 if 


and 

r 

°"  2J/2  [l - nf )' 

These  expressions  coincide  with  those  described  previously  in  Section 
2.15  for  the  case  of  no  c.g.  offset. 

The  combined  case  of  force  and  moment  unbalance  acting  at  the 
rotor  c.g.  can  be  analyzed  by  linearly  combining  results  obtained  for 
force  unbalance  with  those  obtained  for  moment  unbalance.  Sensitivity 
to  unbalance  may  also  be  studied  by  proportioning  as  described  previ¬ 
ously  for  the  symmetrical  rotor  case. 


Sample  Calculation  9:  Unbalance  response  of  uniform  rotor  with  offset  c.g . 

Consider  the  rotor  discussed  in  the  calculations  of  Sections  2.14 
and  2.15,  and  in  2.9,  but  with  its  c.g.  displaced  axially  from  the  mid¬ 
plane  by  1.0  in.  The  rotor  operates  in  identical  end  bearings.  Deter¬ 
mine  the  effect  of  this  displacement  on  the  rotor  amplitudes  at  10,250 
and  20,500  rpm. 

The  rotor  parameters  are  as  follows: 


M  -  0.0414  lb  s2/in. 

/  ->  lx  —  /p  "  0.1975  lb-in.-sJ 

Unbalance 

Translator}'  mode 
Uj  —  0,10  oz-in. 


Conical  mode 

Uq  —  0,05  oz-ln.  (each  bearing  location), 

where  the  subscripts  T  and  C  stand  for  translatory  and  conical,  respec¬ 
tively. 

For  the  translatory  whirl  mode  with  eccentric  c.g.,  at  10,250  rpm, 
a  *"  1073.3  rad/s,  w2  ■■  1.152  x  10*  rad/s;  then, 


p  <4wyr.wn.ti 


J 

j 
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*o  _ a>2[(a2  +  b2)(K/I)  -  at2] 

a  "•«- <»2t(a2  +  ft2) (AT//)  +  (2K/M)]  +  KHa  +  b)2/AfI 


(1.152  xlO6) 

■nn  in6\ 

0.1975  . . 

(1.152X  106)2- (1.152  x  10s) 

20xl05  2x10s 

1010x36 

0.1925  0.0414 

’  (0.0414)  (0.1975) 

1.0339  x  IQ13 
"  2.8125  x  1013 

-  0.3676 
and 

tR0  -  0.3676  x  0.391  x  10"3 
-  1.4373  x  10~4  in. 

For  the  conical  whirl  mode  with  eccentric  c.g.  at  10,250  rpm, 

»•  1°  fi2(XH)(a  -  b ) 

'Kc~  a  “  A(w) 

(1.152  x  106)  (1070.1975X4 -  2) 

2.8125  x  10,J 
_  1.1666  x  1Q» 

"  2.8125  x  1013 

-  0.04148 


i 

I 

j 

i 

t 

i 

\ 


r 0-g/?c  a  -  1.6218  x  10"5  rad 

,/Jb,  -  R0  -  T0o  -  0.1437  x  ir3  -  0.0162  x  10~3(4) 

-  0.0788  x  10"3  in. 

,/lbb  -  R0  +  T 0b  -  0.1437  x  10“3  +  0.0162  x  10"3(2) 

-  0.1761  x  10"3  in. 

For  a  translatory  mode  with  end  couple  unbalance,  at  10,250  rpm, 
the  expressions  are: 


ffUTHV*  MMmaK* j  Vi (  ;,,v  j.  r  ■ E' 


I 


! 


-]( 


.  r  . 


■ifsfar*!* 


tH0  -  eRfa  -  0.1244  x  0.391  x  1<T3  -  4.864  x  irs  In. 

For  a  conical  whirl  mode,  with  end  couple  unbalance,  rotating  at 
10,250  rpm, 


_  2,6656  x  IQ12 
“  2.8125  x  1013 
-  0.09478 

r0  -  0.9478a  -  0.3706  x  10~4  rad 

-  tR0  -  r0o  -  0.1244  x  10~3  -  0.371  x  10~3(4) 

-  -0.0238  x  10“3  in. 

,*bb  -  ,/?„  +  T06  -  0.1244  x  10"3  +  0.371  x  10'3(2) 

-  0.1985  x  lO"3  in. 

For  a  translator  whirl  mode  with  an  eccentric  c.g.  operating  at 
20,500  rpm,  i.e.,  o>  -  2146.6  rad/s  and  a)1  ™  4.608  x  10s  rad/s, 

R.  Ro  (4,608 x  10s)[(20)(105/0.1975)  —  (4,608 x  IQ6)] 

*  T"  5  "  (4.608xl06)2 - (4.608x  10*) (1.4958 xl07)  + 4.4029 xlO13 

2.543  x  1013 
"  -  3.6619  x  1012 


-  6.941 


VMrntximnmmmm, 
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,i?0  -  |/?t5  -  -  6.941  x  0.391  x  10"3 
-  -  2.7139  x  10"3  in. 

For  a  conical  whirl  mode  with  eccentric  c.g.  at  20,S00  rpm, 
»•  Ifi.  (4.608  x  10*) (1070.1975) (4-2) 

I-T'C  ™  “  — — — — — — i— — — — 


1  c  a  -  3.6638  x  1011 

.  4.6663  x  10“ 

"  -3.6619  x  1013 

-  -  1.2743 

T0  -  (-  1.2743)5  -  -  0.4983  x  10“3  rad 

,/l.b  -  -2.1739  x  10~3  +  0.4983  x  10~3(4)  -  -0.7207  x  ir3  in. 

,/ibb  -  -2.7139  x  10-3  -  0.4983  x  10*3(2)  -  -3.7106  x  10"3  in. 

For  the  tranalatory  mode  with  end  couple  unbalance  at  20,500  rpm  the 
expressions  are: 

*o  0.5  o>2L(a-b)(K/I)  0.5(4.607  x  106)6(2)  (105/0.197S) 

•T"o“  A  "  -3.6614  xlO12 

-  -3.8225 

e/?0-  (-3.8225) (0.391  x  10"3) — 1.495  x  10"3  in. 


For  the  conical  mode  with  end  couple  unbalance 

r0  0.5<o2H2K  —  Af<u2] 

,C'T - ~i - 

0,5(4,607  x  106)  [2  x  105- 0.0414(4,607  x  IQ*)] 
(-3.6614  x  1012)  (0,1975) 
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*r0-  (0.0295) (0.391  x  10-3)  —  0.01 15  x  10"3  rad. 

“1.495  x  lO"3-  0.01 15  x  10~3(4) — 1.541  X  10"3  in. 

-1.495 x  l<r3+0.0115x  10~ 3(2)  — — 1.4719 x  l<r3in. 

The  results  of  the  above  calculation  are  summarized  in  Table  2.3. 

2.17  Rigid-Rotor  Instability 

Unstable  whirling  is  a  self-excited  interaction  between  the  rotor 
and  its  bearings  in  which  potentially  dangerous  large-amplitude  rotor 
motions  may  occur.  The  resulting  rotor  and  pedestal  oscillation';  take 
place  at  some  subharmonic  frequency  of  the  rotor  speed.  Such  motions 
cannot  be  removed  by  balancing  the  rotor.  This  section  describes  the 
properties  and  the  calculations  of  the  threshold  speed,  beyond  which 
unstable  whirling  is  likely  to  commence.  Unstable  whirling  of  rotors  in 
bearings  has  been  discussed  by  Tondl  [17],  Sternlicht  and  Rieger  [18], 
Lund  [19],  Badgley  and  Booker  [20],  and  many  others. 

A  rotor  is  said  to  be  unstable  when  the  journal  orbit  radius 
increases  with  time,  without  apparent  limit,  until  prevented  by  some 
additional  restraint.  Unstable  motions  arising  from  the  hydrodynamic 
action  of  the  bearing  fluid  film  on  the  rotor  are  possible  with  rigid-rotor 
systems.  Any  unstable  condition  can  be  distinguished  from  resonant 
vibrations  by  the  fact  that  unstable  whirls  are  initiated  beyond  a  certain 
critical  threshold  condition,  referred  to  as  the  threshold  speed.  This 
speed  is  an  important  operating  variable  for  such  systems.  Once  insta¬ 
bility  is  established,  continued  operation  beyond  the  threshold  speed 
will  cause  the  rotor  orbit  to  increase  in  magnitude  with  time,  usually 
quite  rapidly,  until  a  stable  radius  is  found  (bounded  instability)  or 
until  some  restraint  surface  such  as  a  bearing  (or  seal)  is  struck.  Many 
bounded  instabilities  may  be  tolerated,  but  once  the  journal  contacts 
the  bearing  surface,  a  violent  counterrotating  whirl  can  occur  that  is 
capable  of  rapidly  wearing  both  contacting  surfaces.  A  typical  bearing- 
whirl-instability  orbit  is  shown  in  Fig.  2.21. 

A  distinguishing  feature  of  bearing  whirl  instability  is  the  fre¬ 
quency  at  which  it  occurs.  Bearing  whirls  have  been  observed  at  fre¬ 
quencies  within  the  following  ranges. 
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Fig.  2.21.  Typical  bearing  whirl  insta¬ 
bility  orbit:  half-frequency  bearing 
whirl,  v  <  ui/2,  superimposed  on  bear¬ 
ing  unbalance  whirl  orbit 


Frequency  Ratio 

Bearing  type 

Rigid  rotor 

Flexible  rotor 

Hydrodynamic 

0.45-0.49 

0.38-0.49 

Externally  pressurized 

0.21-0.42 

0.20-0.45 

These  whirls  can  be  distinguished  from  certain  other  rotor-system  whirl 
types  that  have  been  observed  to  occur  at  the  following  frequencies. 


Shaft  whirl 

Frequency 

Reference 

Synchronous  unbalance  whirl 

v  -  always 

2,21,22 

Dissimilar  stiffness  whirl 

1 

to 

8 

17,23,24 

Subharmonic  shaft  whirls 

v  -» cu/2,  w/3,  o>/4, 
etc. 

15,25,26 

Hysteresis  whirl 

v  -  ci>„,  independent 
of  <d  above  «t 

12,27,28 

The  above  tables  include  flexible-rotor  systems  for  completeness.  Note 
that  only  unbalance  whirling  and  bearing  whirl  occur  in  rigid-rotor  sys¬ 
tems.  The  major  analytical  interest  in  unstable  bearing  whirl  lies  in 
being  able  to  predict  accurately  the  whirl  threshold  speed  for  a  given  set 
of  operatir  j  conditions.  A  method  for  doing  this  is  described  below. 

Consider  the  rigid  rotor  in  fluid-film  bearings  shown  in  Pig.  2.22. 
The  rotor  is  taken  as  a  cylinder  (for  convenience)  and  has  mass  M , 
translatory  inertia  /• r,  and  polar  inertia  If.  Both  bearings  are  identical 
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Fig.  2,2 'l  Unstable  whirl  modes  of  rigid  rotor  In  fluid-film  bearings 


and  share  the  rotor  load  (gravity)  equally,  so  that  they  both  have  the 
same  operating  eccentricity  and  bearing  dynamic  coefficients,  At  the 
instability  threshold  speed  a„  the  whirl  frequency  v  is  usually  some* 
what  less  than  O.Sto,  where  u  is  the  rotor  speed  (rad/s).  There  are  two 
possible  modes  of  whirling:  (a)  translatory  whirl  (ends  in  phase)  and 
(b)  conical  whirl  (ends  out  of  phase);  see  Pig.  2.22.  The  question  of 
which  mode  will  occur  first  (i.e.,  at  the  lower  operating  speed  u,  thus 
constituting  the  system  half-frequency  whirl  threshold)  depends  on  the 
ratio  of  the  critical  speeds,  which,  for  synchronous  whirling  is  given  by 

<■>01 12  4/  4{/t  -  7P) 

«C2j  "  ML1  “  Ml1 
For  the  solid  cylindrical  rotor  shown, 

/T  **  -jy  Af  13/1 a  +  L2] 

Substituting  shows  that  the  resulting  expression  OR2- L2)/3L2  is 
always  less  than  1.0,  and  so  the  end-bearing  cylindrical  rotor  shown  in 
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Fig.  2.22  will  always  experience  half-frequency  whirl  in  its  translator 
mode.  For  a  symmetric  rotor  with  overhung  ends,  of  length  It  And 
bearing  span  I,  Fig.  2.7,  the  synchronous  critical  speed  ratio  is 

a>ci]2  Li  -3*2 
°*ci  j  3Z.2 

When 

JLf  >  3 L2  +  3*2, 


the  conical  mode  occurs  at  a  lower  frequency  than  the  translator 
mode,  and  half  frequency  whirl  instability  will  therefore  be  associated 
with  the  conical  mode.  Where  <  31*  4-  3/t2,  any  half  frequency 
whirl  instability  will  be  associated  with  the  translator  mode. 

The  above  results  show  that  the  tendency  for  a  rotor  to  whirl  in  its 
translator  mode  occurs  because  /T  is  usually  much  larger  than  If, 

To  obtain  an  expression  for  the  half-frequency  whirl  threshold 
condition,  consider  the  rigid  rotor  in  damped  flexible  bearings  shown  in 
Fig.  2.23.  The  rotor  is  taken  as  being  perfectly  balanced  and  is  sym¬ 
metrical  in  all  respects  about  the  midplane.  Assuming  that  the  rotor 
will  whirl  first  in  its  translator  mode,  the  threshold  conditions  can  be 
obtained  by  considering  the  forces  at  either  bearing  as  follows: 

Writing  Newton’s  law  at  either  bearing  gives 


jMX^-K^X- K„Y- B^X- Y 


and 


^M?~-KyxX 


KvY-Bn-X-BnY, 


where  the  K  terms  Km  K#,  K^,  and  K„  are  the  bearing  linear 
stiffness  coefficients  and  the  B  terms  B^  Byx,  and  Bw  are  the 
bearing  linear  damping  coefficients.  The  solution  is  obtained  by  setting 


X-xe Y-ye1",  I  - 


where  the  instability  threshold  is  to  be  determined  from  the  condition 
that  v  is  the  rotor  whirl  frequency  at  the  onset  of  unstable  whirling; 
that  is,  where  the  complex  eigenvalue  p  -  a  +  Ip  is  at  the  boundary 
of  the  real  axis  and  a  is  changing  from  -vt  to  -fve  as  shown  in  Fig. 
2.24. 
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Fig.  2,23.  Dynamic  force  effects  for  fluid-film  bearings 


Fig.  2.24.  Complex  plan  plot  of  eigenvalue:  p  conditions 
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3.  Substitute  in  Eq.  (2.17.1);  evaluate  k  —  y  Mu2y2. 

4.  Substitute  in  Eq.  (2.17.2);  evaluate  yl. 

5.  Calculate  w2  from  2k/ My1  -  Hence  obtain 

6.  Compare  <uci[0  with  <o,rii|.  If  they  are  equal,  this  is  the  threshold 
speed.  If  not,  the  required  condition  can  be  obtained  by  iterating  the 
above  procedure. 

Several  trial  calculations  mav  be  needed  before  agreement  is  reached. 
A  cross-plot  facilitates  convergence,  as  shown  in  Pig.  2.25.  These  equa¬ 
tions  can  be  easily  programmed  for  direct  solution.  Values  of  the  eight 
bearing  coefficients  must  be  supplied  for  each  trial  speed  assumed. 

SOLUTION  OF  mc  -  ui. 


A  sample  calculation  using  the  above  procedure  has  been  given  by 
Rieger  and  Cundiff  [29]. 

The  threshold  speed  of  rigid-rotor  conical  whirl  stability  can  also 
be  found  by  replacing  the  mass  term  in  the  above  equations  by  the 
effective  mass  Me  acting  at  the  bearing.  This  is  given  by 


y-  Ip  ~  /T  -  2.0/|> 


(cylinder), 


4 1 

L2 


4(/t  -  2 If) 
L2 


(end) 


2.18  References 

1.  D.  Robertson,  "The  Whirling  of  Shafts,"  The  Engineer  158, 
216-217,  228-231  (1934). 

H.  H.  Jeffcott,  "The  Lateral  Vibration  of  Loaded  Shafts  in  the 
Neighborhood  of  a  Whirling  Speed— The  Effect  of  Want  of  Bal¬ 
ance,"  Phil.  Mag.,  Ser.  6,  37,  304-14  (1919). 


2. 


108 


BALANCING  OF  RIGID  AND  FLEXIBLE  ROTORS 


3.  R.  E.  D.  Bishop  and  A.  G.  Parkinson,  "Second  Order  Vibration  of 
Flexible  Shafts,"  Phil.  Trans,  Roy.  Soc.  (London),  Ser.  A,  259, 
619-649  (1965). 

4.  S.  B.  Rasmussen,  "Practical  Rotor  Dynamics,"  Machine  Design 
Fsb.  6,  1969,  pp.  142-145;  Feb,  20,  1969,  pp,  1 57-161;  Mar.  * 
1969,  pp.  158-162. 

5.  A.  Palmgren,  Ball  and  Roller  Bearing  Engineering,  3rd  ed.,  S.  H, 
Burbank  &  Co.,  Philadelphia,  Pa.,  3,  1959. 

6.  T.  A.  Harris,  Rolling  Bearing  Analysis,  John  Wiley  &  Sons,  New 
York,  1966. 

7.  W,  Shapiro  and  J,  G.  Rumbarger,  "Bearing  Influence  and 
Representation  in  Rotor  Dynamics  Analysis,"  in  Flexible 
Rotor-Bearing  System  Analysis,  Part  2,  ASME,  1973. 

8.  H.  Rippel,  Hydrostatic  Bearing  Design  Manual,  Cast  Bronze  Bearing 
Institute,  Inc.,  Cleveland,  Ohio,  1963. 

9.  D.  F.  Wilcock  and  E.  Booser,  Bearing  Design  and  Application, 
McGraw-Hill,  New  York,  1957. 

10.  A.  Raimondi  and  J.  Boyd,  "A  Solution  for  the  Finite  Journal  Bear¬ 
ing  and  Its  Application  to  Analysis  and  Design,"  Trans.  ABLE,  1 
No.  1,  (1958). 

11.  P.  C.  Warner,  "Static  and  Dynamic  Properties  of  Partial  Journal 
Bearings,"  Trans.  ASME,  85,  Ser.  D,  J.  Basic  Eng.  85,  247-254 
(1963). 

12.  J.  W.  Lund,  "Stability  and  Damped  Critical  Speeds  of  a  Flexible 
Rotor  in  Fluid-Film  Bearings,"  Trans.  ASME,  Ser.  B,  J.  Engr.  Ind. 
96,  No.  2,  509-517  (1974). 

13.  N.  M.  Newmark,  Earthquake  Engineering  Design  Handbook, 
Prentice-Hail,  Englewood  Cliffs,  N.J.,  1973. 

14.  W.  T.  Thompson,  Theory  of  Vibration  with  Applications ,  Prentice- 
Hall,  Englewood  Cliffs,  N.J.,  1972. 

15.  J.  P.  Den  Hartog,  Mechanical  Vibrations,  4th  ed.,  McGraw-Hill, 
New  York,  4,  1956, 

16.  T.  Yamamoto,  "On  the  Critical  Speeds  of  a  Rotating  Shaft,"  Col¬ 
lected  Works  o/Toshio  Yamamoto,  AiResearch  Manufacturing  Co., 
Phoenix,  Ariz.,  1961. 

17.  A.  Tondl,  Some  Problems  of  Rotor  Dynamics,  Publishing  House  of 
the  Czechoslovakian  Academy  of  Sciences,  Prague,  1965. 

18.  R,  Sternlicht  and  N,  F,  Rieger,  "Bearing-Rotor  Instability,"  Paper 
No.  7,  Proc.  Inst .  ofMech.  Engr..  182,  Part  3A,  82-99  (1968). 

19.  J.  W.  Lund,  "Stability  and  Damped  Critical  Speeds  of  a  Flexible 
Rotor  in  Fluid-Film  Bearings,"  Trans.  ASME,  Ser.  B,  J.  Engr.  Ind. 
96,  No.  2,  509-517  (1974) 


RIGID-ROTOR  DYNAMICS 


109 


20.  R.  H.  Badgley  and  J.  Booker,  "Turborotor  Instability:  The  Effect 
of  Initial  Transients  on  Plane  Motion,"  Trans .  ASME ,  Ser.  P,  J. 
Lub.  Technol .,  91,  No.  4,  (1969). 

21.  F.  M.  Dimentberg,  Flexural  Vibrations  of  Rotating  Shafts ,  Butter- 
worth  and  Co.,  Ltd.,  London,  England,  1961. 

22.  N.  F,  Rieger,  Unbalance  Response  and  Balancing  of  Flexible  Rotors 
in  Bearings  ASME,  Flexible  Rotor  System  Subcommittee  Publica¬ 
tion,  Part  3,  1973. 

23.  W.  Kellenberger,  "Forced  Double-Frequency  Flexural  Vibrations 
of  a  Rotating  Horizontal  Flexible  Shaft,"  Brown  Bovert  Rev,,  42, 
No.  3,  79-85  (1955). 

24.  H.  D.  Taylor,  "Critical  Speed  Behavior  of  Unsymmetrical  Shafts," 
Trans.  ASME,  J '.  Appl.  Mech.  62  Paper  71-A-79,  1940. 

25.  C.  R,  Soderberg,  "On  the  Sub-Critical  Speeds  of  the  Rotating 
Shaft,"  Trans.  ASME  Appl.  Mech.  54,  45-50  (1932). 

26.  V/.  D.  McLaughlin,  Non-linear  Oscillations ,  Oxford  University 
Press,  1945. 

27.  E.  J.  Gunter,  Dynamic  Stability  of  Rotor-Bearing  Systems.  NASA 
SP-113,  1966. 

28.  B.  L.  Newkirk,  "Shaft  Whipping,"  General  Electric  Rev.,  27,  169- 
178  (1924). 

29.  N.  F.  Rieger  and  R.  A.  Cundiff,  Discussion  of  paper  by  P.  W. 
Morton,  "Influence  of  Coupled  Assymmetric  Bearings  on  the 
Motion  of  a  Massive  Flexible  Rotor,"  Proc.  Inst.  Mech.  Engr.,  182, 
No.  13,  271  (1967-1968). 


CHAPTER  3 

BALANCING  MACHINES  AND  FACILITIES 


3.1  Principles  of  Balancing 

The  objective  of  rotor  balancing  is  to  minimize  the  effects  of  rotor 
residual  unbalance  on  the  system  during  normal  operation.  The  main 
effects  of  excessive  rotor  unbalance  are 

1.  Undesirable  vibratory  forces  applied  at  the  rotor  journals  to  the 
supporting  structure  and  foundation 

2.  Undesirable  rotor  runout  (i.e.,  nonconcentric  rotor  operation) 
and  excessive  whirl  orbit  size 

3.  Excessive  noise  level  from  transmitted  vibratory  forces. 

A  perfectly  balanced  rotor  will  transmit  no  unbalance  vibratory  force  or 
vibratory  motion  to  its  bearings  or  supports  at  any  operating  speed. 
Acceptable  levels  of  residual  unbalance  are  described  in  ISO  balancing 
documents  [1,2].  The  basic  requirement  for  rotor  balancing  is  that  the 
c.g.  of  the  rotor  mass  distribution  in  all  normal  modes  of  the  rotor  sys¬ 
tem  shall  lie  on  the  axis  of  rotation.  The  objective  of  rotor  balancing  is 
to  achieve  this  condition  in  an  efficient  manner.  Typical  rotor  balanc¬ 
ing  involves  the  following  steps: 

1.  Detection  and  measurement  of  the  effect  of  unbalance  at 
selected  locations  along  the  length  of  the  rotor 

2.  Modification  of  the  rotor  mass  distribution  at  the  correction 
planes  to  minimize  the  effects  of  unbalance  at  the  measurement  loca¬ 
tions 

3.  Repetition  of  the  above  steps  until  the  residual  unbalance  effect 
is  smaller  than  some  specified  balance  criterion  value. 

The  above  balancing  procedure  can  be  undertaken  in  a  general-purpose 
balancing  machine,  in  a  special  balancing  machine,  in  a  balancing  facil¬ 
ity,  or  at  the  site.  Small  rigid  rotors  are  usually  balanced  in  a  general 
purpose  balancing  facility,  involving  considerable  ancillary  equipment. 
Many  rotors  are  also  trim  balanced  at  the  site.  In  most  cases  the  partic¬ 
ular  needs  of  the  machine  determine  the  type  of  balancing  required. 
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This  chapter  describes  the  variety  of  balancing  machines  and  facili¬ 
ties  now  in  use.  It  discusses  the  basic  components  of  various  modern 
balancing  machines  and  the  balancing  procedures  involved  in  each 
instance.  Field  balancing  is  described  in  Chapter  4. 

Single-Plane  Balancing 

The  simple  single-disk  rotor  shown  in  Fig.  3.1  consists  of  a  thin, 
uniform,  circular  disk  mounted  eccentrically  on  a  uniform  shaft  of  cir¬ 
cular  cross  section.  This  figure  demonstrates  how  rotor  unbalance  may 
arise  from  disk  eccentricity.  The  unbalance  lies  in  the  plane  of  the 
disk,  and  its  effect  can  be  removed  by  adding  a  suitable  weight  diamet¬ 
rically  opposite  the  disk  eccentricity.  Usually,  neither  the  magnitude  of 
the  unbalance  nor  its  location  are  known  at  the  start  of  the  balancing 
process.  It  is  common  practice  to  determine  the  angular  location  of  the 
unbalance  in  such  a  rotor  by  placing  the  shaft  on  two  knife  edges  and 
allowing  the  rotor  to  roll  until  its  c.g.  finds  its  lowest  position.  A 
known  trial  weight  is  then  added  to  the  disk  at  some  selected  angular 
location,  and  the  disk  is  again  allowed  to  come  to  rest  on  the  knife 
edges.  The  trial  weight  is  then  moved  to  another  angular  location,  say 
120°  away  from  the  first  trial  location,  and  the  procedure  is  repeated. 
A  third  trial  may  be  attempted  with  the  weight  another  120°  from  the 
previous  two  locations.  The  required  balance  weight  can  then  be 
obtained  by  solving  the  resulting  vector  force  problem.  A  construction 
for  doing  this  has  been  described  by  Sommervaille  (31.  A  single-disk 
rotor  can,  of  course,  be  balanced  in  any  commercial  balancing  machine. 
The  above  construction  is  a  simple  alternative,  to  demonstrate  the 
nature  of  single-plane  unbalance  and  balancing. 

Two-Plane  Balancing 

Any  rigid  rotor  can  be  balanced  by  the  addition  of  suitable  correc¬ 
tion  weights  in  any  two  separate  correction  planes  along  the  length  of 
the  rotor.  In  practice  the  selection  of  suitable  correction  planes  is  usu¬ 
ally  limited  by  convenience  of  access  to  the  rotor  in  its  casing.  Increas¬ 
ing  attention  is  now  being  given  to  effective  positioning  of  balance 


Fig.  3.1.  Simple  single-disk  rotor 
on  knife  edges  Tor  single-plane  bal¬ 
ance  correction 
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planes  in  many  modern  rotor  designs.  Two-plane  balancing  is  required 
for  stiff  rotors  of  moderate  length,  of  which  the  end-bearing  drum-type 
rotor  shown  in  Fig.  3.2  is  typical.  Two-plane  balancing  involves  a  series 
of  measurements  that  are  made  with  the  rotor  rotating  at  some  low 
speed— commonly  between  100  and  600  rpm.  Simple  two-plane  balanc¬ 
ing  procedures  require  each  end  of  the  rotor  to  be  balanced  indepen¬ 
dently.  This  may  involve  considerable  trial  and  error  and  some  balance 
weight  and  angle  calculations.*  The  most  modern  procedures  allow 
balancing  to  be  undertaken  in  three  steps: 

1.  The  rotor  is  rotated  in  a  calibrated  balaucer  that  automatically 
defines  the  required  correction  weights  needed  for  the  specified  balance 
planes. 

2.  The  required  correction  weights  are  installed. 

3.  The  new  residual  unbalance  condition  is  measured. 

In  general,  the  oncrations  required  for  a  two-plane  balance  are  as  fol¬ 
lows: 


1.  Spin  the  rotor  at  a  suitable  balancing  speed. 

2.  Measure  the  transmitted  unbalance  force  and  phase  angle  at  the 
left  bearing. 

3.  Measure  the  transmitted  unbalance  force  and  phase  angle  at  the 
right  bearing. 

4.  Determine  the  correction  weight  and  angular  location  required 
in  either  correction  plane  by  a  suitable  calculation. 

5.  Insert  the  correction  weights  at  the  required  locations  in  both 
correction  plai  as. 

6.  Measure  the  new  transmitted  forces  at  the  left  and  right  bear¬ 
ings.  Compare  with  the  appropriate  balance  criterion. 

7.  Repeat  the  above  sequence  until  the  new  balance  condition 
matches  the  required  criterion  value. 


Fig.  3.2.  Rigid  drum-type  rotor  with  end  correction  planet 


Multiplane  Balancing 

Flexible  rotors  usually  require  multiplane  balancing,  which  can  be 
done  by  a  number  of  procedures.  The  best  known  of  the  multiplane 
balancing  techniques  are  the  following: 

'These  calculations  can  now  be  done  with  certain  pocket  calculators:  see  Section  4.3. 
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1.  Modal  balancing,  in  which  the  respective  modal  components  of 
the  unbalance  are  balanced  out  mode  by  mode 

2.  Influence  coefficient  balancing,  in  which  rotor  balance  is 
achieved  using  a  computer  to  process  the  trial  weight  test  data,  which 
are  obtained  in  a  prescribed  manner. 

Multiplane  balancing  can  be  accomplished  in  a  balancing  facility  or  in 
situ  in  the  field.  The  particular  technique  used  may  range  from  trial- 
and-error  balancing  to  a  highly  automated  computer  specification  of  bal¬ 
ance  weights.  Multiplane  balancing  requires  the  following  equipment: 

1.  Mechanical  drive  input  for  required  balancing  speeds 

2.  Vibration  sensors  for  data  acquisition  (displacement  probes, 
pedestal  transducers,  etc.) 

3.  Signal-processing  and  data-reduction  equipment  (e.g.,  tracking 
filters,  wattmeter  circuit,  minicomputer,  etc.) 

4.  Trial  weights,  and  access  to  rotor  correction  planes. 

Multiplane  balancing  differs  from  two-plane  balancing  in  that  it  requires 
a  high-speed  balance.  Two-plane  balancing  can  be  performed  at  any 
(low)  speed  at  which  a  signal  of  adequate  strength  can  be  obtained. 
Several  machines  capable  of  balancing  flexible  rotors  are  described  in 
this  chapter.  Several  large,  flexible,  roior  balancing  facilities  for 
turbine-generators  and  for  aircraft  jet  engines  are  also  described. 

3.2  Classification 

The  widespread  need  for  balancing  alt  types  of  rotating  machinery 
has  led  to  the  development  of  efficient  general  purpose  balancing 
machines  and  a  variety  of  multipurpose  balancing  equipment.  A  variety 
of  special  semiautomated  balancing  facilities  have  also  been  developed 
to  accommodate  quantities  of  similar  components  on  a  production  basis, 
For  the  purpose  of  discussion,  balancing  machines  can  be  classified  in 
several  different  ways,  each  of  which  provides  insight  into  their  func¬ 
tioning  arid  special  features.  Three  such  ciassilications  are  described 
beiow. 

Facility  Classification 

General  purpose  balancers .  These  units  are  designed  to  balance  a 
range  of  rotor  types  and  sizes.  They  are  usually  two-plane,  Mow -speed 
balancers,  but  larger  units  have  been  designed  to  function  at  higher 
speeds.  There  is  a  great  diversity  of  such  equipment.  Modern  general 
purpose  balancers  perform  many  operations  of  the  balancing  process 
automatically,  using  a  minicomputer. 
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Custom  balancers.  Where  the  range  of  equipment  to  be  balanced  is 
more  restricted  in  shape,  size,  and  balancing  speed,  special  purpose 
balancers  are  used  for  specific  balancing  tasks.  Small  fans,  gyros,  auto¬ 
motive  wheels,  satellite  mass  balancers,  etc.,  are  balanced  on  such 
equipment.  Balancing  units  that  accommodate  and  balance  rotors  of 
specific  shapes  and  types  with  maximum  convenience  are  commercially 
available  as  custom  balancing  units. 

Complex  automated  facilities.  Highly  specialized  custom  balancing 
facilities  have  been  designed  to  incorporate  the  related  manufacturing 
functions;  e.g.,  a  crankshaft  balancing  facility  with  metal  removal, 
automatic  weighing,  and  inflow-outflow  conveyor  system;  and  a 
turbine-generator  balance/spin-pit  facility  with  resilient  bearings  and 
pedestals  in  a  vacuum  chamber  for  rotor  overspecd  tests.  Varying 
degrees  of  automated  operation  are  available,  depending  on  require¬ 
ments.  Typical  automated  operations  range  from  balance-weighing  of 
connecting  rods  to  fully  automated  operations  such  os  small  armature 
balancing  and  production  wheel  balancing. 

Calibration  and  Readout  Classification 

MoQueary  (4)  has  commented  that,  from  an  operational  viewpoint, 
the  most  important  characteristics  of  a  balancing  machine  are  its  cali¬ 
bration  and  readout  capabilities.  Calibration  is  the  precision  adjustment 
of  the  machine  readout  system;  it  may  be  permanent  (built  in)  or  tem¬ 
porary  (requiring  recalibration  with  a  calibrating  rotor).  Readout  is  the 
manner  in  which  residual  unbalance  magnitude  and  phase-angle  data 
are  acquired  and  displayed.  This  may  range  from  trlal-and-error  obser¬ 
vations  of  response  on  a  voltmeter  through  digital  displays  of  amplitude 
and  phase  data.  McQueary  gives  the  following  classification  of  balanc¬ 
ing  machines: 

Class  1.  Trial-and-error  balancing  machines 

Class  2.  Calibratable  balancing  machines  that  require  a  balanced 
prototype  rotor 

Class  3.  Calibratable  balancing  machines  that  do  not  require  a  bal¬ 
anced  prototype  rotor 

Class  4.  Permanently  calibrated  hard-bearing  balancing  machines. 

Permanently  calibrated  machines  are  the  most  convenient  and  the  most 
expensive.  Such  a  machine  is  not  always  required,  for  instance,  in  field 
balancing,  where  an  accelerometer  and  a  readout  device  often  suffice 
for  the  trial-and-error  process  involved.  It  is,  however,  evident  that, 
besides  basic  considerations  of  machine  size,  operating  principle  (hard 
bearing,  soft  bearing),  degree  of  automation,  and  so  on,  there  are 
important  questions  to  consider  in  planning  the  acquisition  of  balancing 
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equipment— namely,  the  nature  and  extent  of  calibration  which  a 
desired  installation  should  possess.  '  .  ' 

Classification  by  Principle  of  Operation 

■.;.r  Balancing  machines  are  frequently  classified  as  soft- bearing,  hard- 
bearing,  or  resonant.  These  terms  refer  to  the  supports  (bearings  and 
pedestals)  on  which  the  rotor  is  mounted  during  the  balancing  process. 
The  influence  of  the  rotor  supports  on  the  performance  of  the  balanc¬ 
ing  machine  may  be  understood  by  considering  the  system  shown  in 
Fig.  3.3.  The  forced  amplitude  response  for  such  a  system,  through  the 
resonant  speed  excited  by  the  rotor  unbalance,  is  shown  in  Fig.  3.4a. 
This  figure  also  indicates  the  regions  of  operation  for  soft-bearing, 
resonant,  and  hard-bearing  machines  in  relation  to  the  dynamic  proper¬ 
ties  of  the  balancing  machine.  For  a  so-called  hard-support  machine, 
the  natural  frequency  of  the  support  system  is  high,  and  balancing 
operations  are  performed  on  this  machine  in  the  Subcritical  region,  well 
below  resonance;  the  unbalance  force  and  support  displacement  are 
then  always  in  phase,  as  shown  in  Fig.  3.4b.  With  a  soft-support 
machine,  the  balancing  is  always  performed  well  above  the  natural  fre¬ 
quency  of  the  Support  system,  in  the  supercritical  region.  Unbalance 
force  arid  response  are  then  180°  out  of  phase  (this  causes  no  prob¬ 
lem).  Resonant  balancing  machines  operate  by  passing  down  through 
the  natural  frequency  of  the  rotor-support  system  as  the  rotor  speed 
decreases.  The  associated  large  resonant  amplitude  build-up  is  used  to 
amplify  the  unbalance  readout  signals.  This  avoids  the  cost  of  more 
elaborate  electronics.  These  three  principles  of  dynamic  operation  have 
resulted  in  the  three  different  types  of  balancing  machines  identified 
above.  Each  machine  type  is  discussed  with  examples  later  in  this 
chapter.  The  supports  of  a  soft-bearing  machine  are  shown  in  Fig.  3.5. 
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Fig.  3.3,  Simple  rigid  rotor  in  limped  flexible  bearings 
with  midiptn  unbalance 
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(b)  Phase  angle  vs  rotor  speed 

Fig,  3.4.  Response  amplitude  and  phase  angle 
as  a  function  of  rotor  speed  for  several  values 
of  the  damping  ratio 
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Fig.  3.1  Six-stage  centrifugal  compressor  rotor  supported  on  the  soft-support 
pedestals  of  a  balancing  machine.  The  midplane  probe  shown  measures  any 
bending  of  the  rotor.  Balance  adjustments  are  made  in  the  two  end-plane 
disks.  (Courtesy  of  I.R.D.  Mochanalysis.) 

Rotor  Classification 

Balancing  machines  are  sometimes  described  in  general  terms  as 
being  either  rigid-rotor  or  Jiexible-rotor  machines.  This  classification 
usually  refers  to  whether  the  function  of  the  machine  is  to  balance  a 
rotor  in  two  planes  at  low  speeds,  or  whether  multiplane  balancing  must 
he  used.  This  same  type  of  classification  is  intended  by  the  terms  low- 
speed  and  high-speed  balancers.  None  of  these  terms  are  precise, 
because  they  omit  important  understandings  of  the  balancing  process; 
for  example,  a  two-bearing,  low-speed  balancer  may  also  be  capable  of 
multiplane  balancing  using  properly  conditioned  outputs  from  the  two 
support  pedestals.  If  this  balancer  were  also  capable  of  operating  at 
higher  speeds,  a  true  flexible  multiplane  rotor  balance  might  be  possi¬ 
ble.  In  such  a  case  it  is  the  operating  speed  of  the  balancer,  not  the 
readout,  that  limits  the  machine  function.  As  the  terms  low-speed  and 
high-speed  balancer  are  imprecise,  they  are  not  used  in  this  monograph. 

3.3  Major  Components  of  Balancing  Machines 

Rotor  Supports 

The  rotor  structure  of  a  balancing  machine  may  include  (a)  journal 
support,  which  may  range  from  hardened  steel  rollers  to  fluid-film 
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bearings  with  a  lubricant  supply  system;  (b)  pedestals,  which  are  com¬ 
monly  a  rigid  block  of  material  to  carry  the  bearings;  (c)  pedestal  sup¬ 
ports,  which  are  essentially  lateral-motion  springs  possessing  a 
prescribed  amount  olf  flexibility  while  remaining  rigid  in  the  vertical 
direction;  and  (d)  a  foundation  base,  which  rigidly  supports  the  ped¬ 
estals  during  operation  and  allows  axial  adjustment  for  rotors  of  dif¬ 
ferent  sizes. 

The  supports  perform  several  functions;  rotor  support,  low- 
friction  rotation,  calibrated  motion  for  unbalance  measurement,  length 
adjustment  for  various  rotor  sizes,  and  provision  for  secure  damping 
during  balancing.  Two  types  of  support  in  current  use  are  the  so-called 
soft  supports  and  the  hard  supports.  The  soft-support  principle  is 
shown  in  Fig.  3.6.  The  system  consists  of  a  tow-stiffness  horizontal 
spring  support  with  a  free  period  of  1  to  2  seconds.  The  vertical  stiff¬ 
ness  is  substantially  higher  and  hence  rigid  by  comparison.  Soft- 
support  machines  operate  above  the  natural  frequency  of  the  rotor- 
support  system.  They  have  an  advantage  in  the  increased  strength  of 
jthc  output  signal  from  the  vibration  sensors  because  of  larger  displace¬ 
ments  for  the  same  level  of  unbalance;  strong  signals  at  rotational  fre¬ 
quency  require  less  sophisticated  electronic  equipment  for  subsequent 
processing  of  the  unbalance  readout.  Soft-support  machines  tend  to  be 
simpler  and  less  expensive  than  hard-support  machines  and  are  well 
suited  to  most  rigid-rotor  balancing  applications.  They  are  used  for  a 
variety  of  small-  to  medium-size  universal  balancers  and  for  the  balanc¬ 
ing  of  armatures,  crankshafts,  fan  rotors,  impellers,  and  drive  shafts. 


Fig,  3,6.  Soft-bearing-support  principle,  The  betring!  are  restrained  so  that 
only  horizontal  motion  is  possible. 


A  typical  hard-support  balancing  machine  is  shown  In  Fig.  3.7. 
The  hard  support  is  moderately  flexible  in  the  horizontal  direction  and 
quite  rigid  in  the  vertical  direction.  The  journal  pedestal,  hard  springs, 
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Fig.  3,7.  Hurd-support  pedestal  for  universal  balancing  machine. 

Shown  are  patented  aspects  of  u  Schenck  machine:  hard-bearing 
pedestals  with  velocity-measuring  transducer;  rotor  journal  roller 
supports,  with  vertical  adjustment  and  clumping;  and  pedestal 
quick  adjustment  and  clumping  device  lor  machine  frame, 

(Courtesy  of  Schenck  Trebel  Corporation.) 

und  the  movable  Foundation  block  are  now  commonly  made  From  a  sin¬ 
gle  piece  oF  metal.  Support  motions  may  be  sensed  by  displacement 
probes,  strain  gages,  und  by  other  memo.  A  typical  arrangement  is 
shown  in  Fig.  3.8.  Hard-support  machines  experience  smuller  displace¬ 
ments  than  soft-support  machines  For  the  same  unbalance;  the  resulting 
displacement  signals  tend  to  be  correspondingly  smaller.  The  smaller 
unbalunco  signals  are  accommodated  by  the  electronic  equipment  nor¬ 
mally  provided  For  this  type  oF  machine.  This  equipment  may  include 
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amplifiers  and  a  refined  filter  circuit.  The  amplifiers  condition  the 
unbalance  signals  for  amplitude  and  phase  angle.  Hard-support 
machines  are  also  more  susceptible  to  extraneous  vibrations  (e.g.,  from 
the  shop  floor)  because  these  vibrations  are  less  efficiently  attenuated 
by  the  stiffer  support  construction  and  the  higher  natural  frequency  of 
the  hard-support  system. 

Hard-support  machines  are  used  for  both  rigid-  and  flexible-rotor 
balancing,  Universal  hard-support  balancers  are  now  available  in  a 
range  of  sizes,  and  most  large  special  purpose  balancers  and  facilities 
now  use  hard-support  equipment.  Rigidity  of  construction  is  a  desirable 
high-speed  feature,  and  the  electronic  equipment  now  available  is 
attractive  because  of  its  versatility,  permanent  calibration,  clean  and 
precise  signal  conditioning,  and  direct  readout.  If  many  other  opera¬ 
tions  in  a  facility  must  also  be  considered  (e.g.,  lubrication  pumps, 
vacuum  pumps,  Ward-Leonard  drive),  the  incorporation  of  balancing 
electronics  is  a  lesser  consideration. 

Rotor  Drive 

A  variety  of  techniques  is  used  to  impart  rotary  motion  to  the 
component  being  balanced,  with  the  belt  drive  and  the  end-drive  shaft 
being  the  most  common.  The  choice  of  a  drive  system  is  based  on  the 
requirements  of  the  given  application  and  is  determined  by  rotor  size, 
power  involved,  influence  of  bearing  eccentricity,  and  system  dynamics. 
Flat-belt  drives  are  common  in  small  bench-type  balancers  like  the  one 
shown  in  Fig,  3.9a.  Such  belt  drives  are  easy  to  set  up,  and  allow 
adjustment  of  drive  tension  and  belt  location  on  the  rotor,  There  is 
some  question,  however,  as  to  how  much  additional  vibratory  motion  is 
imparted  to  the  pedestal  readout  by  the  belt  motion. 
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Another  type  of  belt  drive  is  shown  in  Fig.  3.9b.  The  cantilever 
belt  drive  spins  the  rotor  up  to  speed  when  it  is  lowered  to  contact  the 
upper  surface  of  the  rotor;  the  belt  is  moved  away  from  the  rotor  when 
the  desired  speed  is  reached  (somewhat  above  the  critical  speed  of  the 
rotor  support).  The  rotor  then  drifts  down  in  speed,  passing  through 
resonance.  During  measurement  the  belt  is  not  in  contact  with  the 
rotor,  and  this  eliminates  any  unwanted  belt  excitation  effects. 

For  installations  with  large  rotor-inertia  and  drive-power  require¬ 
ments,  it  is  often  desirable  to  use  an  end  drive.  The  end  drive  may 
consist  of  a  suitably  sized  coupling  shaft,  with  a  universal  joint  at  both 
ends,  attached  from  the  balancer  drive  unit  to  the  rotor  overhung  end, 
as  shown  in  Fig.  3.9c.  Such  drives  are  widely  used  in  medium  and 
large  general  purpose  balancing  machines  and  in  many  custom 
machines  and  facilities  because  of  their  higfwsr  power-transmission  capa¬ 
bility.  This  ability  is  of  importance  for  acceleration  and  regenerative 
braking,  where  balance  cycle  time  is  potentially  large  (large-inertia 
rotor)  and  where  windage  requires  a  large  power  input  (e.g.,  fun  or 
blnded  turbomachine  rotors).  In  very  large  installations  a  specially 
designed  drive-shaft  coupling  may  be  required  to  supply  adequate  drive 
power,  which  may  exceed  1000  hp.  A  surrounding  vacuum  chamber  is 
commonly  used,  especially  with  bladed  turbomachines,  to  reduce  wind¬ 
age  power  consumption. 


(a)  Belt-drive,  hard-pedestal,  general-purpose  machine:  Belt  tension  is  adjustable,  and 
motor  drive  is  between  the  hard-pedestal  supports.  (Courtesy  of  Schenck  Trebel  Cor¬ 
poration.) 


Fig,  3.9,  Various  balancing-mucliine  drives 


(b)  Cantilever-drive,  rosonant-pedestal,  general-purpose  machine: 
Belt  drive  is  pivoted  Into  contact  with  rotor;  after  accelerating  the 
rotor  to  speed,  the  arm  swings  back,  allowing  the  rotor  to  coust  down 
through  resonance.  (Courtesy  of  Stewait-Warner.) 


(c)  End-drive,  hard-pedestal,  general-purpose  machine: 
Motor  end  drive  via  u  universal  coupling  rotates  the 
mcitor-drivcn  blower  fan;  pedestal  supports  are  a  vuriution 
of  the  rigid  pedestals  shown  in  (a)  above.  (Courtesy  of 
Schenck  Trebel  Corporation.) 

Fig.  3,9.  (Continued)  Various  balancing-machine  drives 
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The  drive  couplings  for  such  drives  must  themselves  be  carefully 
balanced.  They  are  attached  at  a  sensitive  location  (i.e.,  at  an  overhung 
shaft  end),  which  could  introduce  unwanted  dynamic  errors  into  the 
rotor.  For  large  end-coupled  drive  shafts  the  associated  problems  can 
be  very  significant,  not  only  for  balancing  the  coupling  but  also  for 
lubricating  it  against  wear  and  seizure.  A  further  need  is  for  balanced 
quick-attach  rotor  flanges,  to  which  the  above  drive  couplings  can  be 
secured.  Patented  designs  for  such  flanges  have  been  developed. 

A  third  method  of  driving  a  rotor  for  balancing  is  by  its  own  inter¬ 
nal  drive  system;  an  example  is  the  motor-driven  gyro  unit  shown  in 
Fig.  3.10.  For  such  applications  it  is  frequently  appropriate  to  balance 
the  rotor  in  its  own  support  system.  This  is  possible  where  there  is 
convenient  access  to  the  rotor  correction  planes  through  the  casing, 
For  example,  the  gyro  unit  shown  has  its  own  internal  electric  motor 
drive.  It  operates  at  12,000  rpm  and  has  a  rotor  weighing  aboul  4  lb, 
The  casing  is  mounted  on  soft  supports  for  balancing.  Examples  of 
other  self-drive  units  that  can  be  balanced  in  this  manner  are  aircraft 


Fig.  3.10.  Internal  electric-motor-driven  gyro  In 
balancing  machine 
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cabin  pressurizers  (30,000  to  60,000  rpm,  rotor  weight  1  to  2  lb,  inter¬ 
nal  air  turbine  drive),  and  complete  internal  combustion  engine  assem¬ 
blies  (for  which  special  assembly  balancing  stands  are  available— Fig. 
3.11).  The  wide  range  of  industrial  equipment  that  is  customarily  bal¬ 
anced  in  the  field— turbines,  generators,  axial  and  centrifugal  compres¬ 
sors,  blowers,  turbochargers,  etc.— represents  another  group  of  self- 
drive  balancing  applications.  In  each  instance  there  is  some  form  of 
drive  input  to  supply  the  motive  power  during  field  balancing,  in  con¬ 
trast  with  shop  balancer-driver  applications  where  the  components 
themselves  possess  no  driver. 


Fig.  3.1 1.  Engine  assembly  balancing.  Complete  engines  can  be  run  and  tested 
as  assemblies  in  machines  of  this  type.  A  two-plane  trim  balance  is  performed 
on  the  clutch  housing  and  on  the  generator  drive  wheel.  Note  the  velocity 
readout  transducers  on  the  frame  beneath  the  engine.  (Courtesy  of  Schenck 
Trebel  Corporation.) 
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Foundation 

Each  balancing  installation  requires  a  foundation  with  strength  and 
rigidity  sufficient  to  support  the  rotor  without  introducing  any  structural 
resonances  that  may  affect  the  accuracy  of  the  readings.  A  massive 
foundation  is  also  desirable  to  attenuate  external  vibration  and  impacts. 
The  foundation  must  also  permit  axial  adjustment  of  the  balancer  ped¬ 
estals,  either  manually  or  mechanically.  For  small  balancing  machines 
(Fig.  3.12)  the  foundation  may  support  only  the  pedestals,  with  the 
electronic  equipment  mounted  elsewhere.  Medium-size  balancing 
installations  (Fig.  3.13)  are  often  built  as  a  unit,  with  the  electronic 
equipment  mounted  for  convenience,  at  one  end,  on  the  foundation.  In 
large  special  purpose  units,  the  foundation  may  merge  with  the  protec¬ 
tive  equipment  of  the  spin  pit  (Fig.  3.14).  All  foundations  must  be 
carefully  designed  to  provide  ease  of  accessibility  during  balancing. 
They  must  also  exclude  undesirable  dynamic  effects  arising  from  inade¬ 
quate  rigidity  and  harmful  structural  resonances.  In  every  instance, 
foundation  resonances  are  a  serious  potential  source  of  balancing  errors. 
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Fig.  3.12.  Wattmeter  console  and  gyro  balancing  stand  with  movable  supports. 
(Courtesy  of  Schenck  Trebel  Corporation.) 
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Fig.  3.13.  Medium-size  balancer  with  electronic  readout  equipment  on  bedplate. 
(Courtesy  of  Schenck  Trebel  Corporation,) 
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Pig.  3.14,  Rotor  in  burstproof  spin  pit.  In  the  spin  pit  the  pedestals  are  lowered 
and  bolted  to  the  tunnel  floor.  The  oil  hoses  are  attached  to  the  bearings  for 
lubrxatlon  and  cooling.  The  spin  pit  is  sealed  and  evacuated  before  operation. 
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Electronics 

The  heart  of  modern  balancing  machines  lies  In  the  electronic 
equipment  used  to  acquire  the  vibration  signals  and  to  process  the  sig¬ 
nals  into  unbalance  information.  The  following  electronic  equipment  is 
used:  “  yy 

1.  Vibration  sensors  (inductance  probes,  accelerometers,  strain 

gages)  ..." : yj,.,,  ..  . 

2.  Filtering  circuits  (wattmeter  circuit,  tracking  filters) 

3.  Operational  amplifiers 

4.  Plane-separation  circuits. 

Vibration  sensors  ire  usually  routine  components  capable  of  sensing 
velocity,  displacement,  or  acceleration,  depending  on  the  application. 
Though  the  output  of  the  sensor  may  be  weak  or  with  high  background 
noise,  usually  it  can  be  filtered  and  amplified  to  provide  a  suitable 
balancing  signal,  figures  3.15  and  3.16  show  vibration  sensors  for  soft- 
and  hard-support  machines,  respectively. 
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Fig.  3.16.  Vibration  sensors  for  hard-bearing  machine. 

(Courtesy  of  Schenck  Trebel  Corporation.) 

.  I 

Signal  filtering  can  be  accomplished  by  a  number  of  special  cir¬ 
cuits.  The  most  widely  used  is  the  wattmeter  circuit,  discussed  in  the 
next  section.  The  wattmeter  circuit  acts  as  a  simple  efficient  filter  to 
exclude  all  asynchronous  ac  components  from  the  balance  signal.  The 
output  signal  is  a  clean  harmonic  waveform  that  can  then  be  used  to 
define  the  rotor  unbalance.  Other  circuits  use  tracking  filters  with 
analog-to-digital  converters  coupled  to  a  microprocessor,  for  example, 
in  field  balancing  equipment. 

Several  amplifier  circuits  for  balancing  are  mentioned  in  Section 
3.7,  Review  of  Patents.  The  amplifier  principles  involved  are  relatively 
straightforward,  but  this  technology  is  changing  rapidly  as  new  solid 
state  electronic  concepts  are  incorporated. 

Wattmeter  Filtering  Method 

Moving-coil  wattmeters  arc  frequently  used  to  filter  the  signal 
transmitted  to  the  pedestals  of  a  balancing  machine  by  an  unbalanced 
rotor.  The  wattmeter  circuit  acts  as  a  frequency  filter  that  excludes  all 
asynchronous  components  of  the  vibration  signal.  This  occurs  because 
the  wattmeter  can  function  only  when  the  alternating  voltage  supplied 
to  its  field  coil  and  the  alternating  current  supplied  to  its  moving  coil 
are  identical  in  frequency. 
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A  balancing-machine  wattmeter  circuit  is  shown  in  Fig.  3.17. 
Alternating  current  from  an  unbalance  sensor  attached  to  the  flexible 
pedestal  is  supplied  to  the  wattmeter  field  coil,  and  alternating  voltage 
\  from  an  ac  generator  coupled  to  the  drive  shaft  is  supplied  to  the 
wattmeter  moving  coil.  The  deflection  of  the  moving  coil  is  then  pro- 
I  portional  to  the  wattmeter  power  W  -  El  cos  0,  where  £ls  the  genera- 
tor  voltage,  /  is  the  unbalance  sensor  current,  and  0  is  the  phase  angle 
I  between  the  voltage  and  current  signals.  Figure  3.18  shows  how  a 
wattmeter  can  combine  waves  of  identical  frequency  and  how  waves  of 
differing  frequency  fail  to  produce  a  reading.  The  wattmeter  reading  is 
I  the  average  of  the  product  of  voltage  and  current  when  these  com* 
I  ponents  are  in  phase  Where  the  unbalance  current  signal  leads  the  ac 
I  voltage,  the  unbalance  power  signal  is  reduced  by  cos  0.  The  wattmeter 
also  requires  careful  measurement  of  the  sensor  signal  phase,  to  avoid 
incorrect  balance  readings.  Because  it  functions  as  a  frequency  filter 
that  excludes  nonsynchronous  frequency  components  from  the  wattme¬ 
ter  power  signal,  only  voltages  and  currents  with  the  same  frequency 
can  be  combined  in  this  instrument.  Typical  synchronous  generator 
voltage  and  sensor  current  signals  contain  strong  synchronous  com¬ 
ponents,  together  with  harmonics  from  structural  resonances  and  back¬ 
ground  noise.  The  harmonics,  resonances,  and  noise  are  removed 
when  the  wattmeter  combines  the  synchronous  component  of  the 
unbalance  current  with  the  generator  voltage  frequency.  An  accurate 
measure  of  the  transmitted  unbalance  force  can  thereby  be  obtained. 
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Fig.  3.17.  Wattmeter  imbalance-measuring  oyatem 
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Fig,  3.18,  Wattmeter  measurement  of  power  from  product  of  current  and 
voltage  showing  rejection  of  nonsynchronous  signals 

The  feature  by  which  the  wattmeter  is  able  to  reject  extraneous 
signals  is  shown  in  Fig.  3.18d  where  a  nonsynchronous  current  com¬ 
ponent  Is  multiplied  by  the  synchronous  voltage.  The  product  within 
the  integral  is  zero  over  each  cycle  of  synchronous  Input,  This  results 
in  zero  net  readout  on  the  wattmeter.  The  periodic  Integral  of  the  pro¬ 
duct  of  two  sinusoids  is 


sin  m<nt  sin  nuit  diut) 


-  0  (m  s*  n), 


it  (m  *»  «). 
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For  the  case  where  the  initial  phase  difference  is  nonzero,  we  obtain 


sin  tat  sin  (a<at  +  6)  dim t) 


0  (a  *  1), 

wcos  9  (fl  -  1), 


where  9  is  the  phase  angle  between  the  two  sinusoids  at  t  «•  0  ns 
shown  in  Fig.  3.18. 

Accurate  balancing  depends  on  obtaining  accurate  signals  that 
relate  In  a  consistent,  known  manner  to  the  unbalance  force  being 
Imparted  to  the  pedestal  supports.  The  wattmeter  method  is  a  simple 
procedure  for  excluding  unwanted  signal  components  from  the  unbal¬ 
ance  signal  and  also  for  excluding  unwanted  signals  arising  from  rota¬ 
tion,  such  as  noncircular  journal  harmonics,  drive  stick-slip  effects, 
small  impacts,  misalignment,  and  excitation  from  the  external  environ¬ 
ment. 

Plane  Separation.  In-Plane  Unbalance  Distribution. 

Figure  3.19a  shows  a  rigid  rotor  that  is  to  be  corrected  for  unbal¬ 
ance  in  the  two  planes  indicated.  The  rotor  is  supported  in  two  end 
bearings.  It  has  two  correction  planes  inboard  of  the  bearings,  and  the 
residual  unbalance  force  is  represented  by  the  two  applied  forces 
shown.  If  the  left  bearing  support  is  restrained  so  that  no  lateral 
motion  is  possible  at  that  location  and  if  the  right  bearing  support  is 
free  to  move,  it  is  then  possible  to  select  a  balance  weight  for  the  right 
correction  plane  such  that  the  right  end  of  the  rotor  would  run  in  a 
smooth,  balanced  condition.  The  same  rotor  could  also  be  corrected  by 
restraining  the  right  bearing  and  inserting  a  suitable  correction  weight 
in  the  left  correction  plane.  The  criterion  of  balance  is  that  the  rotor 
shall  run  smoothly  without  transmitting  any  dynamic  force  to  the  bear¬ 
ings.  Having  thus  corrected  the  rotor  in  the  left  and  right  planes 
Independently,  we  might  think  that  the  rotor  would  run  smoothly  if 
both  bearing  restraints  were  released.  This  Is  not  the  case:  the  rotor 
would  again  run  roughly.  The  problem  arises  because  the  force  bal¬ 
ances  have  not  been  achieved  independently  of  the  support  forces. 

The  reason  for  this  failure  to  balance  the  rotor  can  be  explained  by 
considering  the  rigid  rotor  shown  in  Fig.  3.19b,  which  has  a  single 
unbalance  force  V  acting  as  shown.  If  we  restrain  the  rotor  against 
transverse  movement  at  bearing  A  while  allowing  end  B  to  move  freely, 
and  balance  it  in  correction  plane  2,  the  required  correction  weight  for 
this  condition  becomes: 

Cj  -  U 

c 
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LEFT  CORRECTION  PUNE  RIGHT  CORRECTION  PLANE 


(b)  Rigid  rotor  with  tingle  unbalance  force 
Fig.  3,19.  Unbalanced  rigid  rotori  in  flexible  bearings 


The  reaction  force  at  A  is  given  by 

t/-C2-FA-0,  and  so  -  t/  |i  -  ~ 

Next,  attempt  to  remove  the  transmitted  force  FA  by  restraining  the 
rotor  at  bearing  B  and  adding  correction  weights  in  plane  1.  A  moment 
balance  about  B  gives 

U(L  -  b)  -  C2U  -  c)  -  CiU  -  o)  -  0, 
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When  the  rotor  is  freed  in  both  bearings  simultaneously,  the  resulting 
balance  does  not  satisfy  the  force  equilibrium  condition. 


that  is, 


U  -  C{  -  Ci  -  0; 


U  -  U  +  U  -  -  V  ~  *  0. 

L  —  a  c  L  —  a  c 


This  can  only  be  satisfied  for  the  condition 


which  cannot  exist  unless  a  -  0,  or  if  b  -  c. 

This  problem  can  be  overcome  using  the  principle  of  plane  scpara* 
tion.  For  the  system  shown  in  Fig.  3.19b,  instead  of  restraining  the 
rotor  motion  at  the  left  bearing,  assume  that  lateral  motion  can  be  re¬ 
strained  at  the  Itjt  balance  plane,  that  is, 

X  M\  “  0;  V  (6  -  a)  -  Cj(c  -  a)  -  0,  C3  -  V 

c  —  a 

XF-  0:  -  F,  +  f/  -  C2  -  0,  F\~  u 

Correction  weights  are  then  added  In  the  right  balance  plane  until  the 
rotor  runs  smoothly.  The  second  step  Is  to  restrain  the  rotor  at  the 
right  balance  plane  and  then  to  balance  it  in  the  left  balance  plane  until 
it  again  runs  smoothly: 

1  Afa  -  0:  U  (c  -  b)  -  C|(c  -  a)  -  0,  C,  -  U  ; 

c  —  a 

^  n|  ^ 

X  F  -  0:  -Ct  +  U  -  F,  -  0,  ^  71“  • 

Note  from  the  above  that  Cj  -  Fi  and  Cj  -  Fj.  This  indicates  that, 
taken  together,  the  balance  corrections  will  automatically  cancel  the 
bearing  forces,  and  both  moment  and  force  equilibrium  for  the  rotor 
are  thereby  satisfied  directly.  If  the  rotor  is  then  operated  with  correc¬ 
tions  Ci  und  Ci  installed,  the  transmitted  forces  at  the  bearings  will  be 
zero  and  the  rotor  will  operate  in  a  smooth,  balanced  manner.  No 
further  correction  needs  to  be  made  to  the  balance  in  either  plane. 

For  c.  numerical  example,  let  the  rotor  shown  in  Fig,  3.20  have  two 
unbalance  forces  U\  —  -8.0  lb  and  t/j  -*  5.0.  The  correction  planes 
are  6.0  in.  and  30.0  in.  from  the  left  support,  A.  The  first  step  is  to 
restrain  the  rotor  at  the  left  correction  plane,  B.  By  taking  moments 
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CORRECTION  PLANE  B  CORRECTION  PLANE  C 

;  U2  -  6,0  lb  [ 


i  »  b  •  d  “  »  «  M  in.,  o  “  12.0  In. 


1  Fig,  3.20.  Rigid  rotor  in  flexible  bearing) 
with  two-pinne  unbalance 

about  this  plane,  the  required  correction  weight  In  the  right  plane  Fc  is 
found  to  be 

U2(b  +  c)  +  t/,6 
Fc  “  “  ‘  (b  +  c  +  d) 

-  -  ~  (5  x  18  -  8  X  6) -- 1.75  lb  Q). 

The  second  step  is  to  restrain  the  rotor  in  the  right  correction  plane,  C. 
The  required  balance  weight  in  the  left  correction  plune  Is 

„  i/,(c  +  d)  +  U2d 

H - <S+7+'i> . 

--”(-8X18  +  5X6)-  4,75  lb  (f). 

The  rotor  is  now  released,  and  the  resultant  radial  force  that  acts  on  the 
rotor  as  a  free  body  is  found  to  be 

I F  -  0;  4.75  -  8,0  +  5.0  -  1.75  -  0  (balanced). 

The  moments  about  either  bearing  ure  then  taken  in  turn: 

EMa-  4,75(6)  -  8(12)  +  5(24)  -  1,75(30)  -  0  (balanced) 

and 

X  A/t>  -  4.75(30)  -  8(24)  +  5(12)  +  1.75(6)  -  0  (balanced). 
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Thus  the  resulting  fotce  is  zero  and  the  resulting  moments  are  zero,  as 
are  the  moments  about  B  and  C  (checked  previously).  More  generally, 
with  the  specified  corrections  installed,  the  moment  about  any  location 
along  the  shaft  will  be  found  to  be  zero.  It  is  evident  that  all  resultant 
forces  and  moments  are  now  in  equilibrium.  As  all  unbalance  and 
correction  forces  relate  to  speed  in  the  same  manner,  this  rotor  is  now 
in  a  state  of  balance  for  all  speeds.  This  demonstrates  that  an  unbal¬ 
anced  rigid  rotor  can  be  corrected  for  all  speeds  by  balancing  the  rotor 
about  either  correction  plane  in  turn. 

For  balancing  machines  of  the  Lawaczeck-Heymann  type,  the  rotor 
is  supported  in  bearings  mounted  on  flexible  pedestals.*  During 
balancing,  it  is  convenient  to  measure  the  rotor  unbalance  from  the 
movement  of  the  pedestals.  This  movement  is  read  as  pedestal  dis¬ 
placement  with  strain  gages  or  capacitance  probes,  or  as  pedestal  ve¬ 
locity  with  inductive-load  cells.  The  required  expression  relating  the 
magnitude  of  the  balance  weights  in  the  correction  planes  to  the  mea¬ 
sured  pedestal  motions  is  as  follows.*  Consider  the  rigid  rotor  in  flexi¬ 
ble  pedestals  with  in-plane  unbalance  shown  in  Fig.  3.19a.  The  effect 
of  the  two  unbalance  forces  UL  and  1/r  for  this  case  is  found  by  taking 
moments 

Uta  +  +  b)  +  FnL  *»  0  about  bearing  L 

and 

Uiib  +  c)  +  C/pc  +  FiL  “  0  about  bearing  R. 

Solving  these  expressions  for  the  transmitted  forces  Fi  and  Fr  gives 


-  (b  +  c)  -  c 

<4 

K 

wm  L, 

-  a  -  (a  +  b) 

<4 

F* 

where  the  first  set  of  braces  represents  residual  unbalance  forces  and 
the  second  set  of  braces  represents  bearing  transmitted  forces. 

Solving  for  t/L  and  t/R  gives 


Ul 

a  +  b  c 

Fl 

b  b 

a  b  +  c 

b  b 

F* 

where  f/L  and  U r  represent  the  residual  unbalance  forces  acting  in  the 
correction  planes,  computed  from  the  forces  measured  at  the  bearing 


'The  term  flexible  means  linear-elastic  and  deformuble.  This  applies  to  both  soft-  and 
hard-support  machines, 
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locations.  The  balancing  weight  required  in  each  correction  plane  is 
given  by  tho  expressions 


ri  and  rR  being  the  left  and  right  correction  radii,  respectively,  and  N 
being  the  balancing  speed  in  revolutions  per  minute. 

The  above  example  demonstrates  the  mechanics  of  rigid-rotor 
balancing  for  the  simple  case  of  in-plane  unbalance. 


Plane  Separation.  Spatial  Unbalance  Distribution 

The  general  case  for  the  prediction  of  correction  weights  for  a  spa¬ 
tial  distribution  of  unbalance  Is  shown  in  Pig.  3.21.  First,  the  rotor 
unbalance  distribution  is  represented  as  unbalance  forces  U\  and  t/2  in 
the  correction  planes  (Fig.  3.21a).  Next,  these  unbalance  forces  and 
the  bearing  forces  F\  and  f2  are  resolved  into  rotating  (f ,  rj)  coordi¬ 
nates,  as  shown  in  Figs.  3.21b  and  3.21c.  Force  and  moment  equi¬ 
librium  in  the  £,  z  plane  then  give 

f[  +  F*  +  fj{  +  Ui  -  0 

and 

u\a  +  u\  (a  +  b)  +  -  0. 

Force  and  moment  equilibrium  in  the  tj,  z  plane  give 
FJ>  +  Ff  +  l/f>  +  US  -  0 
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(a)  Genera!  unbalance  distribution  represented  by 
unbalances  In  correction  planes 


(c)  Unbalance  forces  and  pedestal  forces  for  unbalanced  rigid  rotor 

Fig.  3.21.  Rigid  rotor  with  spatial 
unbalance  (lists  ibution 


( )i».<  wwwwimh,  j.. 
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and 


<f> 2  *•  arctan 


4 


These  expressions  are  used  for  balancing  as  follows:  the  maximum 
values  of  the  force  signais  I  F\  I  and  j  F2  I  are  road  (detected)  directly 
from  the  pedestal  transducer  output.  The  pause  angles  and  of 
these  maximum  force  signals  are  read  with  reference  to  some.Hi'bitrafiily 
selected  marker  on  the  rotor.  Having  |  F\  |,  |  F2 1,1^,  and  <f>2,  we  can 
obtain 

f(  »  U’j  |  cos  ^i, 


F? 

4 


and 


I F]  I  sin  <tn, 


COS  <f>2, 


F?  -  I F2 1  sin  <f>2. 

The  matrix  expressions  given  above:  allow  £/f,  £/j>,  £/f,  and  U$  to  be 
obtained  from  these  force  components,  given  the  rotor  dimensions  a, 
/>,  and  c.  The  unbalance  components  are  then  combined  using  the 
above  expressions  to  give  U\,  t’a*  and  02.  The  required  correction 
weights  are 


V\ 


4.732 


at  (0j  4- 180*1)  from  0'  phase 


and 

W2  -  C/24£2  at  (g2  t  I80n  from  0°  phase. 

Arr2 

Modern  field  baiancers  add  balancing  computers  per  form  the  above 
operations  automatically  with  internal  analog  circuits,  usually  with  digi¬ 
tal  display  of  the  required  correction  weights  and  phase  angles.  Equip¬ 
ment  of  this  type  is  discussed  in  the  next  section.  Field  balancing  with 
a  balancing  computer  is  described  in  Chapter  4. 


3.4  Modern  General  Purpose  Balancing  Machines 

A  variety  of  genera!  purpose  balancing  machines  is  available  today 
from  U.S.  suppliers  such  as  Hoffman,  Schenck  Trebel,  International 
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Research  and  Development  Carp.,  (IRD),  Gilman-Gisholt,  and 
Stewart- Warner,  and  other  manufacturers.  Types  of  machines  available 
include  soft-support,  resonant,  and  hard-support.  This  section 
discuses  the  features  of  specific  general  purpose  balancers. 

Soft-Bearing  Machines 

the  Gisholt  Model  31  S  (Fig.  3.22)  is  a  typical  soft-bearing  general 
purpose  balancing  machine  designed  to  operate  well  above  the  resonant 
speed  of  the  supported  test  rotor.  The  balancer  operates  at  drive  speeds 
between  500  and  2000  rpm.  It  is  able  to  accommodate  rotors  weighing 
between  1  ib  and  500  lb  Drive  power  is  supplied  through  a  belt  that 
wraps  around  the  rotor,  with  a  tension  pulley  arrangement,  Unbalance 


Fig.  3.22.  Gisholt  Modrt  31  S  loft-bearing 
balancing  machine 
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data  arc  obtained  as  velocity-transducer  readouts  from  movements  of 
the  supporting  pedestals.  The  electronic  equipment  includes  plane- 
separation  circuits  arid  wattmeter  filtering.  The  readout  is  calibrated  in 
terms  of  the  required  balance  correction  units,  in  ounce-inches.  The 
"heavy"  spot  can  be  located  by  either  stroboscope  phase  measurement 
or  by  comparing  surface  photocell  readings  against  numbered  strips 
placed  at  the  correction  planes.  The  readout  equipment  is  specified  as 
being  able  to  read  down  into  the  10-u.m  range.  The  machine  is  not 
permanently  calibrated,  and  precalibration  aghihst  a  rotor  of  known 
unbalance  is  required.  The  soft-pedestal  construction  is  achieved  with  a 
pair  of  vertical  flat  springs.  One  end  of  each  spring  is  attached  to  the 
machine  frame,  and  the  other  end  is  secured  to  the  adjacent  pedestal 
support.  A  detailed  comparison  between  this  and  the  other  two 
machines  described  in  this  section  is  given  in  Table  3.1. 

The  Schenck  R  30B/8  unit  shown  In  Fig.  3.23  is  another  example 
of  a  general  purpose  soft-bearing  machine  designed  to  operate  above  its 
support  resonances.  This  machine  accommodates  rotors  in  the  weight 
range  from  6  to  660  lb,  at  balancing  speeds  between  770  and  1320  rpm. 
There  is  provision  for  overload  and  overspeed,  and  for  unequal  gravity 
loads  of  special  nonsymmetrioal  rotors.  Phase  measurement  is  by  the 
stroboscopic  illumination  of  a  numbered  tape,  as  with  the  Oisholt  31  S 
machine.  A  plane-separation  circuit  supplies  the  required  balance  data 


Fit.  3,23  Schenck  R  30B/8  soft-bearing  universal  balancing  machine 
with  wattmeter  readout,  set  up  Tor  balancing  armatures  with  end  drive 
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Table  3.1.  Comparison  of  balancing-machine  features* 


Parameter 

Soft-iuppcrt  miohlnaa 

Raaonant  machine! 

Hard-aupport  machlnaa 

IdentlflceUon 

Manufaolurer 

Oliholt 

Slawart.  Warner 

Schenck 

Modal 

Special  ituchminta 

31  S 

2310 

H30U 

Standard  and  drlva 

ClaaeUlcatlon  ' 

Typo  of  miaiurement  Dliplucemartt 
(aoft  bearing) 

Dliplacamant 
(toft  baarlrti) 

Foret  (rigid  hawing! 

Dynamic  region 

Abova  raaotianoa 

At  or  near  raaotianoa 

Wall  below  raionanoa 

Speed  ring# 

300-2000  rpm 

Madlum,  uauatly 
300-1000  rpm 
with  1100  max. 

275-1500  rpm 

Capacity 

Rotor  w«l|ht 

1-500  lb 

1/2-1000  lb 

klO  lb  max’iym. 

Rotor  l«n|th 

40  In.  maa 
between  ihouldara 

4  1/2—53  In, 
batwaan  Journali 

4-50  in, 

Rotor  dlameler 

24  In.  max 

1/2—44  In. 
batwaan  Journali 

40  lit,  max 

fournil  diameter 

5  In.  matt 

1/2-71/2  In, 

5/1-1 1/1  on  atandard 
rolitr  hairing 

Drive  diameter 

1/2-24  In. 

34  In.  max  (aitimcMd)  for 
optional  ball  drlva 

Accuracy 

Detection 

Mteauremum 

General 

Conelructlon 

20  jiln, 

O.0O4  ox  In. 

0.0035  ox-ln. 

Weight 

2450  lb 

1000  lb 

2000  lb  without 
foundation  block 

SIM 

Floor  apaoa  33  x  22  In. 

Bata  25  x  60  In. 
pint  ovarhand 
and  ampllflar 

Bate  23  In.  X  79  in, 

But,  dealgn 

Thraa  ataal  tubaa  apaelng 
end  eagtlhgl 

Fotmad  ataal 

Caal  beta  on  Uin, 
foundation  block 

Imultatlon 

Foundation 

Any 

Sound  oonatrustlon. 
prafarably  oonrrata 

Raquirtl  heavy  foundation 

Faatenlng 

Not  required 

Boll,  laval,  and  grout 

Bolt' 

looiotlon  from 

Not  required  became 

Nuna 

Not  required  bectuat 

external  vibration 

Major  dealgn 
feature! 

of  algnal  Altar 
and  horlaonlal  motion 

of  Altering 

Special  roundatlott  or 

High  aaniitlvlty  at 

Direct  raiding  In  unbalanoa 

mounting  not  required 

rlioninc* 

or  correction  unite 

Coluiant>ipeed  drivt-no 

Drive  not  In  oonlMt 

Complete  Indktaliona  In  ana 

waiting  for  apaad  change 

with  rotor  whan 
unbalanoa  raadinga 

ara  mada 

run  Without  etllbratlon 
trial  run 

Signal  Altar  nilmlnatai 

Spaclal  hawing  or  drlva 

Wxiimaiar  lyaiam  Aliara  out 

aatranaoui  Influence! 

adaptara  not  required 

aMrtneoua  Influtncta 

Complain  plana  uparatlon 

fleet  of  adjuatmanl  for 

Polar  ud«lw  readouta  for  each 

with  guaac  varlaty  of  work 

Calibration  In  tarmt  or 
correction  unlit 

work 

correction  plane  with 
complain  ratantlon 

•Flora  HUT.  5. 
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Table  3.1.  Comparison  of  balancing-machine  features*  (Cont’d) 


Putmtttr  Soft-support  mechlnea 

Raaorunt  machlnua 

Hard-aupport  machlnaa 

Farco  and  couple  ayatem 

lift  and  right  ayatem 

Setup 

■  1 

Initrt  half-bearing*  to  At 
journal  tunlaia  roller 
type  tuppori  It  uaad) 

Poalllon  aupporta,  drive, 

1  Idler  pulltyi, 
tnd  itrobt 

Laid  will)  calibrating 
rotor* 

Drive  end  mi  Altera, 
calibration,  and 
plana-uparitlon  knob* 
Replace  with  unbiUno* 
rotor 

FliOt  numbered  *n|lt 
reference  atrip 

PoelUon  and  load 

Drive  with  vibrator 

tune  aprlng  aytltma 
to  decouple  htodaa 

Note  both  remnant 
frequeitolei 

Place  reference  mark 
for  phaaa  -ingle 

Poiillon  end  load  Position  auppot  ut 

Place  reference  mark  .  Load  with  unbalance 
for  (thu*  angle  rotor 

Luck  aprlng  on  one  tide  Adjuai  blaring  auppon 
height* 

Inaort  and  futon 
coupling 

Sot  knoba  for  rotor 
dlmonalona 

Moaauramont 

Drive 

Rdad  unbalance  In  correction 
unite  end  angle  from  auobe 
Image  tm  one  aide, 

Adjuut  damping  for 
anticipated  unbalance 
Drive  la  ipetd  above 
upper  reaonano* 

Permit  coeatdown  tnd 
raad  Aral  peak 
amplliuda 

Note  atrobe  Image  of 
reference  mirk,  it 
paak 

(Allarniiei  note 
auobo  Image  at  above 
reeonanot  apeed) 
Continue  coutdown  end 
reed  aacond  peek 

Note  atrobe  Imege  it 
peek  tor  uae  eltlrrute) 

Adjust  damping  for 
anticipated  unbalance 

Drive  to  ipead  above 
riao  nance 

Permit  couldown  and 
read  peak  amplitude 

Note  atrobe  Image  of 
refatenot  mark  at 

peek 

(Alternate!  note 
atrobe  Image  at  above 
nutonanoe  apeed) 

Repeat  with  other 
eprlng  looked 

Drlva 

Read  unbalanco  and 
location  In  correction 
unite  for  both  aldu. 

Correction 

Apply  correction*  aa 

Indicated 

Apply  force  end  couple 
correction'  leparitely 

In  eitlmited  proportion 
to  reading* 

Rapeat  at  rauulrad, 
reducing  damping  aa 
permitted 

Apply  Cnrreellone  In 
animated  proportion 
to  rwdtnga  and  in 
aitlmaiad  dlatrlbu- 
tlon  between  planet 
Rapoat  aa  required, 
reducing  damping 
aa  ptrmlltad 

Apply  correctlona  aa 
Indicated 

•From  Rtf,  S, 
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Table  3.1.  Comparison  of  balancing-machine  features*  (Cont’d) 


Parcmelar 

BSSCSB  SSSttSSSfSS! 

Work  aupporta 
Poalllon  adjuatmant 

Location  oo  rotor 

Type  at  beer  Ida 

liolaUon  from 
beerjn*  runout 
Dlamatar  adjuaimint 

Bearing  friction 
control 

Holddown  of  Journal 

lien  with  uneqdel 
Journal 

Pravantlou  of  Journal 

damaia 

End  rtiiralm 

laolallon  from  and 
runout 

Drlva  ayalem 

Uaa 


Location  on  rotor 

Poelilon  adluitment 
Speed  ranna 
Speed  tdjuilmant 

Starling  and  Stopping 
Tanalonlmj  at  aullup 

Claaranoa  to  r  loading 


laolatlon  from  drlva 
runout 

Spring  ayatnm 
Type 


Plana  of  Motion 
Adjuaimant 
Pravantlon  at  aalal 
motion 
Locking 

Dampim 

Typa 

Adluatmtint 

Calibration 
Tamparaiura 
alablll  ration 

Plang-aaparation 

plvoti 

•From  Haf  i, 


Son-aupport  machine  Paaonant  machlnaa 


Mova  and  lock 
manually 
Jourrula 

Half  baarinia 

(roller*  optional; 
Not  required 

Half  bearing  to  gull 
(vanlcal  on  rollara) 
Not  required  with 
continuoua  drlva 


Half  baarlnga  to  ault 
( vertical  adluatment 
on  rollara) 

Suitable  beating 
malarial  (provision  for 
align  mini?) 

Shouldera  on  rotor 


Ctmdnuoui  drive 

Flat  bell  with  110* 
wrap  around  rotor 
Any  diameter,  profitably 
belwaan  journala 


Motor  pullay  alaa 

Foot  awluil; 

Puilllonad  Idlnra  gravity 
loaded  agalnat  bell 

Lin  work  egelnii  idler 
weight  (ball  llfler 
optional) 

Operand  with  alart-atop 
fool  awlich 

Nat  required,  aatranioui 
ilgnel  Altered  out 


Livai-operatad  column 
retchei  and  lock 

Journal!  or  othar  Anlahtd 
dlamalera 

Ball-bearing  rollara  In 
trunnion  block 

Changa  alaa  of  rollara 

Two  gpiclnga  of  bearing 
pockaia 

Changa  algg  of  ball-bearing 
rollara 

Invarted  trunnion  may 
ba  addad 

Flat  aprlnga  in  trunnion 
flan  lo  align  rollara 

Extra  care  In  bearing 
alignment 

Roller  or  flat,  with  I/IE  In. 

durance 

Uae  bell  In  center  hole 


Penllel  flat  aprlnga,  ona 
and  Axed,  othar 
clamped? 

Horizontal 
Not  required 
Relative  allffnaaa  of 
flat  iprlitjt  aalally 
Not  required 


Not  required 


To  drlva  rotor  up  lo  apeed, 
than  withdraw 
Flat  belt  Contacting  rotor 

Any  dlamelir,  preferably 
largo 

Lavar-operatad  ratchet 
3190  end  I  WO  fpm 
Two  poililona  on  drlva 
handle  awlieh 
Drive  handle  awlich 
Hand  proaauro  on  drive 
handle 

Tllta  up  far  clearance 


Herd-support  machlnaa 


Mova  and  lock  manually 

Jourrula  or  outer  Anlahed 
dlimeiar* 

Ball-bearing  roller* 

Chang*  alia, of  roller* 

Vertical  adJualmant  on  roller 
auppofl 

Not  required  with  comlnuoua 
drive 

Holddown  bracket —no  rollara 

Vertical  adluatment  on 
roller  eupport 

Crowning  on  roller  OB 


Nona-reitralnt  from 
drive  coupling 
Nol  required 


Continuoua  drive 

End  drive  through  coupling 
(bell  drive  optional) 
Ellhar  end 

Nut  required 

ars,  soo,  wo,  uoo  rpm 

Lavtr-oparated  gear  ahin 

Manual  awltch 
Nol  raquirad 

Nol  required  for  end  drive 


Drive  handle  control*  Dynamic  braking  with 
ball  brake  molar  conlrolt 

Drlva  nol  contacting  during  Not  raquirad  If  counting 
maaauromania  la  balanced 


Nat  required 


Flat  iprlng  with  Itned  and 
and  Iniarmedlale  fulcrum 

Vertical 

Scraw-drlvan  fulcrum 
Rtlaliv*  atllfnaea  or  flat 
iprlng  In  axial  plana 
Extarnal  clamp*  on 
iublllaar  link 

Daahpol,  vlacoua 
Platon  orifice,  Ave 
alternative  dlamoiari 
Non* 

Nona 


Special  aiuchmant 
only-noi  aludltd 


Inherent  In  forca 
tranaduear 

Horlaonul 
Nol  raquirad 


Nol  raquirad 


Net  raquirad 


Nol  required 
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Table  3  1.  Comparison  of  balancing-machine  features*  (Cont'd) 


PUMMUI 

Soft-Support  Machlnea 

Raaonam  Machinal 

Hard-Support  Machinal 

Manuring 

Vibration  pickup 

Velocity 'by  me* ne tic 

Indue  tint, 

Velocity  by  maiMllc 
Induction;  Integrated 
to  give  dlaplecemeni 

Force  tranaduccr 

Speed 

Not  required 

Frequency  horn  pickup 
aJinel  or  from  eepenife 
pickup  driven  by 
abaft-mounted  meinet 

Controller  in  drive 

Pheee 

Timing  from  point  of 
minimum  doiiiive 
tlleplaoemeni,  bo,, 
when  velocity  changea 
(torn  negative  to 
poeitive  polarity 

Timing  from  aero  dlapiaoe- 
mint  on  down  travel 

Timing  in  relation  to 
phaea  gintraior  driven 
with  rotor 

Indicating 

Amplitude 

Mater  with  numbered 
ecelei  no  unite 

Not  required 

Muter  with  numbered 
ecala,  no  unlla 

Not  rauulrad 

,  Speed 

Meter  with  1100-rpm 
maximum  acala 

From  drlva  apeed  petting 

Phaea 

Strobe  light  directed  hor- 
Inontally  ilvee  poaltlon  of 
heevy  aide  by  "Hopping' 
circumferenllilly  wound 
numbered  atrip 

Strobe  light  glvea  poaltlon 
of  reference  chalk  mark 
at  or  cloaa  to  raaonance 

Wattmeter  Hied  with 
phaie  ginerator,  algnali 
dliplayad  on  voctormeter  polar 

aoala 

Unbalance 

From  amplitude  indication 

Front  ampllluda  Indication 

Included  in  vactormiter 
aolar  acala 

Other 

Vlbretor 

Nona  required 

Maintain!  vibration  In 
force  or  ocupla  moda 
to  parmlt  tuning  of 
raaonanoa 

Not  required 

Signal  Oiler 

Two  manually  aet  to  acoapl 
algnal  at  aame  frequency 
aa  rotation 

None  required 

Nona 

Wattmeter  funelluna  aa 

Alter  of  noniynchronoua 

algnali 

None  required 

Computer  fur  com¬ 
bining  elineli 

Sum  and  dlft'erence  of  laft 
and  right  algnali 

Calibration  lr.  cor- 

Separata  calibration  knob 

Nona  (except  with  plana- 

Scale  calibration  aaltlna 

taction  unite 

for  right  and  lalt 

aaparallnn  attachmant 

with  agnaltlvlty  multiplier 

Fhaae  angle  edjuit. 
mettt 

" 

Circuit  raalitanco  idjuilrrent 
to  give  SO*  lag  at  raaonance 
with  loweat  damping 

Nel  raqulrad 

Amplifier  lain 

Standard  and  high  (Sll) 

Low,  high,  and  aatra  high 

Variable- aanaltlvlly 
multiplier 

Sat  by  three  Imoba  from 
rotor  dlntenalone 

Computer  for  plane  Sat  by  two  knob*  (from 
aeperatlon  uallbratad  rotor) 

Nona 

Compon-ctor 

Nona 

Nona 

(Optional) 

Memory  circuit 

Will  Hold,  alaoltonlcally 
or  mechanically,  both 
lah  and  right  unbalance 
and  angle  mcaiurantania. 
Angle  maaauremem  from 
oHotooall  circuit  trlggerod 
(In  place  of  atroboacopc) 
(optional) 

Will  atora,  hold,  and  raid 
alrtgla  unbalance  reading 
(optional) 

Will  hold  all  unbalance  and 
ungle  maiauremanti 

Syiwhrnnlaer 

Not  requltad 

Nana 

Not  raqulrad 

•Prom  Rtf.  J, 
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by  dialed-in  values  of  the  rotor  proportions.  The  required  correction 
details  for  each  balance  plane  are  read  out  on  the  two  veotormeters 
shown  in  Fig.  3.24.  The  Machine  shown  has  an  end  drive,  but  belt* 
driven  models  are  also  available.  The  pedestal  supports  may  be  moved 
axially  to  accommodate  different  rotor  sizes. 

liEI  correction  WQHT  .flqnnBBTIQW 

Ridlil  toil*  1.E  unlli  Radial  toil*  i.e  unlit 

Angular  toil*  60°  ,  Angular,  totlt  1M°  .  , 


CORRECTION 

MARKER 


CORRECTION 

MARKER 


FIs,  3,24,  Vaclormeter*  for  machine  ahown 
In  FIs.  3.23 


Resonant  Machines 

The  Stewart-Warner  2380  S  machine  (Fig.  3.9b)  has  a  unique 
pedestal  support  that  permits  it  to  be  tuned  so  that  the  natural  fre¬ 
quency  of  the  rotor  in  its  supports  will  occur  at  the  desired  balancing 
speed  of  the  machine.  In  practice  the  rotor  to  be  balanced  is  loaded 
into  the  pedestal  supports,  and  the  dashpot  damping  of  the  supports  is 
manually  set  to  zero.  The  rotor  is  then  bumped  gently,  causing  it  to 
vibrate  in  its  lowest  mode  on  the  supports.  A  vibration  meter  measures 
the  frequency  of  this  mode  by  observing  the  pedestal  motions.  A  suit¬ 
able  value  of  damping  is  then  obtained,  for  example,  as  follows:  A  suit¬ 
able  critical  damping  ratio  is 


and  the  critical  damping  is 

B  -  2 Man  -  y  Wfw, 
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UMllWIh  14 i  'I H— Hf .  *r  '•  Wl  fi m— 


Thus  the  damping  per  support  is 

*s  -  j  H  -  “  WU 

where  W  is  the  rotor  weight  and  /„  is  the  lowest  mode  natural  fre¬ 
quency  of  the  rotor  in  its  supports.  Both  dashpots  are  then  adjusted  to 
the  selected  damping  value  so  that  rotor  vibration  amplitudes  will  not 
become  excessive  when  the  rotor  runs  through  this  critical  speed  during 
balancing.  An  overhead  cantilever  belt  drive  is  used  to  spin  the  rotor 
up  to  speed,  with  the  required  rotor  speed  preset  on  the  handle  of  the 
cantilever,  drive  arm.  A  common  balancing  speed  for  this  machine  is 
450  rpm.  The  natural  frequency  of  the  rotor  in  its  supports  is  adjusted 
to  occur  somewhat  below  this  speed,  so  that  a  targe  mechanical  ampli¬ 
tude  magnification  occurs  as  the  rotor  passes  through  resonance  when 
the  drive  is  removed.  Rotor  unbalance  is  read  on  a  graduated  scale  (no 
units)  for  the  left  correction  plane  and  for  the  right  correction  plane 
independently.  Unbalance  angular  orientation  is  determined  by  trig¬ 
gered  strobofiash,  as  with  soft-bearing  machines. 

The  Stewart- Warner  2380  S  is  a  trial-and-error  type  of  machine. 
Unbalance  relative  magnitude  and  angular  location  are  detected  in  one 
piano  while  the  other  support  Is  restrained  against  motion.  Next  a 
correction  mass  (usually  putty)  Is  added  In  one  of  the  balancing  planes. 
The  rotor  is  then  rerun  to  observe  the  effect  on  the  rotor  balance. 
After  the  rotor  has  been  made  to  run  smoothiy  with  one  support 
secured,  the  process  is  reported  with  the  other  support  secured.  Plane- 
separation  equipment  is  optional;  it  is  not  alwuys  needed  in  the  applica¬ 
tions  for  which  the  machine  is  used  (e.g.,  motor-rebuilding  shops,  auto¬ 
motive  single-plane  balancing).  Where  the  plane-separation  calculation 
is  included,  it  ensures  that  the  first  plane  need  not  be  rebalanced  after 
the  second  plane  has  been  corrected.  Otherwise  this  is  done  by  trial 
and  error. 

The  advantages  of  this  design  are  (a)  easy  setup  and  access,  (b) 
simple  mechanical  magnification  principle,  (o)  simple  controls,  and  (d) 
simple  operation,  There  are,  however,  disadvantages:  (a)  plane  separa¬ 
tion  is  not  a  built-in  feature  and  requires  a  separate  attachment;  (b)  the 
trial-and-error  procedure  may  be  time-consuming;  (c)  the  unbalance 
scale  is  not  calibrated  in  ounce-inches;  and  (d)  the  quality  of  balance 
depends  on  the  operator's  skill. 

A  study  of  this  machine  [5]  has  suggested  thut  balancing  accuracy 
down  to  0.004  oz-in.  (1  x  10“6  in.  c.g.  eccentricity  for  a  200-lb  com¬ 
ponent)  is  attainable,  but  no  basis  Is  given  for  this  figure.  Further  con¬ 
siderations  are  the  operator  experience  and  balancing  time  required  to 
consistently  achieve  this  balance  quality,  where  needed.  This  type  of 
machine  has  found  widespread  application  in  the  automotive  industry 
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for  balancing  crankshafts,  crankshaft-flywheel  assemblies,  and  other 
automotive  components,  especially  in  engine-  and  motor-rebuilding 
shops. 

Hard-Support  Machines 

The  Schonck  Model  H30V  (Pig.  3,25)  is  a  typical  hard-bearing 
machine.  It  comes  with  either  direct-  or  belt-drive  options,  plane- 
separation  circuits,  wattmeter  Altering  and  measurement,  and  pushbut¬ 
ton  setup  of  (he  balancing  operations,  Unbalance  signals  are  detected  at 
the  pedestals  with  inductive  force  transducers.  The  balancing  speed  is 
usually  within  the  tahge  of  275  through  1500  rpm;  this  range  is  consid¬ 
erably  below  the  resonant  frequency  of  the  rotor  on  its  support  system. 
A  maximum  rotor  weight  of  880  lb  symmetrically  disposed  on  the 
pedestals  is  permitted.  Asymmetrical  rotors  (unequal  pedestal  loads)  of 
smaller  weight  are  also  permitted, 


Pig.  3.25,  Sehenok  H.WV  h»rd-bearina  machine. 
(Courtesy  of  Sehenck  Trobel  Corporation.) 


This  machine  has  the  following  advantages:  easy  setup  and  opera¬ 
tion;  permanent  calibration -no  trial  weight  runs;  simple  dial-in  balance 
with  vectormetors;  precision  balancing;  and  ability  to  handle  u  wide 
range  of  rotors.  Among  its  disadvantages  are  a  higher  installation  cost 
and  the  fact  that  it  is  a  somewhat  more  delicate  machine. 
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This  Schenck  machine  is  said  to  be  capable  of  balancing  down  to 
0.0035  oz-in.  Such  accuracy  may  be  possible  with  light  rotors  (e.g.,  30 
lb),  but  even  so  this  corresponds  to  a  c.g.  eccentricity  of  3.5  ixin.\  for 
880-lb  rotors  this  would  mean  0.25  /i.in.,  which  may  be  difficult  to 
achieve  with  such  a  machine  under  production  circumstances,  with  long 
periods  between  overhauls.  However,  instances  where  such  accuracy  is 
essential  are  likely  to  be  rare  in  practice. 

McQueary  [41  has  made  the  following  comments  on  hard  supports 
for  balancing  machines: 

1.  The  hard-bearing  suspension  system  eliminates  windage  distur¬ 
bances  that  can  occur  in  soft-bearing  machines  when  balancing  blowers, 
fans,  compressor  rotors,  and  the  like.  The  workpiece  rotates  as  an 
assembly,  with  no  swinging  of  the  supports. 

2.  Erratic  oscillations  may  build  up  on  soft-bearing  machines  and 
mask  unbalance  signals.  This  is  less  likely  with  hard-bearing  systems. 
Unbalance  signals  therefore  come  through  without  distortion. 

3.  Large  unknown  initial  unbalances  are  unable  to  .cause 
dangerous  or  damaging  excursions  Of  the  suspension  system,  as  may  be 
possible  with  soft-bearing  machines,  Not  only  will  such  unbalances  not 
damage  the  supports  or  pickups,  but  they  can  be  directly  measured  with 
hard-bearing  machines,  without  any  necessity  for  prebalancing  (by 
knife-edge  or  static  means),  which  may  often  be  required  with  soft- 
bearing  balancing  systems. 

4.  Hard-support  machines  measure  unbalance  forces  rather  than 
vibratory  displacements.  The  parasitic  mass  of  the  suspension  system 
does  not  limit  sensitivity  with  smaller  workpieces,  and  a  wider  capacity 
range  is  generally  provided.  Minimum  rotor  weight  to  maximum  rotor 
weight  ratios  of  1:200,  1:250,  or  even  more  are  possible. 

5.  The  hard-suspension  system  is  both  sensitive  and  rugged.  It  is 
also  difficult  to  damage  with  chips,  grit,  or  dirt.  The  hard- suspension 
system  has  no  moving  parts  to  wear  or  loosen  during  extended  opera¬ 
tion. 

6.  Because  of  good  sensitivity  and  accuracy  in  permanently  cali¬ 
brated  hard-bearing  machines,  an  inspector  or  supervisor  may  con¬ 
veniently  determine  whether  required  balancing  tolerances  have  been 
achieved. 

7.  Permanently  calibrated  hard-bearing  machines  are  available  for 
ail  required  balancing  speeds.  Earlier  machines  were  calibrated  for  one 
or  more  discrete  balancing  speeds,  but  the  most  modern  machines  are 
now  equipped  with  integrator  circuits  so  that  calibration  is  valid  for  a 
wide  range  of  balancing  speeds. 
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General  Purpose  Hard-Support  Machine 

A  typical  Industrial  hard-support  balancing  machine  is  shown  in 
use  in  Fig.  3.26.  Hard-support  machines  of  this  type  have  been 
designed  to  balance  a  wide  range  of  equipment:  electrical  armatures, 
fans,  synchronous  condensers,  turbine  rotors,  jet-engine  compressor 
rotors,  cable-winding  drums,  and  the  like.  These  machines  are  avail¬ 
able  in  a  variety  of  sizes  and  speeds.  Special  purpose  facilities  of  this 
type  are  also  avaiiable  for  industrial  turbine  rotors,  compressor  impel¬ 
lers,  and  satellites. 


Fig.  3.26.  General  purpoM  turd-support  balancing  machine  with  fan  rotor 
Installod,  The  Lawacze-k-Heymann  principle  is  coupled  with  automatic 
plane  separation  and  wattmeter  dial  readout  to  reduce  the  amount  of  trial 
und  error  involved  in  balancing  a  wide  range  of  rotors.  (Courtesy  of 
Schenok  1  rebel  Corporation.) 


The  general  purpose  hard- support  machine  is  an  efficient  device 
for  two-plane  balancing,  It  operates  on  the  Lawaczeck-Heymann  princi¬ 
ple.  Strain  gages  or  displacement  sensors  are  attached  to  the  hard- 
support  frame,  as  shown  in  Fig.  3,27.  These  sensors  transmit  pedestal 
motions  as  electrical  signals  to  the  console.  One  special  pedestal  design 
for  obtaining  vertical  rigidity  and  calibrated  horizontal  flexibility  is 
shown  in  Fig.  3.8.  Both  pedestals  are  permanently  calibrated  before 
shipping,  and  no  calibrating  runs  with  special  rotors  ate  needed  before 
balancing.  A  synchronous  phase  reference  voltage  signal  is  taken  from 
the  drive,  which  may  be  either  a  universal  coupling  or  a  quick-attoch 
belt.  Inductance-transducer  signals  are  then  processed  by  a  wattmeter 
circuit  in  conjunction  with  a  plane-separation  circuit  to  give  the 
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*.  Stiff  Foundation  CaoiMtry  b.  Strain  Cag*  and  Foundation  Daflactlon 

Fig.  3.27.  Strajn  gasc  locations  on  hard-support  frame 

required  balance  correction  magnitudes  and  orientation  angles.  Either 
the  residual  unbalance  and  phase  angle  in  both  balancing  planes  or  the 
required  balance  weights  and  their  orientation  can  be  specified  as  output 
on  the  vectormeter  screen  used  in  the  model  of  Pig.  3.25.  A  general 
purpose  console  face  is  shown  in  Fig.  3.28.  ">  ' 

The  permanent-calibration  feature  combined  with  the  internal 
wattmeter  and  plane-separation  electronics  allows  direct  readout  of  the 
required  balance  weights  and  orientation  angles  on  the  console;  an 
immediate  two-plane  balance  is  therefore  possible  for  a  wide  variety  of 
ISO  class  1  and  class  2  rotors.  The  basic  dimensions  of  the  rotor  to  be 
balanced  (a,  Z>,  c,  rIt  r2  in  Fig.  3.28)  are  first  dialed  intp  the  balancer 
console.  The  rotor  Is  then  run  at  the  desired  balancing  speed,  and 
readings  of  the  magnitude  and  location  of  the  required  balance  weights 
and  tneir  phase  angles  are  displayed  directly  on  a  circular  calibrated 
scale,  or  voctortneter.  The  rotor  is  then  stopped,  the  required  correc¬ 
tion  weights  are  inserted  in  the  two  correction  planes,  and  the  rotor  is 
rerun  at  the  balancing  speed  to  cneck  the  effectiveness  of  the  balance. 
The  simplicity  of  this  process  will  permit  a  relatively  unskilled  operator 
to  balance  rotors  rapidly  and  effectively  without  much  training  or  spe¬ 
cial  instruction.  The  amount  of  trial  and  error  required  is  minimized  by 
the  sophistication  of  such  machines.  Specific  advantages  are  the  follow¬ 
ing: 

1.  Adaptable  to  a  wide  range  of  rotor  sizes  and  configurations 

2.  Direct  readout  of  correction  details,  requiring  less  skill  and 
making  production  balancing  efficient 

3.  Permanent  calibration,  allowing  balancing  to  be  done  in  one 
run  (though  a  second  check  run  is  desirable) 

4.  Simultaneous  two-plane  balancing  with  plane  separation,  mak¬ 
ing  direct  readout  possible  with  maximum  convenience  and  simplicity 
of  operation 
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5.  The  supports  have  great  strength  and  stiffness  and  their  parasi¬ 
tic  mass  is  minimal,  computed  with  soft-bearing-machine  supports. 

6.  The  influence  of  external  forces  (e.g.,  transmitted  vibration, 
windage)  is  less  than  with  soft-support  machines. 

There  ape,  however,  Several,  disadvantages:  m  . 

1.  Only  two-plane  balancing  is  possible  with  standard  arrange¬ 
ments.  Multiplane  balancing  of  ISO  cldsg  3  flexible  rotors  cannot  be 
undertaken  on  such  &  meihine  without  additional  special  features  (e.g., 
midplane  displacement  sensor).  General  purpose  balances  are  suitable 
for  class  1  rigid  and  for  class  2  flexible  rotors. 

2.  Overhung  disks  cannot  be  accommodated  without  special  pto vi¬ 
sion  (no  negative  distance  provision  Is  included  on  the  standard  dial 
panel).  More  recent  machines  inphide  this  provision. 

v  3.  Care  mure  be  taken  to  align  the  workpiece  with  the  drive-motor 
axis  if  the  direct-drive  option  is  used.  Such  is  not  the  case  with  the 
belt-drive  option.  Also  a  special  adaptor  coupling  is  required  where  a 
range  of  rotor  sizes  and  ends  is.  to  be  accommodated. 

3.5  Balancing  Facilities 

Turbine  and  Generator  Balancing 

Turbine  and  generator  balancing  facilities  arc  designed  to  permit 
both  high-speed  balancing  operations  and  overspeed  testing  of  assem¬ 
bled  rotors  once  a  given  rotor  is  installed.  Such  facilities  may  incor¬ 
porate  the  following  features: 

Concrete  overspeed  burstproof  tunnel 
Vacuum  spin- test  chamber 

Variable-speed  drive  with  20  percent  overspeed  capability 

Si ie  provision  for  fully  bladed  rotor  assemblies 

Bearing  pedestals  designed  to  simulate  machine-support  properties 

Transporter  to  move  rotor  assemblies  and  setup  of  rotor 

Control  room  with  full  test  instrumentation 

Overhead  crane 

Rigid  clamping  of  transporter  to  tunnel  foundation. 

Figures  3.29  and  3.14  show  details  of  a  transporter  loaded  with  a  rotor 
assembly,  and  certain  internal  details  of  the  tunnels.  Figure  5.30  is  a 
section  schematic  of  a  turbine-generator  balance  facility.  Figure  3.31 
shows  a  modern  U.S.  facility  with  twin  tunnels.  Both  tunnels  are 
powered  by  dc-motor  drive  systems  of  10,000  hp  each.  The  lubrication 
systems  are  capable  of  supply  ing  an  oil  flow  of  nearly  2000  gpm  to  each 
bunker.  The  generator  bunker  is  suitable  for  balancing  large  generators 
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under  full  excitation.  The  bunker  design  incorporates  antim&gnetic 
bedwuys  and  more  than  a  million  insulated  rebar  joints,  with  special 
electrical  grounding  provisions.  Both  bunkers  have  interchangeable  sets 
of  pedestals,  apd  two  sets  of  specially  designed  steady  bearings  are 
available  for  handling  extremely  long  rotor  overhangs.  Steel-reinforced 
Concrete  walls  up  to  9  ft  thick  provide  burst  protection.  Hundreds  of 
concrete  piles  form  the  foundation.  The  hard-vacuum  liner  contains 
over  800  tons  of  structural  steel. 

A  variety  of  balancing  machines  is  currently  available  for  the 
balancing  of  turbine  and  generator  rotors.  The  particular  balancing 
equipment  selected  in  a  given  case  will  depend  on  rotor  size,  equipment 
availability,  and  the  extent  of  the  need  for  high-speed  balancing.*  Both 
ISO  class  1  and  class  2  rotors  will  operate  satisfactorily  after  being  bal¬ 
anced  in  a  low-speed  balancing  machine.  Class  3  rotors  require  high¬ 
speed  balancing.  Such  testing  may  require  balance  runs  near  one  (or 
more)  resonant  speeds  within  the  operating  range.  Sustained  high¬ 
speed  operating  capabilities  are  required  for  such  balancing.  It  is  there¬ 
fore  convenient  to  have  a  common  high-speed  facility  in  which  both 
balancing  and  ovcrspeed  testing  can  be  undertaken.  Class  3  rotors  are 
usually  large  and  long  and  may  carry  thousands  of  blades.  This  also 
influences  the  equipment  associated  with  a  high-speed  facility. 

The  amount  of  drive  power  required  for  a  high-speed  facility  is 
evidently  a  compromise  between  vacuum  pump-down  power  and 


Fig.  3.29.  Generator  rotor  supported  In  transporter  In  special  bearings.  The  electric 
power  unit  Is  detachable  and  is  removed  when  the  rotor  and  supports  are  Installed  in  the 
spin  pit  (Fig,  3.14).  (Courtesy  of  Schenok  Trebel  Corporation.) 


‘The  type  of  balance  prescribed  for  a  given  rotor  Is  usually  based  on  previous  satisfactory 
balancing  experience  with  similar  rotors.  For  new  rotor  designs,  the  rotor  classification 
and  balance  requirements  may  also  be  guided  by  calculated  data  on  machine  critical 
speeds  and  unbalance  response. 
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drive-power  requirments.  Typically,  spin-pit  drive  power  would  be 
about  1  percent  of  the  maximum  rated  power  output  of  the  rotor  being 
tested;  that  is,  a  500-MW  generator  would  have  a  5000-kW  drive 
motor,  and  the  spin  pit  would  be  evacuated  down  to  about  0.03  to  0.07 
atm.  Without  vacuum  operation,  testing  of  most  large-bladed  rotors 
would  not  be  possible  because  of  excessive  fan-power  requirements  and 
the  associated  air  heating  and  noise  generation. 

Modern  spin-pit  balance  facilities  are  complex  installations.  Costs 
(1980)  may  range  from  $3  million  to  $20  million  for  a  large  completely 
installed  facility.  Table  3.2  indicates  the  location  and  details  of  some 
recent  spin-pit  installations.  Figure  3.14  is  a  general  view  of  a  concrete 
balance  spin-pit  facility  showing  the  rotor  on  its  transporter,  with  special 
bearings  and  pedestals;  details  of  the  lubrication-system  pipes  are  also 
shown.  The  bearings  are  bolted  to  the  foundation  during  testing,  as 
indicated.  A  400-MW  generator  rotor  on  its  transporter  is  shown 
leaving  the  assembly  shop  for  balancing  in  Fig.  3.29.  The  transporter 
drive  unit,  shown  attached  to  the  transporter  truck,  is  uncoupled  and 
removed  when  the  rotor  is  in  the  spin  pit.  A  section  through  a  balance 
facility  is  shown  in  Fig.  3.30  with  a  generator  rotor  installed.  Details  of 
the  drive,  drive  coupling,  lubrication  system,  and  other  features  of  such 
facilities  are  evident  in  this  section  drawing. 

A  section  through  a  special  bearing  pedestal  support  for  use  in 
turbine-generator  balance  pits  is  shown  in  Fig.  3.32.  Such  units  have 
been  designed  tc  provide  a  tuned  pedestal  support  in  which  the  specific 
bearings  of  the  rotor  being  balanced  are  installed.  This  permits  the 
rotor  to  be  balanced  while  operating  in  its  own  bearings  and  simulated 
pedestals.  It  is  shown  in  Chapter  5  that  the  rotor-support  stiffness 
properties  may  exert  a  significant  influence  on  the  critical  speeds  and 
dynamic  properties  of  a  rotor- bearing  system.  If  a  rotor  is  balanced  in 
hard  bearings  and  then  operated  in  softer  bearing  supports,  the  rotor- 
system  modes  will  be  different  and  the  balance  achieved  in  the 
balancing  stand  will  not  be  fully  realized  during  operation.  The  rotor 
may  then  run  "rough"  unless  corrected  by  further  in  situ  trim  balancing. 

The  support  design  shown  in  Fig.  3.33  allows  the  rotor  to  be 
balanced  in  the  bearings  in  which  it  will  operate.  Matched  dynamic 
prop-  erties  are  especially  Important  for  large  class  3  rotors  in  which 
unbalance  effects  through  the  fourth  flexural  mode  may  influence  the 
balance  obtained.  The  stiffness  properties  of  such  supports  can  be 
adjusted  within  the  range  30,000  lb/in.  through  3.0  x  106  lb/in. 
according  to  whether  soft-  or  hard-support  balancing  is  required.  This 
preserves  the  balance  quality  achieved  for  the  required  operating 
conditions,  and  leads  to  less  field  balancing.  Figure  3.33  shows  details 
of  such  bearings,  including  the  lubrication  inlet  (foreground)  and  the 
tangential  force  transducers  from  which  the  transmitted  unbalance  force 
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Table  3.2.  Details  of  recent  high-speed  balancing  facilities 


Date 

Firm/location 

Speed 

(rpm) 

Weight 

(tons) 

Type 

1970 

Machlnefabriek  Stork 
Hengelo,  Holland 

20,000-40,000 

o» 

o 

_ .  I 

o 

in 

Tunnel 

Ansaldo 

Genoa,  Italy  , 

2100-  4320 

180-60 

Tunnel 

Stal-Laval 

Finapong,  Sweden 

3600  —  4500 

160-150 

Pit 

Kraftwerk*Unlon 

Muelhelm,  Germany 

2250-4500 

320-120 

Tunnel 

Alsthom 

Belfort,  France 

200-4320 

250 

1971 

Stankoimport 

Moscow,  USSR 

8000-18,000 

30-9 

Tunnel 

Stankoimport 

Moscow,  USSR 

50,000 

220  lb 

Pit 

Westlnghouse  Electric  Corp. 
Charlotte,  NC 

2200-4400 

160-80 

1  leater  box 

General  Electric  Co. 
Schenectady,  NY 

4000-12,000 

22-0,4 

Vacuum  pit 

Weatinghouae  Electric  Corp. 
Round  Rock,  Tex. 

440 

32 

Vacuum  pit 

Electric  Machinery  Mfg. 
Turbodyne 

St.  Cloud,  Minn. 

2160-4320 

50-32 

Vacuum 

1972 

Allis  Chalmers 

Milwaukee,  Wise. 

2200-4400 

250-160 

Vacuum  tunnel 

General  Electric  Co. 
Schenectady,  N.Y. 

2200-4400 

300-190 

Twin  facility 

Brown  Boveri 

Richmond,  Va. 

4320 

270 

Vacuum  tunnel 

Stankoimport 

Moscow,  USSR 

1000-  22,000 

3300-1100  lb 

Pit 

1973 

Mitsubishi  Heavy  Industries 
Nagasaki,  Japan 

180-15,000 

20 

Pit 

ACEC 

Ghent,  Belgium 

200  -6,000 

50 

'funnel 

Mitsubishi  Heavy  Industries 
Takasago,  Japan 

125 

Vacuum  pit 

Stankoimport 

Moscow,  USSR 

2250 

320 

Tunnel 
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Fig.  3.32.  Pedestal-bearing  support  for  large  flexible  rotors.  Many  large  rotors 
require  fluid-film  bearing  supports  for  balancing.  If  allowed  to  remain  on  rolling- 
element  bearings  they  may  brmell  the  supports  with  their  weight  (up  to  250,000  lb 
per  support).  Also,  Improved  balancing  is  achieved  with  the  rotor  supported  In 
bearings  with  dynamic  properties  resembling  those  occurring  during  operation.  This 
Is  especially  true  for  class  3  rotors,  which  can  be  Influenced  through  the  fourth  flex¬ 
ural  mode.  The  bearings  shown  provide  nearly  Ixotroplo  stiffness  and  mass  distribu¬ 
tion  for  the  pedestals.  The  bearings  also  conform  more  to  the  rotational  axis  of  the 
rotor.  The  stiffness  of  the  supports  can  be  adjusted  In  the  range  30,000  to  3  x  10* 
lb/ln.,  according  to  whether  soR-  or  hard-bearing  balancing  is  required  and  accord¬ 
ing  to  the  balance  speed  required.  (Courtesy  of  Schenck  Trebel  Corporation,) 


Fig.  3,33.  Bearing  pedestal  for  mounting  rotor  bearings  during 
balancing.  (Courtesy  of  Schenck  Trebel  Corporation.) 
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signals  are  read.  Fluid-film  supports  also  avoid  the  problem  of 
"brine! ling"  that  may  be  induced  in  rolling-element  bearing  supports  by 
the  rotor  weight,  which  may  range  up  to  250,000  lb  per  pedestal. 

Automated  Balancing  f'acilitiei 

High-volume  production  industries  depend  on  automated  equip¬ 
ment  to  deal  with  large  numbers  of  repeated  operations.  Automated 
and  semiautomated  balancing  are  widely  used  in  the  automotive  indus¬ 
try  for  crankshafts,  propeller  shafts,  tire- wheel  assemblies,  etc.,  and  in 
the  electric  motor  industry  for  vacuum-cleaner  motors,  blender  motors, 
fan  motors,  and  so  on.  These  and  other  industries  have  incorporated 
automated  balancing  equipment  into  production  lines  to  achieve  high- 
volume  balancing  of  the  desired  balance  quality. 

An  example  of  an  automated  balance  facility  is  the  automated 
crankshaft  balancing  installation  shown  in  Fig.  3.34.  This  facility  incor¬ 
porates  a  production  line  for 

1 .  Initial  measurement  of  residual  unbalance  in  two  planes 

2.  Correcting  the  unbalance  by  drilling  at  the  required  locations  to 
correct  for  unbalance  in  these  planes 

Checking  that  the  corrected  crankshaft  is  within  required  balance 
specifications. 

Some  details  of  this  crankshaft  balancing  stand  are  shown  in  Fig.  3.35. 
Incoming  batches  of  crankshafts  arc  loaded  onto  a  conveyor  with  a 
gravity-feed  roller  conveyor  in  an  ordered  fashion.  The  process  is 
automatic  from  this  point.  The  foreground  of  Fig.  3.35a  shows  the 
residual  unbalance  measuring  stand.  Two  displacement  sensors  record 
the  unbalance  as  the  crankshaft  is  rotated  at  low  speed  (400  rpm).  The 
signals  are  stored  and  the  crankshaft  automatically  conveyed  to  the  dril¬ 
ling  stand  by  the  overhead  conveyor  unit.  The  crankshaft  is  automati¬ 
cally  indexed  to  the  required  angular  position  for  each  plane  in  turn, 
based  on  the  data  obtained  during  the  previous  measuring  operation. 
Two  separate  drills  then  remove  the  required  depth  of  metal  at  the 
desired  orientation.  The  drilled  crankshafts  are  then  transferred  to  a 
balance-checking  unit  for  a  second  measurement.  The  jaws  of  the  dril¬ 
ling  unit  open  horizontally  down  the  center,  and  once  the  crankshaft  is 
correctly  positioned,  the  two  halves  are  moved  together  pneumatically 
to  clamp  the  crankshaft  for  drilling.  The  linkage  and  pneumatic 
cylinder  can  be  seen  in  Fig.  3.35b. 

Cycle  time  for  measuring,  drilling,  and  checking  each  crankshaft  is 
40  s,  including  the  transport  time  between  stands;  about  the  same 
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operation  time  is  spent  in  each  stand.  Each  stand  has  its  own  motive 
power,  and  while  being  measured  the  crankshafts  are  driven  at  balanc¬ 
ing  speed  (400  rpm)  by  end  rollers  under  the  crankshaft  journals.  The 
measuring  operation  uses  both  plane  separation  and  wattmeter  filtering; 

After  being  checked,  crankshafts  are  classified  -within  tolerance"  or 
"outside  tolerance"  automatically.  Accepted  crankshafts  pass  out  on  the 
conveyor;  rejected  crankshafts  are  removed  by  a  Swivel  mechartlsm  that 
places  them  on  a  separate  conveyor  for  reprocessing.  Residual  unbal¬ 
ance  in  art  uncorrected  production  crankshaft  tends  to  be  high  because 
machining  of  the  forged  crankshaft  blank  is  kept  to  a  minimum  to  keep 
manufacturing  costs  low.  When  finished,  the  unmachined  surface  is  still 
In  the  "as  formed"  condition,  except  for  the  machined  journals, 
connecting-rod  bearings,  and  balance  areas, 

Two  types  of  crankshaft-balancing  operations  can  be  performed. 
First  there  is  mass  centering,  in  which  the  mass  axis  of  the  crankshaft 
is  adjusted  to  coincide  with  the  machining  axis.  Second,  there  is  final 
balancing  of  the  crankshaft.  Machines  for  mass  centering  are  used  at 
the  start  of  the  crankshaft- machining  operation.  Initial  mass-centering 


Fig.  3.34,  Automatic  facility  for  balancing  crankshaft -clutch  housing  assemblies, 
Automatic  operation  includes  mechanical  handling,  unbalance  readout,  unbalance  connec¬ 
tion  by  drilling  or  milling,  residual  unbalance  checkout,  acceptability  sorting,  and  dispatch 
conveyors.  Design  is  highly  customized  and  built  to  suit  specific  plant  requirements, 
Cycle  time  Is  commonly  10  to  20  s,  depending  on  size,  (Courtesy  or  Schenck  Trebel 
Corporation.) 
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(a)  Residual  unbalance  measur* 
ing  stand.  The  rotor  Is  spun  up 
to  speed  on  drive  rollers.  The 
transducers  (foreground)  mea¬ 
sure  the  residual  unbalance 
force.  Tho  transporter  hooks 
are  shown  above  the  rotor. 


(b)  Unbalance  correction  by 
metal  removal.  The  crankshaft 
Is  In  a  transporter,  about  to  be 
lowered  for  clamping,  indexing, 
and  drilling,  all  automatically 
controlled.  The  two  drill  stems 
are  shown  in  the  foreground. 
Pneumatic  clamping  is  used. 
(Courtesy  of  Schenck  Trebel 
Corporation.) 


Pig.  3.35.  Details  of  automatic  crankshaft-bslsnclng  facility 
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does  not  ensure  a  perfect  final  balance  correction,  but  It  greatly  reduces 
the  amount  of  metal  removal  necessary  in  the  second  step.  Pinal 
machining  is  undertaken  at  the  end  of  the  production  sequence. 
Although  automated,  it  is  really  a  trim-balancing  operation,  which  is 
made  necessary  by  the  machining  of  journals. 

Not  all  crankshaft-balancing  machines  are  fully  automatic,  The  de¬ 
gree  of  automation  depends  on  many  factors,  including  production 
volume  requirements.  Some  machines  are  semiautomatic,  with  the 
operator  setting  the  indicated  amount  of  acceptable  residual  unbalance 
on  the  data  input  panel;  the  subsequent  drilling  operations  are  then  car¬ 
ried  out  automatically  by  the  machine.  Other  automatic  and  semiau¬ 
tomatic  balancing  machines  are  used  for  balancing  clutch  housings, 
brake  drums,  clutch-crankshaft  assemblies,  wheel-tire  assemblies, 
universal  drive  shafts,  fan  assemblies,  and  so  on. 

When  a  number  of  balanced  components  .are  assembled,  the  as¬ 
sembly  so  formed  frequently  requires  trim  balancing  to  eliminate  the 
effects  of  component-mounting  eccentricity.  An  example  of  assembly 
balancing  is  the  special  machine  shown  in  Pig.  3.11,  which  has  been 
developed  for  the  final  balancing  of  complete  engine  assemblies.  This 
machine  provides  a  final  trim  balance  for  a  total  rotating  assembly  in  its 
own  bearings  and  casing.  In  the  machine  shown  in  Fig.  3.11,  the  final 
balance  is  achieved  by  correcting  on  the  fan  pulley  and  on  the  flywheel. 

Another  example  of  an  automated  balancing  facility  is  a  four- 
station  fully  automatic  machine  for  dynamically  balancing  the  rotors  of 
drive  motors  for  high-fidelity  sound-reproduction  machines.  This 
balancing  machine  is  stated  to  be  capable  of  checking,  correcting,  and 
grading  180  rotors  per  hour  to  eccentricities  of  0,00008  in.  from  the  ro¬ 
tational  axis,  for  displacements  in  two  planes.  It  is  a  second-stage 
machine  that  accepts  roiors  that  have  been  previously  rough-balanced. 
There  are  four  operations  in  the  cycle:  the  first  measures  the  initial  un¬ 
balance,  the  second  makes  the  required  corrections  in  both  planes,  the 
third  checks  whether  the  rotor  should  be  accepted  or  rejected,  and  the 
fourth  directs  the  rotor  to  "accepted"  or  "rejected"  conveyors,  All 
operations  are  continuous  and  automatic. 

During  the  preceding  rough  balancing  operation,  the  rotors  are  bal¬ 
anced  at  one  end  only  by  cutting  a  slot  in  the  periphery.  In  the  fully 
automatic  machine,  this  slot  is  used  as  the  reference  point.  Rotors  are 
loaded  by  the  operator  into  the  feed  hopper,  from  which  a  transfer 
mechanism  takes  them  to  the  balancer  cradle.  A  field  coil  in  the  cradle 
is  then  energized,  causing  the  rotor  to  revolve  at  its  rated  speed.  A 
photocell  uses  the  slot  as  the  reference  point  and  vibration  pickups 
determine  the  position  and  magnitude  of  the  existing  unbalance  in  the 
usual  manner. 
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Measuring  takes  about  20  s,  and  the  rotor  is  then  transferred  to 
the  unbalance  correcting  stand.  Again  the  end  slot  is  used  as  a  refer¬ 
ence.  A  dog  key  is  then  inserted  to  lock  the  rotor  in  position  for  dril¬ 
ling.  There  are  two  drillheads,  one  facing  each  end  of  the  armature, 
and  both  are  carried  on  faceplates.  The  control  system  rotates  the 
faceplates  to  bring  the  drills  into  the  correct  position,  and  they  are  in¬ 
dexed  in  until  a  pressure  switch  starts  the  drilling.  The  depth  drilled  is 
regulated  by  the  control  system  or  by  a  safety  stop  that  prevents  the 
drills  breaking  through  the  rotor  end  plate.  Drilling  is  carried  out  dry, 
with  air  jets  used  for  debris  extraction  and  cooling. 

The  check  measuring  station  is  similar  to  the  original  measuring 
station  and  uses  the  same  instruments.  After  the  check  measurement, 
the  rotor  is  accepted  or  rejected  for  reprocessing  in  a  quality  grading 
station,  as  in  the  crankshaft  selection  process  described  earlier.  A  simi¬ 
lar  series  of  operations  is  used  with  automatic  electric  motor  armature 
balancing  machines  such  as  that  shown  in  Fig.  3.36,  Armature  balanc¬ 
ing  cycle  time  may  range  from  1  to  8  s,  depending  on  size,  volume,  and 
degree  of  automation. 

Mass-Centering  Machine  for  Communication  Satellites 

Most  communication  satellites  rotate  about  their  principal  axis  of 
inertia  when  in  orbit.  Although  satellites  have  no  bearings  supports, 
they  function  as  rotors  while  in  orbit.  The  exterior  surface  of  a 
communication  satellite  should  rotate  concentrically  with  its  principal 
axis  of  inertia;  this  minimizes  errors  in  signal  transmission  due  to 
eccentric  runout  of  the  exterior  surface. 

A  special  balancing  machine  for  mass  centering  of  satellites  is 
shown  in  Fig.  3.37.  The  rotor  shown  is  to  be  balanced  as  u  rigid  body. 
The  outer  surface  can  be  made  concentric  with  the  vertical  (principal) 
axis  of  inertia  by  balancing  the  rotor  in  two  planes.  This  adjusts  the 
position  of  the  mass  center  and  the  principal  axis  of  Inertia  as  follows: 
The  rotor  outer  surface  is  first  made  concentric  with  the  axis  of  rotation 
of  the  balancing  machine.  The  balancer  table  rotates  about  its  vertical 
axis.  The  rotating  table  is  perfectly  balanced,  and  it  spins  in  high- 
pressure  hydrostatic  oil-film  bearings  for  minimum  friction  and  precise 
position  control  in  the  horizontal  plane.  Its  support  structure  is  flexibly 
mounted  to  permit  small  lateral  motions  U\  and  small  tilt  motions  £/2, 
as  shown  in  Fig.  3.38.  Any  centrifugal  force  arising  from  eccentricity  of 
the  c.g.  of  the  satellite  about  the  table’s  axis  of  rotation  is  then  sensed 
by  transducers  at  A  and  B,  The  unbalance  forces  /’[  and  F2  are  then 
measured.  The  force  readings  at  the  transducers  are  related  to  the 
balance-plane  corrections  as  follows: 
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U\  -  t\  +  F2 
v2„Fi<l±±  +  F%k 

c  c 

Forces  U\  and  U2  are  complex  quantities,  as  are  the  unbalance  forces 
Fi  and  ^2-  The  signal  of  the  horizontal  transducer  is  proportional  to 
the  centrifugal  force  directly;  the  signal  of  the  vertical  transducer  is  pro¬ 
portional  to  the  moment,  or  couple.  The  satellite  rotor  may  therefore 
be  balanced  da  a  rigid'  body.,  using  the  customary  equipment  and, princi¬ 
ples  for  plane  reparation  and  wattmeter  filtering  as  described  previously. 

Suitable  analog,  circuits  for  processing  the  incorrting  signals  and  for 
defining  the  required  correction  weights  are  part  of  the  satellite  balancer 
unit  shown,  in  Fig.  3.38.  Direct  one-stOP  balancing  can  also  be  per¬ 
formed  with  this  equipment  by  specifying  the  dimensions 
a,  b,  c,  r i,  t2,  as  described  previously  for  hard-bearing  balancing 
machines.  1  . 


Fig.  3.36.  Automatic  balancing  machine  for  electric 
rotor  armatures.  (Courtesy  of  Schenck  Trebel  Cor¬ 
poration.) 
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Fig.  3.37.  Vertical  satellite-balancing  machine.  The  satellite  Is  mounted  on  top  of  the 
balancer.  Readout  transducers  are  shown  on  the  lower  portion  or  the  ba'ancer.  A 
wattmeter  vector-scale  consolo  is  shown  to  one  side.  In  the  foreground  Is  the  high- 
pressure  lubrication  system  for  the  bearings.  (Courtesy  of  Schenck  Trebel  Corporation.) 


Fig.  3.38.  Satellite  balancer  proportions  for  automated  dial-in  mass  centering. 
(Courtesy  of  Schenck  Trebel  Corporation.) 
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Rotor  weights  from  leso  than  10  lb  up  to  3000  lb  can  be  accommo¬ 
dated  in  existing  satellite  balancing  machines.  Balancing  speeds  of  up 
to  500  rpm  ate  available,  usually  in  three  speed  ranges.  Satellites  are 
mounted  on  the  spin-table  surface  plate  either  directly  or  with  the  aid 
of  special  lightweight  clamps  (which  must  be  arranged  very  accurately 
to  avoid  introducing  additional  unbalance);  Great  care  must  be  taken 
to  mount  the  rotor  square  and  concentric  with  the  spin  axis  or  to  keep 
it  from  becoming  tilted  at  some  small  angle.  Care  must  also  be  paid  to 
minimizing  thermal  distortions  and  to  the  effect  of  uneven  tightening 
of  bolts  when  setting  up,  This  also  induces  unwanted  tilting  of  the 
rotor. 

Staedelbauer  [6]  attributes  substantial  improvements  in  the  mass¬ 
centering  capability  of  such  units  to  the  introduction  of  high-stiffness 
radial  hydrostatic  oil-film  bearings.  Early  satellite  balancers  used 
rolling-element  bearings,  which  proved  to  be  the  limiting  factor  in 
detecting  and  measuring  very  low  levels  of  unbalance  at  low  satellite 
spin  rates.  Noise  signals  from  metal-to-metai  rubbing  and  sliding  con¬ 
tacts  within  the  rolling-element  bearings  were  sometimes  three  orders 
of  magnitude  greater  than  the  unbalance  signal  itself.  This  produced 
significantly  inaccurate  unbalance  readings  and  also  erratic  balance 
correction  readings.  Though  much  of  the  problem  could  be  minimized 
by  employing  efficient  filtering  circuits,  the  introduction  of  hydrostatic 
bearings  eliminated  such  contacts  entirely.  The  higher  radial  stiffness 
properties  of  tire  pressurized  bearings  also  provide  improved  table  con¬ 
centricity  during  operation.  High  amplification  of  a  very  clean  unbal¬ 
ance  signal  is  then  possible.  Superior  satellite  balance  quality  has  been 
achieved  in  this  manner. 

A  remote  drive-control  console  is  also  shown  in  Fig.  3.37;  it 
houses  the  drive-control  hydraulic  unit  and  the  direct-readout  balance 
equipment.  Drive  controls  include  variable  accelerating  and  decelerat¬ 
ing  torque  controls,  a  spin-rate  preselector,  and  an  analog  or  digital 
tachometer. 

3.6  Development  of  Balancing  Machines 

Early  balancing  began  with  runout  marking  of  rotors  in  low-speed 
machines.  Resonant  magnification  of  the  unbalance  runout  during 
coastdown  was  also  used  to  improve  the  sensitivity  of  rotor-unbalance 
measurements.  No  electronic  readout  capabilities  existed  before  1930, 
although  devices  for  mechanically  amplifying  the  dynamic  response 
were  available  before  then. 

Electrical  readout  and  measurement  began  to  replace  mechanical 
measurement  between  1930  and  1950.  Electronic  procedures  were  also 
developed  to  replace  plane  separation,  which  initially  had  been 
developed  as  a  mechanical  procedure.  The  need  for  resonant 
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magnification  became  less  important  as  better  signal-detection  and 
electrical  amplification  devices  were  developed  and  with  the  introduc¬ 
tion  of  wattmeter  filtering.  Phase-angle  measurement  developed  from  a 
hand  procedure,  through  the  stroboscope  method,  to  a  direct  signal- 
comparison  procedure.  The  electronics  of  two-plane  balancers  now 
allows  direct  and  automatic  readout  of  the  unbalance  vector  in  the 
selected  correction  planes  as  an  automated  dial-in  procedure.  This  sec¬ 
tion  reviews  the  development  of  several  important  early  balancing 
machines. 

Martinson  Machine 

The  first  known  balancing  machine  was  patented  by  Martinson  [7] 
in  1870  (Fig.  3.39).  It  was  soft-support  machine,  suitable  for  balancing 
rigid  rotors  such  as  cast-iron  pulleys,  which  were  mounted  on  mandrels 
for  the  balance  operation.  The  rotor  journals  were  mounted  in  blocks 
containing  bearing  supports  (possibly  wooden).  These  bearing  blocks 
were  supported  by  a  pair  of  horizontal  and  vertical  springs  at  both  ends. 
The  rotor  to  be  balanced  was  driven  via  a  double-universal  drive  shaft, 
from  a  supported  belt  pulley,  which  presumably  was  driven  from  an 
overhead  line  shaft. 

Initial  rotor  balancing  appears  to  have  been  conducted  in  this 
balancer  at  a  low  speed  to  remove  gross  unbalance  effects  such  as  cast¬ 
ing  eccentricities.  A  double-pulley  drive  arrangement  would  have  been 
employed  to  jog  the  rotor  up  to  speed.  For  trim  balancing,  the  rotor 
would  have  been  run  at  a  higher  speed,  probably  above  the  rotor- 
support  critical  speed,  for  resonant  amplification  of  the  uncorrected 
unbalance. 

Trial-and-error  marking  with  chalk  appears  to  have  been  used  to 
identify  high  spots.  The  soft  supports  provided  useful  response 
magnification,  but  large  response  amplitudes  in  both  directions  (vertical 
and  horizontal)  would  have  been  a  disadvantage  (one-directional  move¬ 
ment  is  more  convenient).  This  machine  made  rotor  balancing  a  new 
aspect  of  machine  operation.  It  is  not  known  whether  any  Martinson 
machines  are  in  existence  today. 

Lawaczeck  Machine 

The  Lawaezeck  balancer  [8,91  shown  in  Fig.  3.40  was  developed  in 
1908.  It  was  a  vertical  belt-driven  machine,  in  which  the  upper  journal 
was  firmly  restrained  against  lateral  movement.  The  lower  journal  was 
flexibly  supported  to  allow  observation  of  the  effect  of  unbalance,  as  in 
the  Martinson  machine.  Again,  only  one  end  of  the  rotor  at  a  time 
could  be  balanced.  The  belt  drive  was  adjacent  to  the  flexible  support. 
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UPPER 


ROTOR  TO 
BE  BALANCED 


DRIVE 

PULLEY 


Fig.  3.40.  Lawaczeclc  balancing  machine,  vertical  design  built  in  1908. 

The  lower  bearing  is  flexibly  supported  in  the  radial  direction,  with  an 
overhung  drive  pulley  (after  Dlhrberg  [9]). 

It  is  not  evident  from  Fig.  3.40  how  correction  weights  were 
attached  to  the  rotor,  though  the  correction  planes  are  shown.  Presum¬ 
ably  the  upper  casing  had  access  ports.  The  machine  appears  to  have 
been  operated  much  like  Martinson’s  machine.  The  rotor  was  balanced 
first  at  one  end  and  then  the  other,  which  required  that  the  rotor  be 
removed  and  replaced.  The  overhung  pulley  may  have  affected  the 
dynamic  response  of  the  machine, 

Heymann  Machine 

The  need  to  reinstall  the  rotor  after  balancing  one  plane  was  over¬ 
come  with  the  Heymann  [10]  "double-pendulum"  machine  (Fig,  3.41) 
developed  in  1916.  Only  motions  in  the  horizontal  direction  are  per¬ 
mitted  with  this  machine.  The  bearings  of  the  rotor  to  be  balanced  are 
mounted  in  a  pair  of  horizontal  soft  supports.  This  balancer  was  a 
refinement  of  the  Martinson  balancer  in  which  the  unnecessary  vertical 
support  motions  were  eliminated. 

Lawaczeck-Heymann  Machine 

The  ideas  of  Lawaczeck  and  Heymann  were  combined  Into  a  single 
machine  around  1918.  This  machine  allows  only  horizontal  motions  of 
the  supports.  During  balancing,  one  end  of  the  rotor  is  free  to  move  in 
the  horizontal  direction,  but  the  other  end  is  restrained  with  a  clamping 
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(■)  Rotor  in  end  bearing 


LOCKED 


(c)  Bearing  block  restrained  by  clamping  bar 


Fig.  3.41,  Principle  of  the  Heymann  machine,  This  machine  was  the  Arst  device 
with  the  ability  of  independently  lock  and  release  either  bearing  block.  This  avoids 
the  necessity  of  removing  the  rotor  and  changing  the  rotor  ends  in  their  supports. 


bar  as  shown  in  Fig.  3,42.  When  the  free  end  has  been  balanced,  it  is 
secured  against  movement  with  a  clamping  bar  and  the  other  end  is 
released  for  balancing.  Soft  supports  are  used,  and  there  is  no  mention 
of  any  special  instrumentation  to  measure  rotor  runout,  Trial-and-error 
balancing  was  presumably  the  method  of  operation. 


Akimoff  Machine 

In  1916,  Akimoff  Ill]  described  the  novel  null-balancing  machine 
shown  in  Fig.  3.43,  it  consists  of  a  rigid  foundation  member  (similar  to 
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Fig.  3.42.  Principle  oF  Lawaczcck-Heymann  balancing  machine.  The  rotor  ia 
balanced  first  with  end  A  clamped  and  end  B  free  to  move  horizontally,  and 
then  end  B  clamped  and  end  A  Free  to  move  horizontally. 
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(a)  Principle  of  Akimoif  balancer 


(b)  Details  of  balancing  rotor  with  rod*  displaced 


Fig.  3.43.  Details  or  AkitnolT  balancer  (eASME  1918;  used 
with  permission  [II]) 

a  lathe  bed),  hinged  at  one  end  and  spring-supported  at  the  other  end. 
The  rotor  to  be  balanced  is  mounted  in  bearings  or  as  a  machine  assem¬ 
bly  to  the  upper  surface  of  the  bedplate.  A  second  rotor,  forming  part 
of  the  balancer,  is  attached  beneath  the  foundation.  The  second  rotor 
consists  of  a  set  of  sliding  metal  rods,  each  of  known  weight  and  size, 
supported  in  two  end  plates.  The  drive  for  both  rotors  is  supplied  by  a 
common  motor. 

Initially,  the  balancing  rotor  has  all  Its  rods  aligned  in  a  uniform 
position  (no  overhangs),  and  as  such  it  is  in  a  balanced  condition  for 
both  forces  and  moments.  When  both  rotors  are  driven,  any  unbalance 
transmitted  to  the  foundation  must  then  be  coming  from  the  rotor  to 
be  balanced.  The  magnitude  and  location  of  this  unbalance  can  be 
found  by  adjusting  the  relative  axial  position  of  the  rods  in  the  cage  to 
generate  a  countermoment,  so  that  the  unbalance  effect  of  the  top  rotor 
is  cancelled.  This  occurs  when  zero  foundation  motion  is  observed  at 
the  spring  support. 

When  a  null  condition  has  been  achieved,  the  location  (plane)  of 
the  required  balance  correction  is  found  from  the  relative  movement  of 
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the  rods  required  to  achieve  the  balance  condition.  The  magnitude  of 
the  balance  couple  is  also  obtained  from  the  relative  movement  of  the 
rods.  Akimoff  recommended  choosing  the  foundation  spring  stiffness 
so  that  resonant  magnification  of  the  structure  response  could  be 
achieved  by  running  close  to  the  natural  frequency  of  the  system.  The 
maximum  operating  speed  of  the  cage  is  400  rpm. 

The  Akimoff  machine  is  a  low-speed  dynamic  balancer  suited  to 
removing  unbalance  couples  from  rotors,  armatures,  and  crankshafts 
that  have  previously  been  statically  balanced  on  knife  edges,  Akimoff 
subsequently  developed  an  addition  that  could  accommodate  static 
balancing  also. 

Soderberg  Balancing  Machine 

Soderberg  [12]  recognized  the  need  for  plane  separation  and  incor¬ 
porated  this  feature  into  his  machine  (Pig.  3.44)  to  reduce  the  end-by¬ 
end  iteration  sequence.  The  Soderberg  machine  consists  of  an  unbal¬ 
anced  rotor  in  bearing  supports  that  are  mounted  on  a  bedplate.  This 
bedplate  is  mounted  on  a  movable  fulcrum  and  end  spring  supports. 
Under  unbalance  excitation,  the  structure  pivots  about  the  fulcrum. 
The  spring  is  tuned  to  provide  structurally  resonant  properties  for  signal 
magnification.  The  fulcrum  roller  can  be  moved  along  the  machine  bed 
as  needed  to  any  suitable  location  beneath  a  balancing  plane  of  the 
rotor.  This  sets  the  pivot  point  at  the  balancing  plane  rather  than  at  the 
bearing  and  thus  eliminates  any  unwanted  moment  about  the  balance 
plane  due  to  support  forces.  A  rigid  rotor  can  be  corrected  in  the 
required  balance  plane,  with  the  fulcrum  beneath  the  other  balance 
plane.  This  achieves  a  complete  force  and  moment  balance  in  two 
steps,  without  the  need  for  further  iteration.  With  its  mechanical 
plane-separation  feature,  the  Soderberg  machine  thus  had  an  advantage 
over  the  Lawaczeck-Heymatm  machines  untlil  plane-separation  features 
were  developed  for  these  machines.  This  was  done  mechanically  by  E. 
L.  Thearle  in  1934  and  electronically  by  J.  G.  Baker  and  F.  Rushing  in 
1937.  For  a  discussion  of  these  patents  see  the  following  section. 

Earlier  versions  of  the  Soderberg  machine  were  limited  by  having 
the  balancing  planes  high  above  the  fulcrum.  This  impaired  the  accu¬ 
racy  of  observation.  Later  versions  overcame  this  problem,  but  still 
there  was  no  direct  means  for  accurate  measurement  of  unbalance 
amplitude  and  phase.  Soderberg  [12]  described  several  procedures  for 
making  such  measurements,  the  most  successful  using  a  thin  steel  reed 
that  could  be  tuned  to  indicate  vibratory  amplitudes  at  operating  speed. 
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(b)  End  view 


Fig.  3.44,  Soderberg  movable-fulcrum  balancing  machine 
(®ASME  1923;  uaed  with  permission  [12]) 
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(c)  Principle  of  Soderberg  machine 


Fig.  3.44.  (Cont'd)  Soderberg  movabie-rulcrum  balancing  machine 
(®ASME  1923;  used  with  permission  (121) 


Thenrle  Three-Ball  Balancer 

Thearle  [13]  mathematically  analyzed  the  motion  of  a  rigid  rotor  in 
two  supports;  one  support  restrains  the  motion  laterally,  and  the  other 
is  flexibly  supported  in  both  lateral  directions  (Fig.  3,45b).  Observing 
that  the  heavy  side  of  the  rotor  would  run  out  below  the  critical  speed 
and  run  in  above  the  critical  speed,  Thearle  proposed  a  mass-balancing 
device  that  could  be  attached  to  the  rotor  during  balancing  and  would 
allow  the  amount  of  rotor  balance  required  to  be  determined  automati¬ 
cally.  Thearle’s  balancing  head  (Fig.  3.45a)  is  mounted  rigidly  on  the 
end  of  the  rotor  shaft.  Pressed  into  the  head  is  a  hardened  and  ground 
race  groove  in  which  two  sizable  steel  balls  of  equal  size  are  free  to 
move  during  operation.  When  not  in  use,  the  balls  are  clamped  180° 
by  a  conical  restraining  clutch  that  is  mounted  on  the  center  shaft  and 
held  against  the  bails  by  a  clamping  spring.  The  clutch  is  released  by 
finger  pressure  on  the  end  button.  When  freed,  the  balls  assume  a  pre¬ 
ferred  position  within  the  race  during  operation.  At  speeds  above  the 
critical,  the  balls  assume  an  angular  position  that  tends  to  balance  the 
rotor. 

The  means  by  which  balls  balance  a  rotor  automatically  ate  as  fol¬ 
lows:  Assume  that  the  balancing  head  is  mounted  at  the  flexibly  sup¬ 
ported  end  of  the  unbalanced  rotor  shown  in  Fig.  3.45b.  By  freeing  the 
balls  at  any  speed  of  rotation,  an  additional  rotating  force  is  introduced. 
This  force  is  located  in  the  plane  of  the  balancing  head,  and  its  magni¬ 
tude  varies  from  zero  when  the  balls  are  diametrically  opposed  to  the 
full  unbalance  force  of  the  head  when  the  balls  are  in  contact.  When 
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(a)  Thearlc  three-ball  balancing  head 


8  C 


(b)  Balancing  head  on  right  end  of  rotor 

B  C 


(o)  Bouncing  head  on  left  end  of  rotor 

Fig.  145.  Details  of  the  1  hourle  bulancln;*  head 
(flAdME  I93i,  used  wiih  pormisdon  M3l) 
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the  rotor  is  pivoted  at  the  left  support  L,  the  effect  of  any  unbalance 
(Fig.  3.45b)  on  the  system  will  be  proportional  to  the  unbalance  WR 
and  its  moment  arm  L.  When  the  rotor  is  running  above  the  critical 
speed  and  the  clutch  is  depressed,  the  balls  thus  freed  will  automatically 
assume  positions  that  tend  to  suppress  the  unbalance  whirling  of  the 
rotor  in  its  supports.  For  this  to  occur,  the  moment  of  unbalance  intro* 
duced  by  the  balls  must  be  equal  and  opposite  to  the  unbalance 
moment  of  the  rotor.  Furthermore,  the  bisecting  line  between  the 
angle  of  the  balls  indicates  the  angular  location  of  the  rotor  unbalance. 

The  balancing  head  is  to  be  used  at  either  end  of  the  rotor  in  turn, 
to  balance  out  either  end  component  of  the  rotor  unbalance.  Some 
iterations  may  be  necessary,  as  the  rotor  is  not  supported  in  its  correc¬ 
tion  planes.  For  this,  Thearle  balancers  on  both  end  of  the  rotor  would 
be  helpful.  A  further  calculation  is  necessary  to  determine  the  magni¬ 
tude  of  the  balance  weights  required  at  each  correction  plane.  The 
balancers  are  removed  when  rotor  balance  in  the  correction  planes  has 
been  achieved. 

The  Thearle  balancing  method  was  a  novel  procedure  in  its  day. 
Its  disadvantages  were  the  inconvenient  end-by-end  procedure,  the 
additional  unbalance  calculation  requirement,  and  the  need  for  plane- 
separation  calculations.  Den  Hartog  I14J  has  discussed  Thearle’s 
apparatus  and  has  also  mentioned  a  similar  apparatus  used  to  balance 
automatic  washing  machines  during  their  spin  cycle.  Ormondroyd  [15] 
in  discussing  Thearle’s  paper  draws  attention  to  the  LeBlanc  (1913) 
automatic  mercury  balancer,  which  is  also  described  by  Stodola  [16]. 
Olsen  [17],  in  another  discussion  of  Thearle’s  paper,  describes  a  device 
by  Sellars  (1904)  consisting  of  several  balancing  rings;  it  appears  to  be 
identical  with  the  washing-machine  patent  described  by  Den  Hartog 
(see  also  comments  on  page  182,  on  the  centrifuge  balancing  patent  by 
Adams). 


3.7  Selected  Patents  on  Balancing  Machines  and  Equipment 

This  section  contains  details  and  illustrations  from  selected  D.S. 
balancing  patent  documents.  Important  patents  on  balancing  machines, 
balancing  equipment,  and  special  devices  are  reviewed.  The  list  con¬ 
tains  many  important  patents  but  does  not  attempt  to  be  all-inclusive. 
No  reference  is  made  to  foreign  patent  literature.  The  name  of  the 
inventor  is  followed  by  the  year  of  patent  application.  Table  3.3 
classifies  a  number  of  patents  by  specific  area. 


181 


t 


\ 


i 


BALANCING  MACHINES  AND  FACILITIES 


Table  3.3.  Classification  of  balancing  patents 


Subject 

Inventor 

U.S.  Patent  No. 

Turbine 

LeBlanc 

1,209,730 

balancing 

Rathbone 

1,704,341 

Linn 

1,776,125 

Greentree 

2,078,796 

Meredith 

2,442,308 

Frank 

2,622,437 

Sjoatrand 

2,731,887 

McCoy 

2,823,544 

■Samael 

2,828,626 

Reud 

2,842,966 

Wright 

2,879,470 

General  rigid- 

Huff 

2,057,778 

rotor  balancing 

Slversen 

2,116,221 

Buckingham 

2,140,398 

Exter 

2,210,285 

Baker 

2,235,393 

Salts 

2,327,608 

Kent 

2,405,430 

Lindenberg 

2,547,764 

Kolhagen 

2,554,033 

Aden 

2,737,813 

Swearingen 

2,740,298 

Wright 

2,861,455 

Donaldson 

2,878,677 

Frank 

2,899,827 

Automobile 

Morse 

2,176,269 

wheeli 

Hanson 

2,177,252 

Hunter 

2,341,444 

Martin 

2,553,058 

Kiebert 

2,718,781 

Ringerling 

2,722,829 

Hemmeter 

2,779,196 

Palmer 

2,816,446 

Twlford 

2,902,862 

General 

Hanson 

1,603,076 

rotating 

Adams 

1,952,574 

machinery 

Hem 

2,186,574 

Bradbury 

2,238,989 

Sharpe 

2,377,045 

Kahn 

2,534,268 

Rensselaer 

2,772,465 

Phelps 

2,915,901 

wniwum 
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H,  Martinson  (1870).  U.S.  Patent  110,259,  December  20.  1870 

Soft-support  balancing  machine  (Fig,  3.39)  for  rigid  rotors.  The 
rotor  to  be  balanced  is  mounted  in  two  end  bearings  supported  by 
springs  in  the  horizontal  and  vertical  directions,  The  drive  pulley  is 
connected  to  the  workpiece  by  a  universal  drive  shaft.  This  allows  the 
driven  end  of  the  workpiece  to  move  laterally.  The  procedure  involves 
trial-and-error  balancing,  using  a  marker  (chalk)  to  locate  the  angular 
position  of  the  maximum  runout  in  each  correction  plane,  in  turn. 


M.  LeBlanc  (1912).  U.S.  Patent  1.209.730.  December  26,  1916 

A  balancing  device  by  which  the  rotor  is  balanced  semiautomati- 
cally.  Tubes  of  mercury  encased  in  resin  are  installed  around  the 
unbalanced  rotor  circumference.  The  rotor  in  its  supports  is  brought  to 
speed,  and  external  heat  is  applied  to  molt  the  resin.  The  released  mer¬ 


cury  then  flows  automatically  to  a  new  position  that  balances  the  rotor. 
As  the  resin  cools,  the  mercury  is  secured  in  the  new  position.* 


A.H.  Adams  (1928).  U.S.  Patent  1.952,574,  March  27.  1934 

A  self-balancing  device  for  use  with  centrifuge  equipment  (Fig. 
3.46).  The  centrifuge  bowl  is  supported  on  a  vertical  spindle.  An 
annular  tube  surrounds  the  bowl,  containing  a  quantity  of  heavy 
flowable  material  (e.g.,  mercury,  steel  balls).  When  the  centrifuge  runs 
above  its  critical  speed,  the  material  causes  the  bowl  to  be  self¬ 
balancing 


T.C.  Rathbone  (1924)  .  U.S.  Patent  1.704.341.  March  5.  1929 

Field  balancing  machine.  A  pendulum  device  mounted  on  a  bear¬ 
ing  pedestal  is  caused  to  vibrate  by  unbalance  forces  transmitted  from 
the  rotor,  The  pendulum  motion  closes  a  contact  pnee  per  period  to 
trigger  a  flashing  lamp.  Two  trial  masses  are  placed  on  the  rotor,  and 
the  location  of  the  unbalance  plane  and  its  phase  are  measured  in  the 
usual  manner.  This  allows  the  location  of  the  original  unbalance  to  be 
determined.  The  pendulum  functions  as  a  timing  device  for  the  lamp, 
and  the  timing  indicates  the  angular  location  of  maximum  transmitted 
pedestal  force.  The  rotor  is  balanced  by  trial  and  error. 


Stroboscope  testing  apparatus,  suitable  for  observing  rapidly  rotat¬ 
ing  objects.  No  direct  application  to  balancing  is  mentioned  in  this 

*Den  Marios  (141  und  Thearle  (131  have  boih  commented  on  the  LeBlanc  balancer,  giv¬ 
ing  reasons  why  it  will  not  work  with  mercury  but  will  work  with  solid  balls. 
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early  stroboscope  patent,  and  no  reference  is  made  to  previous  strobo¬ 
scope  patents  or  concepts.  A  circuit  diagram  is  given  with  full  working 
explanation.  "Grid-glow  *  discharge  tubes  are  incorporated*. 

S,S.  Huff  (1932).  U.S.  Patent  2.057.778.  October  20.  1936 

Crankshaft  balancing  machine.  This  is  a  mechanical  device  that 
determines  the  amount  and  angular  location  of  material  to  be  removed 
from  the  ends  of  the  shaft  to  achieve  balance.  No  direct  measurement 
of  unbalance  magnitude  is  made.  No  electronic  circuits  or  direct  plane 
separation  are  specified. 

L.&  Swedlund  (193S).  U.S,  Patent  2.092.096.  September  7,  1937 

Strobe  actuator  circuit.  Standard  balancing  practice  is  for  pickups 
to  generate  an  electric  signal  from  transmitted  rotor  motions.  How¬ 
ever,  such  a  signal  voltage  is  variable:  it  depends  on  the  unbalance 
magnitude  and  its  distribution  and  on  the  rotational  speed.  For  improv¬ 
ing  the  strobe  operation,  a  constant  ac  voltage  is  preferred.  The 
patented  circuit  amplifies  and  conditions  the  pickup  signal  and  gives 
improved  strobe  functioning  by  providing  a  strong,  rapid-decay 
waveform. 


J.  Sivertsen  (1938),  U.S.  Patent  2,116,221.  May  3.  1938 

A  device  for  determining  the  angular  location  of  unbalance.  A 
rotating  permanent  magnet  set  in  a  stationary  housing  with  alternating 
magnets  gives  the  unbalance  angle.  The  principle  involved  appears 
very  similar  to  Thearle’s  (1936)  patent,  though  the  configuration  is 
diffennt. 


E.L.  Thearle  (1936).  U.S.  Patent  2.131.602.  September  27.  1938 

Soft-support  balancing  machine  (Fig.  3.45).  A  bell  drive  rotates  a 
rigid  rotor  in  end  bearings  mounted  on  flexible  supports.  The  location 
and  magnitude  of  the  rotor  unbalance  are  determined  by  an  adjustable 
mechanical  device  that  identifies  the  axial  nodal  points  of  the  rotor 
whirl  motion,  The  device  requires  calibration  with  a  balanced  rotor. 
Unbalance  magnitudes  are  found  by  comparing  the  uncalibrated  rotor 
response  with  the  calibrated  rotor  response.  Data  are  obtained  with 
inductance  probes.  Synchronous  voltage  is  fed  into  a  null  circuit  with 


•Rathbone's  (1929)  patent  describes  the  principles  needed  for  stroboscopic  illumination 
but  contnins  no  significant  circuit  details  for  manufacturing  such  an  illumination  device. 
Knowles  patent,  applies  for  one  year  later,  appears  to  describe  a  true  stroboscopic  device. 
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inductance  current  for  phase-angle  measurement.  This  invention  con¬ 
tains  early  versions  of  several  features  that  are  now  standard  in  modern 
balancing  machines  and  circuitry:  a  plane-separation  circuit,  wattmeter 
filtering,  and  phase-angle  circuitry. 

J.G.  Baker  and  F.  Rushing  (1935).  U.S.  Patent  2.165.034.  July  4.  1939 
High-speed  balancing  equipment  (Fig.  3.47).  The  two-plane 
balancing  procedure  includes  plane  separation.  The  magnitude  and 
phase  of  unbalance  are  determined  electrically  without  additional 
mechanical  devices.  The  end-by-end  restraint  sequence  of  earlier 
machines  (Lawaczeck-Heymann,  Soderberg,  etc.)  is  not  required.  Elec¬ 
tric  circuit  diagrams  are  given  for  plane  separation  and  a  stroboscopic 
means  of  phase-angle  measurement.  This  is  a  comprehensive  patent 
that  discusses  many  important  aspects  of  high-  and  low-speed  balancing. 

J.  Lundgren  (1937).  U.S.  Patent  2.228.011,  January  7,  1941 

Commutator  and  switch  mechanism  for  phase-angle  measurement. 
Amplifier  circuitry  for  triggering  strobes.  The  innovation  is  the  reduc¬ 
tion  of  the  rise  time  associated  with  the  current  reversal  that  triggers 
the  strobe. 

J.  Lundgren  (1939).  U.S.  Patent  2.289.200.  July  7.  1942 

Soft-support  balancing  machine  with  mechanical  means  for 
establishing  the  balance  clamping  pivot  location.  The  method  employs 
the  commutator  switch  circuitry  of  the  previous  patent.  The  balance 
point  is  locked  electrically.  A  null  circuit  is  used  to  determine  the  mag¬ 
nitude  of  unbalance. 

F.C.  Rushing  and  J.G.  Baker  (1937). 

U.S.  Patent  2.289.074.  July  7.  1942 

A  carriage-type  high-speed  balancing  machine.  This  device  elim¬ 
inates  the  need  for  a  carriage  pivot  point,  as  used  in  a  Soderberg-type 
machine.  The  pivot  elimination  is  accomplished  through  the  use  of  a 
mechanical  linkage  device.  The  patent  desribes  the  machine  and  link¬ 
age  construction.  Little  attention  is  paid  to  electronics. 

J.G.  Baker  (1939).  U.S.  Patent  2.315.578.  April  6.  1943 

Concepts  for  balancing  complicated  shafts  and  other  rotating 
members.  The  patent  describes  a  two-plane  crankshaft  balancing 
machine,  together  with  circuits  with  general  applicability  to  shaft 
balancing.  It  also  describes  electrical  circuits  suitable  for  the  determina¬ 
tion  of  unbalance  in  two  correction  planes.  Angular  positions  for  two 
balance  weights  per  balance  plane  are  deduced  by  the  circuits  designed 
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to  balance  the  rotating  body.  The  method  is  suited  for  crankshaft 
balancing  where  access  to  the  correction  plane  is  limited.  A  null 
method  is  used  to  obtain  unbalance  readings.  No  analytical  theory  is 
given,  but  there  is  an  extensive  discussion  of  the  complex  circuitry. 

S.G.  Svonsson  and  N.B,  Lanaefors  (1945), 

U.S.  Patent  2.500.013.  March  7.  1950 

Apparatus  for  determining  the  magnitudes  and  angular  dispositions 
of  unbalances  in  a  rotating  body.  A  standard  soft-support  system,  pick¬ 
ups,  and  voltage  generator  are  used.  Support  amplitude  pickups  are 
connected  in  series  with  each  other  and  with  a  current  meter.  The 
instrument  is  fed  with  the  vector  difference  of  the  pickup  currents. 
Improved  circuit  concepts  for  determining  unbalance  are  claimed. 

D.R.  Whitnev  (1944).  U.S.  Patent  2.551.480.  Mav  1.  1951 

Balancing  machine  with  electrical  readout.  A  response  signal  from 
bearing  transducers  is  projected  onto  a  ground-glass  screen  for  visual 
observation  of  unbalance  response  magnitude  and  phase  angle,  obtained 
with  reference  to  an  ac  generator  voltage  signal.  This  appears  to  be  the 
first  patent  for  a  screen  readout  device. 

K.  Federn  (1952).  U.S.  Patent  2.731,592.  January  17.  1956 

Device  for  the  photoelectric  generation  of  an  ac  signal  in  syn¬ 
chronism  with  the  rotation  of  a  body.  The  innovation  lies  in  the  accu¬ 
rate  generation  of  waveforms  for  use  in  determining  unbalance  phase 
angles. 

W,  Pischei  (1951).  U.S.  Patent  2,815.666.  December  10,  1957 

Machine  for  measuring  unbalance.  It  measures  forces  rather  than 
displacements  at  the  supports.  Plane  separation  is  incori  orated  through 
a  potential  divider  mechanism  that  is  part  of  the  machii 

D.V.  Wright  (1953).  U.S.  Patent  2.861.455.  November  25.  1958 

Refinement  for  wattmeter  balancing.  The  electrical  network 
includes  a  ring  demodulator  wattmeter.  The  circuit  is  similar  to  that 
proposed  in  the  Baker  and  Rushing  patent  (U.S.  Patent  No.  2,165,024). 
A  noncontacting  device  is  proposed  for  ac  voltage  generation  with  a 
wave-shaping  circuit. 

K.P,  Larch  (1957).  U.S.  Patent  2.937.613.  Mav  24.  1960 

Balancing  machine  that  removes  or  adds  material  to  balance  rotor 
during  rotation.  A  nozzle  ejects  weighting  material  that  adheres  to  the 
rotor  or  sandblasts  material  off  the  rotor.  Automatic  operating  controls 
are  provided  for  the  nozzles. 
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Nomenclature 

a  eccentricity  of  unbalance  from  rotor  axis 

a,  6,  c  shaft  distances  to  correction  weights 

F  centrifugal  force  due  to  unbalance 

p*’  §  components  of  unbalance  forces  in  rotating  coordinates 

*  y 

g  gravitational  acceleration 

L  distance  between  bearings 

D  D 

.  •£*’  iv  bearing  force  components  due  to  unbalance 

0*»  Sy 

u,  v  unbalance  components 

£/  unbalance,  Win 

FK  unbalance  weight 

au  influence  coefficients  /»  1  ...  4,  y  -  1  ...  4 

i),  {  rotating  coordinates 

a)  operating  frequency,  rad/s 
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CHAPTER  4 

LOW-SPEED  BALANCING 
4.1  Soft-Support  Machine  Procedures 
Typical  Soft-Support  Machine  System 


Soft-support  balancing  machines  are  designed  to  operate  above 
the  critical  speed  of  the  rotor  in  the  machine  supports.  Operation  in 
this  speed  range  eliminates  resonant  dynamic  effects  from  the  rotor 
response  and  makes  accurate  speed  control  a  less  important  operating 
variable.  A  typical  soft-support  shop  balancing  machine  (Fig.  3,5)  con¬ 
sists  of  two  support  pedestals  with  an  interconnecting  frame  structure,  a 
dc  motor  drive  with  a  lightweight  belt,  a  stroboscopic  flash  lamp  to 
identify  the  angular  location  of  the  shaft  maximum  runout,  and  a 
readout  console  with  a  means  for  determining  the  residual  unbalance 
force  at  the  readout  location,  e.g.,  rotor  supports. 

The  purpose  of  any  low-speed,  two-plane  balancing  machine  is  to 
provide  a  means  for  removing  the  effects  of  static  and  dynamic  unbal¬ 
ance  from  the  rotor  response.  For  such  a  procedure  to  be  effective— 
that  is,  for  the  corrected  rotor  to  run  within  acceptable  vibration 
limits— the  rotor  must  act  as  a  rigid  body  during  the  balancing  process. 
This  means  that  lateral  and  torsional  displacements  of  the  rotor  due  to 
such  effects  as  centrifuge’  forces,  bending  critical  speeds,  and  torsional 
critical  speeds  must  be  absent  or  insignificant  in  the  rotor  displace¬ 
ments.  Under  such  conditions  the  balancing  machines  and  balancing 
techniques  described  in  this  chapter  will  allow  a  rotor  to  be  balanced  so 
that  it  will  operate  smoothly  and  without  vibration  in  its  machine  sup¬ 
ports. 

ABC  Method 


The  simplest  commercial  balancing  procedure  presently  available 
is  the  Schenck  ABC  method,  in  which  the  rotor  dimensions  A,  B,  C, 
and  /?i  and  R2  are  dialed  into  the  instrument  console,  or  "vectormeter," 
as  shown  in  Fig.  3.28.  The  rotor  is  then  run  at  a  selected  balancing 
speed,  The  dials  of  the  vectormeter  will  indicate  the  magnitude  and 
location  of  the  correction  masses  required  in  the  two  correction  planes. 
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The  functioning  of  this  instrument  depends  on  efficient  filtering  of  all 
extraneous  signals  and  on  a  plane-separation  circuit  that  calculates  the 
size  of  the  required  balance  weights  from  transducer  signals  obtained 
from  the  rotor-support  planes.  The  ABC  method  does  not  require  the 
use  of  a  strobe  flash  lamp  to  identify  the  phase  location  of  the  unbal¬ 
ance,  and  it  overcomes  the  trial-and-error  procedure  of  adding  trial 
weights  to  the  rotor  to  determine  the  required  balance  weight.  The 
rotor  thereby  is  balanced  in  a  minimum  number  of  test  runs  (nominally 
in  two  runs),  which  is  of  importance  where  high- volume  balancing  of 
rotors  in  involved.  The  cost  of  such  sophisticated  equipment  is,  of 
course,  higher  than  that  of  simpler  methods,  such  as  the  stroboscope 
method. 

Stroboscope  Method 

For  shop  balancing,  the  stroboscope  method  requires  a  low-speed 
balancer  and  a  small  circumferential  strip  of  indicating  surface  situated 
at  some  axial  position  along  the  rotor.  A  row  of  numbers  1  through  12 
is  commonly  written  around  the  indicating  circumference,  or  a  short  flat 
black  non-reflecting  strip  may  be  used  as  an  angular  marker.  The  pho¬ 
tocell  is  positioned  vertically  above  the  rotor  (see  Fig.  4.1),  and  the 
readout  circuitry  is  designed  to  operate  with  the  photocell  in  this  posi¬ 
tion  unless  otherwise  adjusted.  Stroboscopic  balancing  equipment  is 
usually  supplied  with  a  single  readout  dial,  which  may  or  may  not  be 
directly  calibrated  in  unbalance  units.  The  procedure  is  as  follows; 


Fig.  4.1,  Photocell  in  position  for  stroboscope  measurement, 
(Courtesy  of  Schenek  Trebel  Corpoiution  ) 
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1 .  Lock  the  left  pedestal  so  that  no  lateral  movement  can  occur. 
Let  the  right  pedestal  support  be  free  to  move  horizontally. 

2.  Start  the  drive  motor  and  run  the  rotor  at  the  desired  balanc¬ 
ing  speed  (ISO  to  400  rpm  as  required). 

3.  Switch  on  the  strobe  flash  lamp.  Observe  the  rotor  unbalance 
location  marking  (usually  1  through  12)  indicated  by  the  stroboscopic 
flash  illumination  of  the  angular  location  of  the  "eight"  point  on  the 
rotor  in  the  right  measuring  plane  and  the  magnitude  of  the  unbalance 
(or  unbalance  units)  display  on  the  console  dial. 

4.  Add  a  suitably  sized  lump  of  clay  in  the  right  balance  plane  at 
the  "light"  angular  position  location  determined  in  step  3. 

5.  Rerun  the  rotor  and  observe  the  corrected  rotor  amplitude  and 
the  angular  location  at  which  it  occurs  with  the  clay  attached. 

6.  Repeat  steps  3,  4,  and  S  until  rotor  amplitude  has  been 
reduced  to  Within  acceptable  limits. 

7.  Release  the  left  support.  Clamp  the  right  support  and  proceed 
to  balance  the  rotor  in  the  left  correction  plane. 

8.  Repeat  steps  2  through  6  until  a  satisfactory  balance  has  been 
achieved  at  the  left  support  by  adding  clay  in  the  left  correction  plane. 

9.  Release  the  right  support  and  reclamp  the  left  support. 
Repeat  steps  2  through  6  as  required  to  verify  that  the  balance  in  the 
right  plane  has  not  been  affected  by  balancing  in  the  left  plane.  If  the 
balancer  has  a  plane-separation  circuit,  this  will  have  been  done 
automatically;  if  not,  some  trial-and-error  corrections  may  be  needed. 

10.  If  the  amplitude  at  the  right  plane  is  unacceptable,  modify  the 
right-plane  balance  weight  to  achieve  satisfactory  balance  and  check  the 
left-plane  balance.  Repeat  this  trim  balancing  procedure  until  both 
planes  are  within  prescribed  limits. 

The  stroboscope  method  clearly  requires  much  less  sophisticated  equip¬ 
ment  than  does  the  ABC  method  because  it  relies  more  on  the  skill  of 
the  operator,  for  example,  more  judgement  is  required  when  there  is  no 
automatic  plane-separation  feature.  As  the  trial  balancing  is  done  with 
lumps  of  clay,  it  is  subsequently  necessary  to  weigh  the  clay  installed  in 
the  balance  planes  and  then  to  add  an  equivalent  balance  weight  to 
make  the  correction  permanent. 

The  stroboscope  method  can  be  used  with  all  rotors.  It  is  most 
widely  used  for  small  shop  balancing  and  also  in  field  balancing.  The 
essential  aspects  are  the  vertical  pickup  that  triggers  the  stroboscope, 
the  wattmeter  filter  used  to  detect  the  synchronous  response  com¬ 
ponent,  and  the  trial  weight  procedure. 
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4.2  Hard-Support-Machine  Procedures 
Properties  of  Hard-Support  Machines 

With  the  development  of  sophisticated  readout  instrumentation 
(semiconductor  load  cells,  strain  gages,  velocity  transducers,  accelerom¬ 
eters)  and  with  back-up  solid-state  amplifiers,  wattmetter  filtering 
and/or  on-line  filtering,  hard-support  machines  have  become  more 
popular  in  recent  years.  Their  inherent  ruggedness  is  attractive  to 
equipment  buyers,  though  it  may  be  obtained  at  some  sacrifice  in  accu¬ 
racy  (e.g.,  weaker  displacement  signals  requiring  more  careful  filtering 
and  amplification).  Hard-bearing  balancing  machines  have  recently 
become  popular  for  the  balancing  of  large  rotors,  such  as  generator 
rotors. 

Mechanical  magnification  of  the  rotor  response  through  resonant 
operation  is  no  longer  required  with  the  sophisticated  measurement 
equipment  now  available.  Any  balancing  machine  with  pedestal  reso¬ 
nances  below  the  balancing  speed  has  a  built-in  disadvantage  in  that 
smooth  operation  up  to  balancing  speed  (high  or  low)  is  desirable. 
Balancing  speeds  in  modern  hard-bearing  equipment  are  inherently  lim¬ 
ited  only  by  the  sensitivity  of  the  readout  equipment  on  the  one  hand 
and  by  the  flexibility  of  the  rotor  on  the  other  hand.  For  typical  rigid 
rotors,  balancing  speeds  might  range  from  250  to  3000  rpm.  The  actual 
balance  speed  varies  from  case  to  case  and  is  frequently  determined  by 
trial  and  error,  guided  by  the  signal  strength  obtained  in  a  given  case. 

Hard-Support  Balance  Using  ABC  Method 

The  ABC  console  shown  in  Fig.  3.28  is  commonly  used  with  a 
hard-support  balancer.  In  modern  units  the  console  would  be  an 
integral  part  of  the  balancing  machine,  which  would  consist  of  bearings 
and  instrumented  pedestal  supports.  It  would  be  mounted  on  a  massive 
foundation  bedplate,  with  a  variable-speed  drive  motor  and  universal 
drive  coupling  directly  attached  to  the  rotor  to  be  balanced.  The  balanc¬ 
ing  system  for  the  machine  shown  consists  of  a  mechanical  drive, 
readout  instrumentation,  signal  processing  and  display  circuitry,  and 
safety  equipment. 

The  procedure  used  to  balance  rotors  with  such  equipment  is  as 
follows: 

1.  Place  the  rotor  to  be  balanced  on  suitable  pedestal  supports 
(e.g.,  bearings,  rollers). 

2.  Attach  the  drive  unit  (e.g.,  end  coupling,  midplane  belt). 

3.  Set  sensitivity  to  least  sensitive  position  (depending  on 
estimated  balance  conditions  of  rotor) . 
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4.  Set  speed-range  button. 

5.  Set  add/remove  mass  button. 

6.  a.  Set  J?i,  radius  dial  for  radius  of  left  correction  plane. 

b.  Set  R  j,  radius  dial  for  radius  of  right  correction  plane. 

c.  Set  A ,  ihe  distance  from  the  left  support  to  the  left  balance 
plane. 

d.  Set  B ,  the  distance  from  the  right  support  to  the  right  bal¬ 
ance  plane. 

e.  Set  C,  the  distance  between  supports.  (All  dimensions 
Rl,  R2,  A,  Bt  and  C  must  be  in  the  same  units.) 

7.  Run  the  rotor  at  the  prescribed  balancing  speed. 

8.  Release  reading- retention  pushbutton. 

Adjust  sensitivity  switch  to  give  nearly  full-scale  readings. 

10.  Depress  reading-retention  pushbutton  to  store  balance  read¬ 
ings  on  vectormete.s  or  console  dials. 

11.  Stop  machine.  Insert/ remove  indicated  balance  correction 
weights  corresponding  to  the  magnitude  of  the  vectors  and  the  phase 
angles  indicated  on  the  console  dials. 

Periodically  a  series  of  routine  tests  is  conducted  on  this  type  of  balanc¬ 
ing  machine  to  determine  whether  the  calibration  is  accurate.  A  test 
rotor  with  a  precisely  calibrated  residual  unbalance  (or  in  a  perfect  stale 
of  balance)  is  used  to  check  the  calibration  of  such  machines. 

4.3  Field  Balancing 

Need  for  Field  Balancing 

It  often  happens  that  a  machine  operating  in  a  plant  begins  to 
vibrate  with  increasing  severity  and  must  be  rebalanced.  It  is  usually 
desirable  to  perform  such  rebalancing  in  situ,  rather  than  to  "puli"  the 
rotor  and  return  it  to  the  manufacturer.  Such  a  balancing  procedure  is 
known  as  Held  balancing.  The  techniques  used  differ  in  certain  respects 
from  those  used  for  initial  rotor  balancing  in  the  manufacturer's  plant 
(shop  balancing). 

Field  balancing  is  undertaken  with  the  unbalanced  rotor  in  its  own 
bearings  and  casing.  This  rotor  must  be  provided  with  some  source  of 
rotational  drive  power,  or,  if  the  rotor  is  that  of  a  prime  mover  (e.g., 
turbine  rotor),  it  must  be  capable  of  developing  sufficient  rotational 
speed  in  situ  to  permit  field-balancing  measurements  and  corrections. 
Trim  balancing  is  a  common  form  of  field  balancing,  in  which  a  rotor 
that  has  been  prebalanced  in  the  manufacturer’s  shop  is  balanced  again 
after  installation,  to  ensure  smooth  operation. 
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Field-Balancing  Instrumentation 

Tq  field  balance  a  rotor  it  is  desirable  (though  not  essential)  to  use 
equipment  that  can  measure  rotor  amplitude  and  phase  angle  at  the 
desired  balance  speed.  Such  equipment  may  be  portable  or  may  be  per¬ 
manently  installed  in  the  machine  frame.  The  essential  requirements 
are  reliable,  accurate  vibration  measurements  of  the  rotor  response 
amplitudes  (left  and  right  supports)  and  similar  measurement  quality 
for  the  phase  angle  of  each  amplitude  peak  with  respect  to  some  rotat¬ 
ing  reference  mark  on  the  rotor. 

There  is  a  wide  variety  of  equipment  for  obtaining  such  data.  For 
example,  rotor  vibration  amplitude  can  be  measured  (crudely)  with  a 
hand-held  shaft-riding  vibration  meter,  such  as  an  IRD  probe.  As  there 
are  many  sources  of  vibration,  a  filtering  system  is  required  to  exclude 
all  nonsynchronous  inputs.  Such  a  probe  may  contact  the  rptor  surface 
directly  via  a  low-friction  shoe,  or  vibration  measurements  may  be 
taken  from  the  bearing  caps  adjacent  to  the  shaft.  Another  method 
used  to  determine  the  shaft  motions  from  changes  in  the  air  gap 
impedence  is  to  install  a  noncontacting  IRD  or  Bently  Nevada  induc¬ 
tance  probe  on  a  bracket  attached  to  the  bearing  support.  A  third 
method  is  to  use  seismic  accelerometer  pickups  mounted  on  the  bearing 
caps.  In  each  case,  the  observed  vibration  signals  are  passed  through  a 
filter  to  obtain  the  synchronous  shaft  amplitude  at  the  readout  location. 
This  measurement  gives  the  required  shaft  amplitude  for  balancing  cal¬ 
culations. 

The  phase  angle  associated  with  the  synchronous  shaft  amplitude, 
referred  to  some  angular  datum,  can  also  be  obtained  by  various 
methods.  The  simplest  procedure  is  to  use  a  pickup  that  briefly  triggers 
a  strobe  lamp  once  during  each  cycle  of  shaft  rotation.  The  same 
pickup  can  also  be  used  to  measure  the  shaft  vibration  amplitude.  Such 
a  system  has  been  dearly  described  by  Blake  [1],  who  recommends  it 
primarily  because  of  its  simplicity  and  proven  effectiveness.  Besides  the 
pickup,  no  other  connection  to  the  machine  is  required.  Blake  further 
states  that,  although  the  wattmeter  system  described  in  Chapter  3  is  the 
best  of  the  simple  phase-measuring  systems  because  of  its  superior 
filtering  ability,  it  requires  an  additional  generator  to  provide  the  syn¬ 
chronous  voltage. 

The  basic  instrumentation  can  therefore  be  restricted  to  a  single 
pickup  and  a  strobe  lamp.  If  more  sophisticated  instrumentation  is 
needed  to  efficiently  balance  a  rotor,  the  arrangement  shown  in  Fig.  4.2 
can  be  used.  Signals  are  brought  out  from  two  probes  located  near  each 
end  of  the  machine.  The  two  probes  are  oriented  90°  of  rotation  apart. 
The  signals  are  amplified,  synchronously  filtered,  and  then  fed  to  an 
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(b)  Shift  tynchronout  orbit  at  baarlng  with 
timing  marker 


Fig.  4.2.  IiutrumenUtion  for  me*iuring  ihaft  orbits 

oscilloscope,  to  display  the  shaft  orbit  in  each  case.  A  small  mark 
(scratch  or  magnetic  tape)  is  made  on  the  shaft  at  the  same  angular 
location  at  either  end,  to  serve  as  a  phase-angle  reference.  Its  angular 
position  is  arbitrary.  This  mark  appears  on  the  shaft  orbit  as  shown  in 
Fig.  4.2b.  The  angular  distance  between  the  maximum  shaft  amplitude 
and  the  shaft  reference  mark  then  becomes  the  phase  angle. 

Rotor  balancing  requires  information  on  the  rotor  unbalance 
amplitude  and  on  the  phase  angle,  for  the  original  unbalance  condition 
and  for  several  unbalance  conditions  with  trial  weights.  This  procedure 
is  described  in  the  sections  that  follow. 

Stroboscope  Balancing 

A  stroboscope  is  used  in  many  balancing  procedures  to  identify  the 
angular  location  of  the  unbalance.  It  is  used  in  conjunction  with  some 
motion-sensing  device  (e.g.,  velocity  pickup,  displacement  probe).  The 
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rotor  unbalance  transmits  both  force  and  displacement  to  the  supports, 
either  of  which  can  be  monitored  by  a  sensor.  The  sensor  output  signal 
is  filtered  in  a  vibration  analyzer  to  retain  only  the  synchronous  com¬ 
ponent  of  the  motion.  The  filtered  signal  is  a  measure  of  the  unbalance 
effect  at  the  sensor  location;  it  is  displayed  on  a  dial,  a  vectormeter,  a 
digital  display  meter,  or  some  other  device.  The  signal  is  also  used  to 
trigger  a  strobe  light  that  flashes  at  the  instant  the  sensor  output  signal 
reaches  a  maximum  value.  The  tight  pulse  duration  is  in  microseconds, 
and  it  is  extremely  bright. 

Shop  Balancing  with  a  Strobe  Light.  A  simple  shop  balancer  that 
incorporates  a  strobe  light  is  shown  in  Fig.  4,3.  The  rotor  to  be  bal¬ 
anced  rests  in  its  supports.  At  some  location,  a  row  of  numbers  (usu¬ 
ally  1  through  12)  is  taped  or  painted  on  the  rotor.  The  strobe  lamp  is 


Fig,  4,3.  Shop  balancer  with  ittobe  light.  (Courtesy  of 
Stewart-Warner  Balancing  Machine  Corporation.) 
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positioned  to  face  this  row  of  numbers,  and  the  lamp  circuit  is  so 
designed  that,  when  the  maximum  force  or  displacement  is  sensed  at 
the  supports,  the  lamp  fires  and  illuminates  one  number  in  particular. 
This  number  corresponds  to  the  light  spot  at  that  rotor  end.  If  the 
numbers  are  located  around  the  rotor  end,  the  circuit  fires  the  lamp 
with  a  suitable  built-up  time  delay  so  that  the  light  side  will  bs 
illuminated  when  it  reaches  the  lamp.  Some  lamps  illuminate  the 
entire  end  of  the  rotor  without  reference  to  any  number  in  particular. 
In  this  case,  the  heavy  spot  is  usually  at  the  number  opposite  the  sensor 
(or  pedestal).  The  required  position  of  the  lamp  for  locating  the  high 
spot  in  a  given  balancing  procedure  is  stated  in  the  operating  manual 
for  this  equipment. 

Velocity  sensors  are  particularly  good  for  triggering  strobe  lamps. 
They  operate  with  a  moving  coil  in  a  magnetic  field,  which  produces  an 
alternating  voltage  proportional  to  velocity.  This  voltage  can  easily  be 
integrated  electrically  to  give  displacements  corresponding  to  the  vibra¬ 
tion  amplitude.  The  maximum  amplitude  corresponds  to  the  point  of 
zero  velocity  in  the  motion  cycle.  This  point  (i.e,,  the  plus-to-minus 
voltage  change)  is  much  better  for  triggering  the  strobe  lamp  than  the 
peak  voltage,  which  is  susceptible  to  considerable  error  in  locating  the 
exact  value  of  the  peak.  For  these  reasons  velocity  sensors  and  a 
strobe  lamp  make  an  excellent  combination. 

Field  Balancing  with  a  Strobe  Light.  Essentially  the  same  pro¬ 
cedure  as  the  above  is  used  to  balance  a  rotor  in  the  field.  The  same 
equipment  is  required:  vibration  sensor,  analyzer,  and  strobe  light. 
However,  the  angular  relation  between  the  locations  of  the  sensor  and 
the  strobe  flash  must  be  known  in  advance,  or  there  is  no  way  of  deter¬ 
mining  the  significance  of  the  number  being  illuminated  on  the  rotating 
shaft. 

Assuming  that  the  required  angular  relationship  is  known,  balanc¬ 
ing  can  be  performed  by  any  of  the  strobe  techniques.  If  this  angular 
relationship  is  not  available,  a  procedure  such  as  that  described  below 
[1]  can  be  used. 

Single-Disk-Rotor  Balancing  with  a  Strobe  Light.  This  pro¬ 
cedure  [1]  is  suitable  for  balancing  rigid  rotors  (e.g.,  fan  rotors)  in  the 
field.  Before  balancing  it  is  necessary  either  to  install  the  rotor  in  a 
balancing  machine  or  to  use  some  device  at  or  near  the  unbalanced  disk 
to  measure  the  motion  of  the  rotor.  This  device  can  be  a  hand-held 
shaft-riding  probe,  a  probe  applied  to  a  bearing  or  pedestal  housing,  an 
in-place  displacement  or  velocity  sensor,  or  an  accelerometer.  This 
sensor  should  be  equipped  with  a  filter  to  read  only  synchronous  output 
and  a  strobe  light  whose  angular  relationship  to  the  probe  position  is 
known  (see  page  196). 
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The  balancing  procedure  is  as  follows: 

1.  Note  the  direction  of  rotor  rotation  and  mark  the  rotor  cir¬ 
cumference  at  some  suitable  location  with  numbers  1  through  12. 

2.  Select  a  suitable  balancing  speed  where  the  vibrations  are  dis¬ 
cernible  but  not  excessive.  Run  the  unbalanced  rotor  at  this  speed. 

3.  Read  the  vibration  sensor  output  and  record  the  magnitude  of 
the  vibration  in  some  consistent  system  of  units  (millimeters,  volts, 
etc.).  This  is  the  magnitude  of  the  vector  OA  in  Fig.  4.4. 

4.  Using  the  strobe  light,  identify  the  circumferential  location  on 
the  rotor  corresponding  to  the  maximum  rotor  amplitude.*  This  is  the 
orientation  of  vector  OA  in  Fig.  4.4. 

5.  Plot  the  magnitude  and  orientation  of  the  original  unbalance 
vector  OA  in  Fig.  4.4. 

6.  Select  a  suitable  balance  weight  of  known  magnitude  (see 
pages  203  and  204)  and  add  this  to  the  rotor  at  a  suitable  radius  about 
90°  from  the  original  unbalance  location. 

7.  Run  the  rotor  at  the  same  balancing  speed.  Measure  the  new 
vibration  level  and  the  new  orientation  of  the  maximum  displacement. 

8.  Plot  the  new  unbalance  vector  (original  plus  trial  weight)  as 
OB  on  Fig.  4.4. 

9.  Join  points  A  and  B.  Find  the  magnitude  of  OA  from  the  trial 
weight  magnitude  as  follows: 

OB 

Original  unbalance  OA  -  •  (trial  weight,  oz-in.). 

Ao 

Check  to  see  that  the  orientation  of  the  trial  weight  lies  at  about  90° 
ahead  of  the  original  unbalance  vector  on  the  diagram. 

10.  Insert  a  correction  weight  in  the  balance  plane  at  180°  to  the 
original  unbalance  vector  of  magnitude  equal  to  the  original  unbalance. 

The  following  sample  balance  calculation  will  illustrate  the  above  pro¬ 
cedure:  A  single-disk  overhung  rotor  gives  an  instrument  reading  of  5 
units  when  run  at  400  rpm.  The  orientation  of  the  original  unbalance  is 
at  3  o’clock.  A  trial  balance  weight  T  -  2.0  oz  is  added  to  the  disk  at 
radius  10.0  in.,  at  6  o’clock,  about  90°  ahead  of  the  original  unbalance. 
The  new  rotor  unbalance  condition  is  then  measured  at  the  same  speed 
as  before.  The  new  unbalance  reading  is  12.0  units,  oriented  at  5 
o’clock.  The  vector  diagram  representing  these  conditions  is  shown  In 
Fig.  4.4.  The  length  of  the  trial  weight  vector  is  S.S6  in.,  or  11.2  units 


*For  a  rotor  system  with  low  damping  that  operates  away  From  the  rotor  critical  speeds, 
the  angular  locution  of  maximum  amplitude  corresponds  to  the  unbalance  location. 
Heavily  damped  rotor  systems  mei  be  difficult  to  balance  because  of  the  phase  lag  that 
can  develop  between  the  maximum  force  and  the  maximum  rotor  amplitude. 
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SCALEi  1  UNIT  -  0.8  IN. 

Fig.  4.4.  Belinee  vector  diagram  for  the  itroboioopic  method 

of  unbalance  (1  unit  -  0.5  in.).  Therefore,  this  corresponds  to  20.0 
oz-in.,  that  is, 

1  unit  of  unbalance  -  -  1,80  oz-in. 

Thus 

Original  unbalance  -  5  x  1,80  -  9.00  oz-in. 
and 

Original  plus  trial  unbalance  -  12  x  1.80  -  21.60  oz-in. 

To  balance  this  rotor  requires  installing  a  balance  weight  equal  in  mag¬ 
nitude  and  opposite  in  direction  to  the  original  unbalance  OA.  The 
required  balance  correction  is  9.00  oz-in.  oriented  at  9  o'clock  on  the 
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strobe  clock  (i.e.,  180°  from  OA,  which  is  87.5°  further  ahead  of  the 
trial-weight  AB  vector  location).  Using  the  same  balance  correction 
radius  of  10.0  in.  gives  a  correction  weight  of  0.9  oz  at  a  radius  of  10.0 
in.,  at  9  o’clock. 

Sources  of  Error.  Errors  in  estimating  correction  weight  details 
may  occur  in  any  pf  the  following: 

1.  Original  unbalance  magnitude.  This  is  read  from  a  dial.  The 
needle  position  fluctuates,  and  the  instrument  may  be  inaccurately  cali¬ 
brated. 

2.  Original  unbalance  angle.  This  is  read  from  a  clock  face,  the 
calibration  of  which  is  often  quite  rough.  The  location  involved  may 
also  fluctuate  because  of  imprecise  drive  speed  control.  This  is  a  major 
source  of  error  in  most  balancing  operations. 

3.  Trial  weight.  Magnitude  known  imprecisely.  Radius  measured 
inaccurately.  Angular  location  does  not  matter,  as  the  vector  diagram 
must  close. 

4.  Original  plus  trial  weight.  Same  problems  as  in  items  1  and  2. 

5.  Correction  weight  installation.  Same  problems  as  in  items  2 
and  3. 

Figure  4.5a  shows  the  effect  of  cumulative  plus  and  minus  variations 
on  the  factors  listed  above.  Assume  that  the  above  steps  involved  the 
following  percent  errors: 

Original  unbalance  magnitude,  %  +10.0  (9.9  oz-in., 

5.5  units) 

Original  unbalance  orientation,  + 10 

degrees 

Original  plus  trial  weight  magnitude,  %  +10.0  (23,76  oz-in., 

13.2  units) 

Original  plus  trial  weight  orientation,  -10 
degrees 

The  original  unbalance  is  read  as  5.5  units  at  100°  (actually,  it  is  5.0 
units  at  90°).  Installation  errors  plus  misreading  of  the  (trial  weight 
and  original  unbalance)  vector  gives  13.2  units  at  58s  (actually,  12  units 
at  68°).  Trial  balance  is  deduced  as  10.35  units  at  81°  (actually,  11.1 
units  at  92s).  Hence  the  original  unbalance  is  deduced  as  (5.5/10.35) 
x  20  -  10.628  oz  in. 

The  correction  weight  of  (10.628/10)  _  1.063  oz  is  installed  at 
200°  (additional  10s  error).  The  new  residual  unbalance  (Fig.  4.5b)  is 
an  unbalance  vector  of  2.20  units  at  250s.  This  unbalance  has  resulted 
from  errors  both  in  measurement  and  in  the  installation  of  weights. 
Further  small  errors  could  result  from  the  values  used  for  the  trial 
weight  and  trial  radius. 
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POSITIVE  MAGNITUDE  AND  ANGLE  ERROR 


lb)  Rsildual  unbalance 
Ircm  error  effect 


Fig.  4.5.  Effect  of  cumulative  plui  and  mlnua  errors  on  the  balance  vector  diagram 

The  new  residual  unbalance  could  be  corrected  further  by  repeat¬ 
ing  the  above  procedure.  The  error  percentages  used  are  realistic 
values  based  on  practical  experience.  Practical  effects  resulting  from 
rotor  assembly  procedures  and  from  various  components  have  been  dis¬ 
cussed  by  Staedelbauer  [2]  with  reference  to  fan  and  blower  balancing. 

The  influence  of  errors  on  balancing  procedures  has  been  dis¬ 
cussed  by  Tonneson  [3],  Iwatsubo  et  al.  [41,  and  others.  The  residual 
unbalance  found  by  the  procedure  described  above  shows  why  it  is  usu¬ 
ally  necessary  to  make  several  balance  moves  before  arriving  at  a 
smooth  operating  condition. 
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Size  of  Trial  Weights 


Wilcox  [5]  has  proposed  that  for  a  rotor  of  weight  W  lb  with  a 
disk  unbalance  vibration  amplitude  of  r  in.,  a  suitable  trial  unbalance 
magnitude  Uc  can  be  obtained  from  the  expression 


W  2 
—— orr 
S 


Ucu> 2 

16  g  ' 


where  w  is  in  radians  per  second.  Thus 

U(  —  16  Wr  oz-in., 


and  the  trial  weight  at  balance  radius  rT  is  therefore 

U.  r 

Wr  -  — -  -  16  W  —  oz. 
rT  rT 

Jackson  [6]  has  given  a  procedure  based  on  the  criterion  of  one- 
tenth  of  the  rotating  force  transmitted  to  the  adjacent  bearing;  that  is, 

v'-loi  T“  (r  +  a)- 

Assuming  a  to  be  of  the  same  order  of  magnitude  as  r  gives 

Vc  -  1.6  —  w2r  oz-in. 
g 


The  trial  weight  is 


Wr  -  1.6  — ■  at2  —  oz. 
g  fr 


For  a  20-lb  rotor  being  balanced  at  400  rpm  with  a  disk  whirl  radius  of 
0.002  in.,  and  a  balance  hole  radius  rT  *»  3.0  in.,  the  relative  values  of 
the  trial  weights  are  as  follows: 

Wilcox  Uc  -16  Wr-  (16)  (20)  (0.002)  -  0.64  oz-in. 


Wc  -  0.64/3  -  0.213  oz 


Jackson 


Uc  -  1.6 


20 

386.4 


400 


9.55 


(0.002)  »  0.201  oz-in., 


Wc  -  0.291/3  -  0.097  oz. 


mmnym  niwuiL  I  wtefr#™  u<<F~|.-wm.|Mt 
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The  Wilcox  method  leads  to  larger  trial  weights  than  does  the  Jackson 
method,  though  both  procedures  lead  to  trial  weights  of  similar  magni* 
tude. 

Single-Plane  Balancing:  Circle  Method.  No  Phase  Measurement. 

A  rigid  rotor  whose  unbalance  is  known  to  lie  in  a  single  plane  can 
be  balanced  by  the  procedure  given  below.  The  graphical  construction 
is  shown  in  Fig.  4.6. 

1.  Run  the  rotor  at  a  balancing  speed  (i.e.,  200  to  400  rpm) 
sufficient  to  obtain  a  reasonable  readout  signal.  Record  the  magnitude 
of  the  transmitted  unbalance  force  at  some  adjacent  location— for 
example,  at  a  bearing  cap  near  the  unbalance  plane. 

2.  To  a  suitable  scale  plot  the  unbalance  force  magnitude  as  a  cir¬ 
cle  of  radius  OA  (see  Fig.  4.6). 

3.  Add  a  trial  weight  at  position  1  on  the  disk.  Run  the  rotor  up 
to  the  same  balancing  speed  and  record  the  new  transmitted  force  mag¬ 
nitude  at  the  same  readout  location. 

4.  Using  the  same  force  scale,  select  any  point  on  the  circle  OA 
as  the  center  and  draw  a  circle  of  radius  A\B t  to  represent  the  new 
unbalance  force  vector. 

5.  Move  the  trial  weight  90°  away  from  position  1  to  position  2. 
Run  the  rotor  up  to  the  same  balance  speed.  Record  the  new  transmit¬ 
ted  force  at  the  samo  readout  location. 

6.  Using  the  same  force  scale,  select  a  point  A,  on  the  circle  OA 
that  is  90°  from  point  A \.  Draw  a  circle  of  radius  A2B2  to  represent 
the  new  unbalance  vector. 

7.  Move  the  trial  weight  90“  away  from  position  2  to  position  3 
Run  the  rotor  at  the  same  balance  speed.  Record  the  new  transmitted 
force  at  the  same  readout  location. 

8.  Using  the  same  force  scale,  select  a  point  A3  on  the  circle  OA 
that  is  90°  from  A2  and  A\.  Draw  a  circle  of  radius  A3B3  to  represent 
the  new  unbalance  vector. 

9.  Move  the  trial  weight  from  position  3  to  position  4,  90°  from 
position  3.  Repeat  the  procedure  described  above.  Draw  the  radius 
A4B4  to  the  same  scale,  to  represent  the  new  unbalance  vector. 

10.  It  is  seen  that  circles  A 1B1,  A2B2,  A3B3,  and  A4B4  intersect  at 
a  common  point  D.  This  point  allows  the  correction-weight  vector  OD 
to  be  calibrated. 

The  original  unbalance  vector  (OA„  OA2,  OA3,  OA4,  equal)  is  defined 
in  magnitude  by  its  length  in  relation  to  OD.  The  required  correction 
weight  is  therefore  equal  in  magnitude  to  OA,  and  its  orientation  is 
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R«ildu*l  unbalanc*  Victor*:  OA)  OA2  OAj 

Trill  plus  origin*!  unb*l»nc»:  A]0  AjD  AjD 

Trial  unbalinc*  vaotor:  OD 

Pig.  4.6.  Dtagrtm  or  the  circle  method 

defined  by  the  angle  between  the  trial  weight  vector  OD  and  the 
selected  unbalance  vector  OA.  In  relation  on  the  trial  weight  in  the 
first  test,  this  is  the  angle  DOAi.  This  procedure  can  be  used 
effectively  when  the  rotor  unbalance  lies  in  a  single  plane  and  a  rigid- 
body,  low-speed  balance  is  required  (e.g.,  a  single  shaft  carrying  a  disk¬ 
like  rotor).  This  method  can  also  be  used  to  obtain  a  two-plane  balance 
in  an  Iterative  manner,  although  if  the  interaction  between  the  balance 
planes  is  strong,  the  process  may  not  converge.  Barrett  et  al.  [7]  have 
recently  demonstrated  the  effective  application  of  this  method  for 
modal  balancing  of  a  flexible  rotor  through  two  critical  speeds. 

The  numerical  example  of  Table  4.1  illustrates  the  above  pro¬ 
cedure.  An  accelerometer  placed  at  the  left  bearing  of  an  overhung 
disk  rotor  (Fig,  4.7)  gave  a  reading  of  1.13  units  in  the  original  unbal¬ 
ance  condition.  This  is  shown  as  circle  OA  in  Fig.  4.8.  A  trial  weight 
of  0,0312  oz  is  added  to  the  rotor  disk.  The  rotor  is  spun  up  to  speed, 
and  the  accelerometer  then  reads  1.7  units.  The  trial  weight  is  then 
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Table  4,1,  Balancing  of  a  rigid  rotor  with  an  overhung  disk* 


Test 

Accelerometer 

reading 

Trial  weight 
(oz) 

Angular  location  of 
trial,  weight 

1 

1.13 

None 

2 

1.70 

0.0312 

330“ 

3 

1.85 

0.0312 

60° 

4 

0.95 

0.0312 

150“ 

5 

0.65 

0.0312 

240° 

•After  WUcox  (JJ  (®1967  Pitman  f.  Sons  Ltd.,  London;  used  by  purniiaslu.0. 
All  tests  were  conducted  at  1250  rpm.  The  trial  weight  was  inserted  In  the 
overhung  disk  at  3.0-In.  radius  In  each  test, 


LETT  RIGHT 

BEARING  BEARING 

m  m 

m  m 

ACCELEROMETER 

LOCATION 

Fig.  4.7.  Rigid  rotor  with  overhung  disk 
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moved  90°,  and  the  procedure  is  repeated.  The  accelerometer  reads 

1.85  units.  The  weight  is  again  moved  90s,  and  the  reading  is  0.95 
units.  A  final  reading  of  0.65  units  is  obtained  with  the  trial  weight  at 
the  fourth  90°  location. 

The  circle  construction  shows  that  the  original  unbalance  of  1.13 
units  is  located  at  234°  from  the  first  trial  weight  position,  or  204°  from 
the  figure  datum  shown. 

In  practice  th.e  balance  correction  sequence  would  be  as  follows: 

1.  Run  the  rotor  at  1250  rpm.  Measure  the  transmitted  unbal¬ 
ance  force  of  1.13  units  at  the  left  pedestal. 

2.  Add  0.0312  oz  at  location  330°  (arbitrarily  selected  from  any 
chosen  datum)  at  3.0-in.  radius  on  disk.  Read  the  vibration  level  of  1.7 
units. 

3.  Remove  0.0312  oz  to  location  60s.  Read  transmitted  force  of 

1.85  units. 

4.  Remove  0.0312  oz  to  location  150s.  Read  transmitted  force  of 
0.95  units. 

5.  Remove  0.0312  oz  to  location  240s.  Read  transmitted  force  of 
0.65  units. 

6.  Draw  circle  OA  representing  original  unbalance  to  scale  (i.e., 
1.13  units  is  drawn  as  circle  of  1.13-in.  radius). 

7.  Mark  locations  of  330°,  60°,  150°,  and  240°  on  circle  OA, 

8.  With  center  at  each  angular  location  point  in  turn,  draw  scale 
circles  of  radii  1.7  in,  (330°),  1.85  in.  (60s),  0.95  in.  (150°),  and  0.65 
in.  (240°).  Note  that  all  circles  very  nearly  intersect  at  point  D. 

9.  The  measured  length  of  vector  OD  is  0.80  in. 

10.  The  magnitude  of  the  original  rotor  unbalance  f/is  given  by 

U  -  •  (trial  weight,  oz) 

-  (0.0312)  -  0.04407  oz. 

11.  The  angular  location  of  the  required  correction  weight  is  given 
by  the  direction  of  vector  OD,  which  is  +204°  from  the  figure  datum. 

12.  The  required  correction  weight  is  therefore  0,04407  oz  at  3.0- 
in.  radius,  at  an  angle  of  +204°  from  the  datum. 

It  is  shown  later  in  this  section  that  a  similar  test  by  Wilcox  [5]  gave  a 
correction  weight  C  -  0.0442  oz.  at  9C  —  206°  using  a  different  con¬ 
struction  than  that  described  above. 
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This  example  demonstrates  the  effectiveness  of  the  circle  method 
using  a  bearing-mounted  accelerometer  for  the  single-plane  balancing  of 
rigid  rotors. 

Field  Balancing  Procedure:  Simple  Applications 

Described  below  is  an  industrial  procedure  for  balancing  rotors  in 
situ.  The  rotor  discussed  here  is  a  rigid  rigid  rotor,  but  the  method  can 
be  used  for  field  balancing  flexible  rotors  as  well.  The  basic  equipment 
includes  a  pickup  (optical  or  magnetic),  a  strobe  flash  lamp,  and  a 
vibration-measuring  device  that  contains  some  type  of  synchronous 
filter  (e.g.,  a  wattmeter  circuit).  A  set  of  suitable  balance  correction 
weights  is  also  needed. 

The  equipment  installation  procedure  is  as  follows: 

1.  The  pickup  is  installed  so  that  the  photocell  is  aligned  normal 
to  the  rotating  surface  of  the  rotor.  A  special  rigid  mounting  bracket  is 
usually  fabricated  to  clamp  the  pickup  to  the  bearing  pedestal  or  to  the 
structural  frame  of  the  machine  being  balanced.  It  is  desirable  that  the 
pickup  should  read  in  the  direction  of  maximum  vibration,  which  is  fre¬ 
quently  the  horizontal  direction. 

2.  The  rotor  circumference  is  calibrated  into  12  equal  divisions 
(hour  markings)  numbered  in  sequence  on  the  surface. 

3.  The  measurement  circuit  shown  in  Fig.  4.9  is  set  up.  Signals 
from  the  strobe  are  received  by  the  vibration  analyzer,  filtered,  and 
displayed  on  the  amplitude  meter. 


IIWl  [Ef 


SEISMIC 

AMPLIFIER 

SIGNAL 

DISPLAY 

TRANSDUCER 

FILTER 

SCALE 

STROBE-FLASH 

TIMING 

CIRCUIT 


Fi|.  4.9.  Field-bakndns  equipment  circuit 
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In  the  simplest  kind  of  field  balancing,  there  is  no  phase-angle- 
measuring  equipment.  Phase  angles  between  the  calibration  zero  mark 
on  the  rotor  circumference  and  the  angular  location  of  the  rotor  max¬ 
imum  amplitude  are  determined  by  the  strobe  flash,  which  is  arranged 
to  fire  when  the  "heavy"  side  of  the  rotor  passes  a  certain  angular  loca¬ 
tion,  as  shown  in  Fig.  4.10.  The  flash  illuminates  the  angular  location 
corresponding  to  the  unbalance  location.  A  correction  weight  is  then 


The  balancing  sequence  is  as  follows: 

1.  First  trial  run.  Bring  the  rotor  up  to  the  balancing  speed,  which 
may  be  considerably  below  the  operating  speed  (e.g.,  400  rpm  for  an 
1800-rpm  rotor).  With  the  equipment  functioning  as  described  above, 
observe  cither  the  amplitude  of  the  rotor  journal  with  a  displacement 
sensor  or  the  amplitude  of  a  transducer  voltage  (e.g.,  accelerometer)  on 
the  bearing  cap.  Also  observe  the  phase  angle  of  the  maximum  vibra¬ 
tion  amplitude,  as  described  earlier. 

2.  Stop  the  rotor  and  add  a  trial  weight  of  known  magnitude  in  the 
balance  plane  adjacent  to  the  rotor  end  being  observed,  90°  from  the 
heavy  side  of  the  rotor.  For  low-speed  balancing,  a  lump  of  clay  can  be 
used  us  a  trial  balance  weight  if  desired. 

3.  Second  trial  run.  Run  the  rotor  at  the  same  balance  speed  and 
observe  the  new  magnitude  and  location  of  the  heavy  side  of  the  rotor. 

4.  Calculate  the  magnitude  and  orientation  of  the  required  correc¬ 
tion  weight  using  the  construction  shown  in  Fig.  4.4.  Insert  this 
correction  weight. 

5.  Repeat  the  procedure  until  further  balance  runs  make  no  dis¬ 
cernible  difference  in  the  balance  quality. 
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6.  Repeat  the  procedure  near  the  other  end  of  the  rotor  until  that 
end  is  also  satisfactorily  balanced. 

7.  Check  the  first  balance.  If  this  has  been  disturbed  by  the 
second  balance,  it  should  be  trim  balanced  until  the  quality  is  again 
satisfactory. 

8.  Trim  balance  the  second  end  of  the  rotor  in  a  similai  manner. 

The  balancing  sequence  should  converge  in  relatively  few  balanc¬ 
ing  runs  because  in  most  instances  adjustments  at  one  end  cause  only 
secondary  unbalance  effects  at  the  other  end.  ,  The  above  procedure  is 
usually  effective  for  small  rotors.  It  can  also  be  used  for  large  rotors  at 
low  balancing  speeds  (2S0  to  400  rpm).  For  large  rotors,  balancing 
weights  are  used  instead  of  clay  and  the  process  requires  more  formal 
methods  to  achieve  rapid  convergence. 

An  interesting  example  of  the  above  procedure  is  given  by  Blake 
[1],  who  describes  in  detail  the  balancing  of  an  induced-draft  boiler  fan, 
shown  dlagrammatlcally  in  Fig.  4.11.  With  the  pickup  rigidly  attached 
to  the  outer  bearing  B  and  reading  in  the  horizontal  direction,  the  fan 
was  given  a  first  trial  run  at  1 175  rpm,  and  the  shaft  vibrations  were 
measured  near  the  bearing.  A  trial  balance  weight  was  then  added  at 
blade  24.  When  rotor  was  run  again,  it  was  observed  that  the  strobe 
light  flashed  at  the  3  o’clock  position  (blade  6).  The  rotor  was  then 
reoriented  until  the  strobe  indek  was  brought  into  the  same  phase  posi¬ 
tion  as  it  was  when  the  light  flashed.  After  placing  a  trial  weight  at  this 
same  location,  the  rotor  was  run  again.  Under  such  circumstances,  if 
the  trial-weight  placement  is  correct,  the  index  illumination  position 


Fig.  4.1  i.  Induced-draft  boiler  fan 
showing  balance  pianos  A'  and  B'. 
After  Blake  ill.  (®1967,  Guir 
Publishing  Co.;  used  by  permission) 
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will  remain  as  before  and  the  amplitude  will  change— or  the  index  posi¬ 
tion  will  change  by  180°  regardless  of  any  amplitude  change.  This  indi¬ 
cates  that  the  plane  of  unbalance  has  been  identified.  What  remains 
then  is  amplitude  reduction  by  thp, addition  of  suitable  balance  weights 
in  this -plane, 

The  history  of  this  balance  is  shown  in  Table  4.2.  In  run  1  the 
bearing  amplitudes  were  17  mils  at  A  and  17  mils  at  B.  The  addition  of 
2.0  oz.  in  plane  A'  and  2.0  oz  in  plane  B'  increased  the  bearing  vibra¬ 
tion  amplitudes  to  18  mils  at  A  and  23  mils  at  B,  with  no  change  in 
phase  angle.  In  the  third  run,  the  4.0-oz  balancing  weights  were  all 
concentrated  in  plane  B'  at  12  o’clock  (180°  from  the  previous  position 
because  the  unbalance  plane  was  then  known).  This  gave  13  mils  at 
bearing  A  and  13  mils  at  bearing  B,  with  a  modest  change  in  phase 
angle  at  both  ends  of  the  rotor.  Vector  representations  of  these 
changes  are  shown  in  Fig.  4.12. 

The  vector  of  17  mils  at  7:30  o’clock  was  changed  into  a  vector  of 
13  mils  at  6:30  o’clock;  a  vector  of  9.5  mils  at  3:00  o’clock  was  required 
to  achieve  this.  If  this  argument  is  pursued,  a  vector  of  17  mils  at  1:30 
o’clock  would  annul  the  rotor  unbalance  vector.  The  magnitude  of  the 
balance  weight  required  is  therefore  (17.0/9.5)  (4.0)  6z,  and  the 
required  orientation  is  counterclockwise  45°  from  the  3:00  o’clock  posi¬ 
tion  where  it  was  previously  added. 

The  results  of  this  change  are  shown  as  run  4.  A  trial  weight  of 
(17.0/9.5)  (4.0)  as  8,0  oz  was  added  at  4:30  o’clock  (blade  9).  This 
resulted  in  5.0  mils  at  bearing  A  and  5.0  mils  at  bearing  B,  both  at  6:00 
o’clock.  The  vector  diagram  for  this  suggests  that  the  balance  weight 
should  be  increased  in  the  ratio  (17.0/14.0)  to  110  oz  and  that  the  bal¬ 
ance  location  be  rotated  counterclockwise  by  an  additional  blade  (to 
blade  8,  4:00  o’clock).  This  adjustment  was  successful  and  resulted  in 
small  residual  amplitudes.  The  weight  was  then  welded  into  position 
before  further  trim  balancing  was  performed  with  smaller  balance 
weights. 

Blake  [1]  mentions  that  after  welding  it  frequently  occurs  that  the 
residual  unbalance  vector  changes  in  magnitude  and  orientation,  that  is, 
the  unbalance  is  increased  and  its  orientation  is  different  from  that  in 
Table  4.2;  compare  run  5  (before  welding)  with  run  6  (after  welding). 
As  shown  in  Fig.  4.12,  the  unbalance  after  welding  becomes  7.0  mils  at 
3:00  o’clock.  Based  on  prior  experience,  a  weight  of  4.0  oz  is  added  at 
blade  17  (8:00  o’clock).  This  reduces  the  amplitude  to  3.0  mils  at 
12:30  o’clock  (run  7)  which  is  subsequently  reduced  to  0.4  mil  at  bear¬ 
ing  A  and  0.7  mil  at  bearing  B  after  run  8.  This  final  adjustment  was 
made  by  reorienting  the  7-mil  balancing  vector  ahead  by  two  blades  (to 
blade  19)  to  make  the  two  7-mil  vectors  in  run  7  cancel  each  other. 
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Table  4.2  Details  of  balancing  procedure  for  an  induced-draft  boiler 
fan* 


Trial  walsht  amount 
and  location 


Vibration  amplitude  at  bearing 
and  phase  clock 


Run 

No. 

A' 

Angie 

Blade 

"  A'  ' 

B' 

Angle 

Blade 

B* 

MUs 

PP 

A 

Phase 

Clock 

A 

MUs 

PP 

B 

Phase 

Clock 

B 

1  "  - 

_ 

17 

7:30 

17 

7:30 

2 . 2 . 

. 24  ‘  1 

2 

24 

18 

7:30  ' 

23 

7:30 

3  - 

4 

12 

13 

8:30 

13 

8:30 

Now  increase  trial  weight  in  the  ratio  17/9.5  and,  because  angle  S  la  about  45*,  move 
trial  weight  counterclockwise  3  blades  or  1.5  h. 

4  I  -  T"  9  T  &00  T~  6^00 

Now  Increase  trial  weight  in  the  ratio  17/14  and,  because  angle  S  Is  about  15',  move 
trial  weight  counterclockwise  by  one  blade. 

5  - :  11  8  il  6i00  L5  ™  5:00 

Now  weld  the  11 -oz  weight  at  B',  blade  8,  and  start  a  new  problem. 

6  -  -  IT  Z*  5  loo"  7  3:00 

Note:  From  runs  1  and  5:  if  blade  8  is  the  proper  correction  position  for  index 
7:30  and  pickup  at  9,  then  this  position  is  2.5  h  clockwise  ftom  pickup,  when  strobe 
flashes,  so  now  place  4  oz  at  blade  17. 

7  -  I  4  17  1.2  12*30  1  12*0  " 

Now  use  same  trial  woight  and  rotate  through  angle  5,  30*  clockwise, 

6  I  I  4  19  04  lloo  07  loo 

Now  weld  on  and  make  final  check. 

'From  Blake  [11  (*1967,  Hydrocarbon  Proctulnr ;  used  by  permission).  See  Fig.  4.11  for  a 
schematic  of  the  balancing. 


S.B  TRIAL  WEIOHT 

la)  Aflat  balancing  run  1  lb)  Altar  balancing  run  4  lol  Altar  balancing  run  7 


Fig,  4.12.  Details  of  graphical  solution  to  fan-balancing  case  history  described  by  Blake 
[1]  (®1967,  Gulf  Publishing  Co.;  used  by  permission) 
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The  procedure  described  above  is  simple  and  relatively 
straightforward  to  apply.  Its  shortcomings  are  the  difficulty  of 
achieving  a  rapid  and  effective  balance  by  operating  on  a  single  plane  at 
a  time  and  the  tendency  of  the  rotor  to  experience  several  vibration 
modes  simultaneously.  The  latter  is  especially  true  in  the  case  of 
overhung  rotors.  Other  factors  that  may  cause  difficulties  in  achieving 
a  satisfactory  balance  are  rotor  flexibility,  any  looseness  of  the  impeller 
on  the  shaft,  and  occasional  problems  of  looseness  or  excessive 
flexibility  of  the  unit  on  its  foundation.  These  effects  can  introduce 
other  unexpected  system  modes  with  occasional  nonlinear  effects. 
Obvious  safeguards  are  to  design  stiff  rotors  that  operate  as  far  below 
their  bending  critical  speeds  as  possible,  operating  in  a  massive,  solidly 
mounted  foundation  and  casing. 

The  balancing  of  the  stiff  rotor  in  rolling-element  bearings  carrying 
an  unbalanced  overhung  disk  discussed  previously  and  shown  in  Pig. 
4.13  is  also  described  in  detail  by  Wilcox  [5].  The  measuring 
equipment  consisted  of  two  high-impedance  coils,  an  integrating  circuit 
(to  convert  Velocity  measurements  into  displacements),  and  a 
stroboscope  to  illuminate  the  angular  location  of  the  unbalance  in  the 
rotor.  A  procedure  for  estimating  the  size  of  the  required  correction 
weights  has  been  described  on  pages  203  and  204.  Details  of  the  test 
sequence  are  listed  in  Table  4.3. 

During  the  balancing  process  all  amplitude  measurements  were 
made  at  the  overhung  disk,  with  the  correction  weights  added  in  the 
piano  of  the  overhung  disk.  The  procedure  is  as  follows: 

1.  The  unbalanced  rotor  was  run  at  1250  rpm.  An  unbalance 
amplitude  of  2.7  mils  was  observed  at  a  phase  angle  of  240°  at  the  disk. 

2.  The  rotor  was  stopped,  and  a  trial  weight  of  0.25  oz  was  added 
at  an  angle  of  330°,  in  the  end  disk  at  a  radius  of  3.0  in. 


Fig.  4.13.  Rigid  rotor  in  rolling-element  bearings  with  unbalanced  overhung  disk.  After 
Wilcox  [5].  (°1967,  Pitman  A  Sons  Ltd.;  used  by  permission) 
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Table  4.3  —  Balancing  tests  with  stroboscopic  phase  measurement  for  a 
rigid  rotor  with  unbalanced  overhung  disk* 


Test 

number 

Disk  vibration 

Details  of  test 

Amplitude 

(in.) 

Phase 

position 

(deg) 

1 

0.00270 

240 

Initial  test 

2 

0.00426 

195 

0.25  oz  added  at  330* 

3 

0.00030 

150 

0.25  oz  removed 

0.218  oz  added  at  240* 

4 

0.00004 

0.024  oz  added  at  150° 

‘After  Wilcox  [S'J  (®  1967  Pitmen  k  Son*  Ltd,,  London;  used  by  permission).  All  tests 
were  run  at  1250  rpm. 


3.  The  new  unbalance  condition  resulted  in  a  disk  amplitude  of 
4.26  mils  at  195*. 

4.  The  initial  unbalance  condition  and  the  calibration  condition  are 
shown  in  the  vector  diagram  of  Fig.  4.14.  Initial  unbalance  OA  -  2.7 
in.  Calibration  unbalance  OB  -  4.26  in.  The  effect  of  the  calibration 
weight  alone  is  the  vector  AB  -  3,1  in.,  which  acts  at  94°  to  the 
original  unbalance  vector  OA. 

,  S.  The  required  balance  correction  weight  can  be  determined  as 
follows: 

Magnitude  -  (0.25)  (2.7/3.1)  -  0.218  oz. 

Orientation:  94*  counterclockwise  from  the  vector  AB,  i.e.,  at  330 
-  94  -  236*. 

6.  A  balance  weight  of  0.218  oz  at  240*.  This  resulted  in  a  rotor 
vibration  of  0.3  mil  at  ISO*. 

Minor  additional  corrections  reduced  this  amplitude  to  0.040  mil  at 
12S0  rpm.  These  balancing  moves  listed  in  Table  4.3  are  shown 
vectorially  in  Fig.  4.14. 

A  second  balancing  procedure  that  requires  only  displacement 
amplitude  measurements  is  also  described  by  Wilcox  [Si.  No  phase 
angles  are  measured.  The  same  rotor  with  the  same  initial  unbalance 
reading  (2.7  mils  at  240°)  was  balanced  at  12S0  rpm  by  use  of  this 
second  procedure,  as  described  in  Table  4.4.  The  effect  of  a  calibration 
weight  placed  in  four  angular  locations  equally  spaced  90”  apart  around 
the  circumference  of  the  disk  is  determined.  Using  the  four  vibration 
readings  with  the  original  unbalance  reading  makes  it  possible  to 
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Fig.  4,14.  Vector  diagram  for  balancing  a  rigid 
rotor,  with  subsequent  trim  balance,  After 
Wilcox  [SI.  < °1967,  Pitman  &  Sons  Ltd,;  used 
by  permission) 


Table  4.4  -  Balancing  of  a  rigid  rotor  with  an  overhung  disk  using  only 
amplitude  measurements 


Test 

No. 

Vibrational 

amplitude 

(in.) 

Details  of  test 

1 

0.00270 

Initial  test 

2 

0.00113 

0,172  oz  added  at  240° 

3 

0.00170 

0.0312  oz  added  at  330° 

4 

0.00185 

0,0312  oz  transferred  from  330°  to  60° 

5 

0.00095 

0,0312  oz  transferred  from  60°  to  150° 

6 

0.000<i5 

0,0312  oz  transferred  from  150°  to  240° 

7 

0.00005 

0,0312  oz  removed, 

0.0442  oz  added  at  210s 

•After  Wilcox  [Si  (•  1967,  Pitman  k  Sons  Ltd.,  London;  used  by  permission).  All  tests 
were  run  ut  1250  rpm,  and  til  balance  weights  were  added  at  a  3-in.  radius. 
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construct  an  amplitude  vector  diagram  (similar  to  the  force  vector 
diagram  described  previously)  that  will  allow  the  original  unbalance  in 
the  disk  to  be  determined.  The  construction  shown  in  Fig.  4.15  was 
readily  achieved  by  trial  and  error.  This  procedure  was  applied  after  an 
initial  balancing  adjustment  had  been  made  (not  a  necessary  pert  of  the 
procedure),  in  which  a  correction  weight  of  0.172  oz  was  applied  at 
240°,  as  Indicated  by  run  2  in  Table  4.4.  Improvement  was  substantial. 
The  following  trim  adjustments  were  then  made  with  a  calibration 
weight  Of  0.0312  oz,  applied  at  330',  60",  150®  and  240°.  The  magni¬ 
tude  of  the  required  correction  weight  from  Fig.  4.15  is 

Wt  —  (calibration  weight) 


-  (0.0312)  -  0.0442  oz. 


Fig.  4. IS.  Rigid-rotor  balancing  by  the  four-circle 
method.  After  Wilcox  [5].  (°1967,  Pitman  A  Sons 
Ltd.;  used  by  permission) 


The  orientation  of  the  required  correction  weight  is  found  by 
observing  that,  when  the  calibration  weight  is  added  at  240e  (test  6)  the 
amplitude  has  its  minimum  value.  When  the  trial  weight  is  added  at 
60°  (test  4)  the  amplitude  is  maximum.  With  the  vector  24  as  a  refer¬ 
ence,  the  above  correction  must  be  applied  at  (270-56)  -  216*  CCW 
from  vector  24,  as  indicated  In  Fig.  4.16. 

Wilcox  (5]  indicates  that  with  the  above  vector  solution  a  correc¬ 
tion  weight  of  0.0442  oz  was  added  at  210°  (the  next  convenient  hole). 
Test  7  showed  a  substantial  improvement  in  the  balance  of  the  rotor. 
The  results  obtained  with  the  above  amplitude  method  and  with  the 
phase  method  described  previously  above  are  almost  identical  (see 
Fig.  4.17). 

Two-Plane  Field-Balancing  Procedures 

The  procedures  described  previously  are  best  suited  to  rigid  rotors 
with  thin  simple  disks.  Longer  rigid  rotors  require  more  complex  two- 
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Pig.  4.17.  Comparison  of  two  rotor-balancing  methoda.  Aff.r  Wilcox  IS], 
(*1967,  Pitman  &  Sons,  Ltd.;  uied  by  permlulon) 


plane  balancing  procedures.  Two-plane  rigid-rotor  balancing  procedures 
must  deal  with  the  following  problems: 

1.  Plane  separation  '.  Unbalance  effects  are  usually  measured  near 
the  bearings.  Correction  weights  are  usually  installed  iu  planes  located 
away  from  the  bearings,  often  about  10%  of  the  rotor  length  inboard  of 
the  bearings.  The  influence  of  the  correction  plane  locations  must  be 
considered  when  determining  the  required  correction  weights. 

2.  Simultaneous  two -plane  balancing:  Unbalance  corrections 
applied  in  one  plane  will  disturb  the  balance  in  the  other  balance  plane. 
A  procedure  that  includes  this  interaction  must  be  used  to  minimize 
the  trial  and  error  involved. 

Cross  unbalance  effects  are  usually  removed  during  low-speed  shop 
balancing.  Two-plane  balancing  of  a  rigid  rotor  in  the  field  is  com¬ 
monly  a  trim-balancing  operation,  in  which  the  remaining  small  unbal¬ 
ance  effects  are  removed.  Built-up  rotors  often  require  trim  balancing 
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after  having  been  shipped  to  their  destination.  Large  Jet  engines  are 
trim  balanced  in  engine  test  cells  using  two  end  planes  (first  compressor 
stage  and  lgst  turbine  stage). 

The  equipment  needed  for  balancing  a  rigid  rotor  in  two  planes  is 
shown  in  Fig.  4.18.  This  is  the  same  as  that  used  for  the  single* plane 
balance,  except  that  an  additional  sensor  and  its  circuitry  are  installed  at 
the  second  bearing.  The  extended  instrumentation  network  is  shown  in 
Fig.  4.19.  The  end  of  the  rotor  adjacent  to  the  strobe  lamp  again  has  a 
"clockface"  of  numbers  painted  on  it,  and  the  strobe  flash  again  occurs 
as  the  maximum  force  is  transmitted  to  either  pedestal  during  rotation. 

The  theory  of  two-plane  balancing  is  given  in  the  next  section.  An 
application  of  this  procedure  to  the  overhung  rotor  example  discussed 
by  Wilcox  [5]  is  given  on  pages  223  through  228. 


SEISMIC  PHASE  SEISMIC 

TRANSDUCER  REFERENCE  TRANSDUCER 


i 


AMPLIFIERS 


ET 


SIGNAL 

FILTERS 

. 1 - 

- 1 

. i 

LEFT  SUPPORT 

.  ' 

_ 

RIGHT  SUPPORT 

AMPLITUDE 

PHASE-REFERENCE 

AMPLITUDE 

BlrtNAL 

DISPLAY 

SIGNAL  DISPLAY 

SIGNAL 

DISPLAY 

rig.  4.19.  Instrumentation  for  two-plane 
field  balancing 
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Rigid-Rotor  Influence  Coefficient  Balancing:  Theory 

Consider  the  overhung  rigid  rotor  shown  in  Figs.  4.20  and  4.21 
which  operates  with  unbalance  forces  Ft  P  acting  at  the  two  rotating 
disks.  The  rotor  is  supported  in  two  inboard  bearings  which  experience 
reaction  forces  R  and  S  as  a  result  of  the  rotating  unbalance  forces. 
The  unbalance  forces  acting  on  the  disks  are  defined  by  the  relations: 

r.  ..  .j. 

Unbalance  force  F  — - -  — -  U\\  U\  -  H'lfli 

8  8 

Oi*  TI  tr  1 1, 

Unbalance  force  P  - - —  U2\  U2  -  W2a2, 

8  8 

in  which  Wu  W2  are  the  disk  weight,  and  at,  a2  are  the  c.g.  eccentrici¬ 
ties,  respectively. 


Fig.  4.20.  Geometry  of  overhung  two-diik  rotor 
In  inboard  bearings 


The  vector  equilibrium  equations  for  the  bearing  reactions  /?,  S 
are: 

«n  1  F  +  «u  ’  %  “  0 

021  •  F  +  022  ‘  F  —  S  “  0 

where  «n,  Su,  S2i,  and  aJ2  are  the  vector  influence  coefficients  relat¬ 
ing  the  unbalance  forces  to  the  bearing  reactions.  Replacing  each  of 
these  quantities  by  its  complex  form  gives: 
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(aft  +  la{t)(Fr  +  IF1)  +  (af2  +  /a/2)(F'  4-  IP1)  -  ( R'  +  iR‘) 
(af,  +  /a/,)(F'  +  IF1)  +  (af2  4-  /af2)(F'  +  IP1)  -  (S'  +  IS1). 
Expanding  the  equating  real  and  imaginary  parts  separately  gives: 


aft  —aft  af2  -a/2 

Ff 

JT 

aft  «(l  0/2  af2 

F' 

F' 

aft  -aft  af2  -af2 

F' 

** 

Sr 

aft  aft  af2  af2 

F' 

S' 

or 

U]{G)  -  {//}. 

The  influence  coefficients  are  each  found  by  placing  a  trial  balance 
weight  B  (02  in.)  in  each  end  disk  (correction  plane)  in  turn.  This 
gives  an  unbalance  force 

f,  -  —  S„  r-  1,2. 

S 

Placing  f]  in  the  first  disk  the  vector  equations  for  equilibrium  at  the 
bearings  become: 

atj  •  (F  +  t{)  +  ai2P  —  /?j  ■*  0 

a2 1  •  (F  +  T\)  +  a22F  —  S|  «■  0, 

Subtracting  the  original  unbalance  from  the  first  of  these  equations 
gives: 

5U-7| 

Rl~R  R\  KtRi-lT,)  R  '<{*-£!,> 

f,  T,  T,‘ 

aft  +  /a/,. 


S,-  S  5|_  iCc,(-{Tl)  s  «t*-Sr,) 
f,  “  t  e  “  r  e 


an  - 

Similarly 

«21  - 


afk  +  /aft. 


•  'Vmt  niwi'i'w,  v>*  -• 
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If  the  trial  unbalance  is  then  placed  in  the  second  disk  the  vector  equa¬ 
tions  are: 

«n  •  F  +  a  12  *  (P  +  7*2)  “  R2. 

«21  *  F  +  a22  *  (P  ~  7*2)  “  S2. 

The  influence  coefficients  are: 

_  *2-  *  7i2  ‘<tn y-trj  R 

“12  f2  ~i  e  ~T2e 

-  n{2  +  ta{ 2 

-  .  Si-S  Si_  «ta2-tr,)  _  _S_  ,(ts  -  £„) 

“M  T2  T2e  T2‘ 

—  ai2  +  lai2. 

The  real  and  imaginary  terms  in  the  influence  coefficient  matrix  are 
therefore  given  by: 

R  a 

«fi  -  an  cos  Cw  -  •jT-  cos  ({/j,  -  CTi)  -  jr  cos  ({*  -  iT)> 

«/i  -  an  sin  £n  ->  —  sin  —  {ri)  -  -jr  sin  ({*  -  (r,); 

51  s 

«/i  -  a2i  cos  "  jr  cos  ({$,  -  Cr^  “  ~jr  cos  ((s  -  {,>,)> 

S  c 

aii  “  «2i  sin  {21  “  "jr  sin  -  (r})  — j r  sin  ({$  -  (r,); 
a{2  -  an  cos  C12  ™  -yT-  cos  (£*2 _  Cr2)  “  “jr  cos  ({*  -  4 r2) » 
a/2  ■  «u  sin  {12  —  -jr  sin  ({*2  -  Cr2)  -  -jr  sin  ({*  ~  4 i 

52  J 

a^2  “  «22  COS  C22  *“  "jr  COS  (Cs2  ~  CtJ  ~  *jT  cos  ({,?  ~  £t2^> 

Sj  c 

a/2  “  «22  sin  {22 "  "jT"  sin  (£j2  —  lr2)  —  -yr  sin  (Cs  ~  Cr2)- 
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Each  of  the  above  8  terms  appears  twice  in  the  influence  coefficient 
matrix.  When  these  expressions  are  evaluated  from  the  trial  weight 
test  data,  the  influence  coefficients  are  obtained.  The  influence 
coefficient  matrix  [A]  is  formed  from  these  results.  Matrix  lA)  is  then 
inverted  to  evaluate  the  magnitude  of  the  original  unbalance  vector  {G} 
from  the  operation: 

{Gl-Ul-m 

where  H  is  the  vector  of  the  bearing  force  components  resulting  from 
the  rotor  unbalance  (without  trial  weight  effects). 

The  required  correction  weights  and  angles  are  obtained  from  the 
real  and  imaginary  parts  of  {/I  and  {/*)  from  the  {<?}  vector  as  follows: 


The  required  correction  weights  C\  and  C2  are  then  found  from  the 
expressions 

fx  -  t/WF+7t[J*, 

/»i-Vwr+  fflP, 

to  be 

Ci  -  Ui  -  (g/ii>2)Fi  oz  in.,  WCi  -  VJr\ 

Ci  -  U2  -  (gfu2)Pi  oz  in.,  WCi  -  Ui/r2 


where  r\  and  r2  are  the  radii  of  the  correction  planes  in  disk  1  and  disk 
2,  respectively.  The  correction  weight  orientation  angles  (i  and  (2  are 
found  from  the  expressions 
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(f  —  arctan  (F{  )  +  180  ° 

if  arctan  (P{/P\)  +  180°. 

Note  that  the  magnitude  of  C\  and  Ui  are  identical,  likewise  Ci  and 
Ui.  The  unbalance  is  corrected  (cancelled)  in  each  case  by  placing  both 
correction  weights  at  180"  from  the  determined  angular  location  of  the 
original  unbalances. 


Two-Plane  Balance  of  Doubly-Overhung  Rotor 

Wilcox  [5]  has  given  details  of  the  balancing  of  the  doubly- 
overhung  laboratory  rotor  shown  in  Fig.  4.21,  which  will  now  be  used 
to  demonstrate  the  theory  of  the  preceding  section.  The  two  correction 
planes  are  located  in  the  overhung  end  disks,  and  these  planes  are 
assumed  to  contain  the  rotor  residual  unbalance  {<?}.  Vibration  read¬ 
ings  were  taken  on  the  bearing  housings.  The  test  results  are  summa¬ 
rized  below,  together  with  tho  unbalance  corrections  which  Wilcox 
obtained  using  two  methods,  and  which  he  found  to  be  effective  on 
trial. 


F  R  S  P 


Bearing  B  Bearing  C 

(b)  unbalance  l'orcet  and  reactions 


Fig.  4.21.  Wilcox  rotor  and  applied  force  distribution 
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Condition 

Bearing 

Magnitude,  mils  Angle,  deg. 

Original  unbalance 

R 

0.85 

135 

S 

1.00 

0 

Original  plus 

R  •iV 

2.20 

75 

trial,  plape  1 

S 

0.90 

350 

Original  plus 

R 

0.90 

150 

trial,  plane  2 

S 

1.70 

30 

Balance  Corrections 

Left  disk  C\  0.09  oz 
Right  disk  C2  0.235  oz 

191 

65 

Writing  Wilcox's  data  in  terms  of  the  notation  from  the  previous  sec¬ 
tion  on  theory  of  influence  coefficient  balancing,  gives  original  unbal- 


ance: 

R  -  0.85,  £*  -  135° 

5-1.00,  Cs-Q* 

T\  **  0.25,  £r,  ^  300°; 

R,-  2.20,  £*,-75“ 

S\  —  0.90,  £s,-  350° 

T2  -  0.25,  £rj-  300°; 

*2-0.90,  £*,-  150s 

S2  —  1.70,  £s2  —  30  °. 

Substituting  these  values  into  the  expressions  given  previously  for  the 
real  and  imaginary  parts  of  the  influence  coefficients  gives: 


<*fi  -  cos  £*,  -  “r  cos  (£«,  -  £7 ,)  -  -jr  sin  (£«  -  £r,) 

-  ~  cos  (75  °-300'7  -  m  cos  (135“-300l 

-  —2.93839, 


all 


oil  sin  £*,  -  -yT  Sin  (£*1  -  £r,)  -  y-  sin  (£*  -  £r,) 
— -  sin  (75  “-300*7  -  sin  <135  “-300°) 


7.10252. 
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In  a  similar  manner, 

a{2  -  0.16606,  a/2  -  -0.92002 
ajfi  -  0.31404,  aii  -  -0.70634 
a{i  -  -2.00000,  ah  -  3.33590. 

The  influence  coefficient  matrix  may  now  be  formed.  This  is  done  as 
shown  below.  The  original  unbat^ce  vector  is  also  formed,  and  the 
product  of  these  two  terms  gives  the  real  and  imaginary  components  of 
the  unbalance  vectors  {/’)  and  {/*},  viz., 


—2.93839  -7.10252  0.16646  0.92002 

-1 

-0.60104 

F[ 

7.10252  -2.93839  -0.92002  0.16646 

0.60104 

•< 

F{ 

0.31404  0.70634  -2.00000  -3.33590 

1.00000 

m  1 

-0.70634  0.31404  3.33590  -2.00000 

0.00000 

P{ 

-0.05196 

0.12262  -0.02199 

0.02325 

-0.60104 

0.0828 

-0.12262 

-0.05196  -0.02325 

-0.02199 

0.60104 

0.0193 

-0.01337 

0.02288  -0.13690 

0.22441 

1.00000 

m ' 

-0.1150 

-0.02288 

-0.01337  -0.22441 

-0.13690 

0.00000 

-0.2187 

It  now  remains  to  obtain  F  and  P  in  polar  form,  and  the  correction 
weights  and  angles.  These  are: 

F  -  Fiellr  -  0.08503  e'<131  F,  -  0.08503  oz  -  C, 

0-  193.1 # 

P  -  p^  -  0.24727  el(w  i\  />,  -  0.24727  oz  -  C2 

0-62.3*. 

These  results  agree  with  those  reported  by  Wilcox  in  the  proceeding 
table.  Note  that  the  results  appear  in  the  same  units  as  the  trial  weights 
if  the  correction  weights  are  to  be  inserted  at  the  same  locations  (plane, 
radiu$)  as  the  trial  weights.  Care  is  also  needed  in  interpreting  phase 
angle  results,  as  the  tangent  values  repeat  every  180*. 

Two-Flane  Turbine  Balancing  with  the  Influence 
Coefficient  Method 

Jackson  [6]  has  given  details  of  how  a  turbine  rotor  (Fig.  4.22) 
was  balanced  in  two  planes  using  a  programmed  hand  calculator.  The 
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BALANCE  PUNE  BAUNCE  PLANE 


Fig.  4.22.  Schematic  or  steam-turbine  rotor  for  sample  hand  calculation  of  balance. 
After  Jackson  [6],  (°1972,  The  Vibration  Institute;  used  by  permission) 

turbine  rotor  operated  at  11,000  rpm,  which  was  above  its  second  criti¬ 
cal  speed.  The  bearing  span  was  98  in.,  and  the  rotor  weight  was  5200 
lb.  Details  of  the  vibration  readings  obtained  at  either  end  of  the  rotor 
during  balancing  are  given  in  Table  4.5. 


Table  4.5  Two-plane  balancing  of  turbine  rotor 


Vibration  measured 

Amplitude  (10" 

J  in.) 

Governor  end 

Exhaust  end 

Initial  peak  bearing- 
cap  relative  vibration 

Vertical 

2.6 

1.5 

Horizontal 

Final  peak  bearing- 
cap  relative  vibration 

2.6 

1.0 

Vertical 

1.1 

0.6 

Horizontal 

0.8 

0.6 

Initial  absolute  bearing- 
cap  vibration 

0.36 

0.4 

Final  absolute  bearing- 
cap  vibration 

0.11 

0.0035 

Shaft-to-bearing  relative  displacements  were  measured  with  hor¬ 
izontal  and  vertical  proximity  probes.  Bearing-cap  vibrations  were 
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measured  with  a  aelamic  velocity  sensor.  The  governor-end  phase 
reference  wan  obtained  by  observing  the  orientation  of  the  clockface  for 
the  governor-end  balance  plane  with  a  stroboscope.  The  20  balance- 
correction  holes  were  numbered  for  angular  reference  in  the  counter¬ 
clockwise  direction  of  rotation.  The  exhaust-end  phase  reference  was 
taken  from  the  16-hole  balance  row. 

The  12  o'clock  position  was  the  reference  marker  at  both  ends  on 
the  vector  clockface.  Displacement  probes  were  mounted  close  to 
either  bearing  cap  at  +45*  and  at  -45#  to  the  vertical. 

Calculation  details  are  shown  in  Figs.  4.23  and  4.24.  All  results 
were  calculated  with  a  programmable  hand  calculator.  A  satisfactory 
rotor  balance  was  achieved  in  the  manner  described. 

THE  RESIDUAL  RUNOUT  VECTORS  ARC 
SRI  ■  0.0  AT  0.0  OCORCES 

IRS  *  0.0  AT  0.0  OCORCES 


THE  original  unbalance  vectors  are 

21  «  0.300  AT  270.0  OCORCES 

22  «  O.A00  AT  311.0  OCORECS 

THE  ROTOR  SPCEO  IS  >1000.0  ARM 


UNBALANCE  MAONtTUOE  AND  LOCATIONS  ARE 
U1  •  0.101  AT  30.0  OEORCES 

US  »  0.300  AT  -1*3.0  OEORCES 


THE  CORRECTION  HEIGHTS  AND  LOCATIONS  ARC*  « 
Ml  ■  0.101  AT*  210.0  OCORCES 
MS  •  0.360  AT.  3T.0  OCORCES 


ANRUTUOE  AND  PHASE  ANOlE  ARE  TWOARBITRARY 

PLANES.  NOT  NECtSSARILT  THE  TRO  lALANCC  PLANES. 
trial  veiohts  arc  RLACEO  in  each  or  the  tmo  balance 

PLANES  SEPARATELY,  ANO  THE  RCSULT1NO  AHPLITUOEANO 
PHAIC  ANOLES  are  NEASUREO  at  THE  P»22t-iSS*Ii2N** 

THE  ORI01NAL  UNBALANCE  VECTOR  IS  CORRCCTCO  TOR 
RESIDUAL  LOV  SPEED  SHAPT  RUNOUT. 

the  BALANCE  MCIOHTS  ANO  ANRUTUOE  CAN  OC  Of  ANT 
DIMENSION*.  BUT  THE  SANE  DIMENSIONS  MUST  OC  USED 
CONilSTENTLV  IN  ALL  THE  INPUT  DATA. 

Fig,  4.23.  Details  of  rlgld-rotor  balance  by  hend  calculator.  From  Jackson  161.  (#1972, 
The  Vibration  Institute;  used  by  permission) 
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Fig.  4.24.  Vector  calculations  for  two-plane  balancing.  From  Jackson  [6]. 
(©1972,  The  Vibration  Institute;  used  by  permission) 
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4.4  Balancing  Standard!  for  Rigid  Raton 

A  number  of  documents  outlining  criteria  for  balancing  rigid  rotors 
have  been  developed  to  provide  guidance  oh  acceptable  levels  of  re¬ 
sidual  unbalance,  Examples  of  such  documented  criteria  for  various 
classes  of  machines  are  the  following:  . 

1.  ISO  Document  (940- 1973(E)  [8],  This  is  the  basic  balance  cri¬ 
teria  document  for  rigid-rotor  balancing.  It  supersedes  all  previous 
requirements  for  rigid-rotor  balancing.  It  contains  comprehensive 
charts  of  residual  unbalance  levels  for  rotor  acceptance  and  gives  defini¬ 
tions  of  important  balancing  terms,  baaed  on  wide  industrial  experience. 

2.  MIL-STD-167,  1954  19J,  An  early  balance  criteria  document 
for  balancing.  Contains  charts  and  formulas  for  acceptance  criteria  for 
rigid  rotors  in  terms  of  rotor  weights  and  operating  speeds. 

3.  National  Electrical  Manufacturers  Association  balance  criteria, 

,  1956  [10—12],  Specifies  required  quality  for  balancing  of  armatures. 

Also  gives  guidance  on  balancing  technology  and  standards  related  to 
the  electrical  industry. 

4.  American  Gear  Manufacturers  Association  balance  criteria  [13]. 
Specifies  quality  criteria  for  balancing  gears,  shafts,  and  couplings. 
Gives  guidance  on  balancing  technology  and  standards  related  to  the 
gear  industry. 

5.  American  Petroleum  Institute  balance  criteria  [14].  Statement 
of  rigid-rotor  balancing  requirements  and  procedures.  Simple  formulas 
for  balance  criteria. 

Otbn  criteria  are  given  by  Rathbone  [15]  and  Yates  [16]  in  guidance 
papers  with  balance  quality  charts  (see  Figs.  4.25  and  4.26,  respec¬ 
tively).  Vibration  tolerance  criteria  are  given  by  Reiher  and  Meister 

[17] .  Figure  4.27  b  a  vibration  tolerance  that  developed  by  Feldman 

[18] . 

ISO  Document  1940-1973  (E) 

Required  quality  of  balance  is  defined  as  the  amount  of  acceptable 
residual  unbalance  for  smooth  rotor  operation,  Balance  quality  is  speci¬ 
fied  in  ISO  1940  [8]  in  terms  of  a  range  of  balance  quality  grades,  G. 
Table  1  in  ISO  1940  is  used  to  specify  a  quality  grade  for  any  rigid-rotor 
application.  It  classifies  similar  equipment  types  into  specific 
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number  grades;  for  instance,  grade  G  2.5  groups  together  the  following 
machine  types: 

Gas  turbines 
Steam  turbines 
Antennas,  rotating 
Aircraft  engines 
Aircraft  engine,  compressor 
Aircraft  engine,  turbine 
Electric  motor  armatures 
Centrifuges,  rigid 
Compressor,  centrifugal 
Compressor,  turbine 
Compressor,  reciprocating 
Compressor  wheels 
Couplings 

Crankshafts,  flexible 
Crankshafts,  rigid 
Cutoff  wheels 
Cutters 

Fans  and  blowers,  two-plane 
Fan  wheels,  single-plane 
Gears 

Grinders,  general,  precision 
Gyro  rotors 

Magnetic  memory  drums 

Missiles,  space  vehicles 

Propellers,  helicopters,  aircraft 

Paddle  wheels 

Pulleys,  sheaves 

Rolls,  flexible 

Rolls,  rigid 

Rotating  optics 

Satellites 

Spindles,  machine 

Shafts,  high  speed  >  10,000  rpm 

Shafts,  medium  speed  1000-10,000  rpm 

Shafts,  low  speed  <  1000  rpm 

Torque  converters 

Turbine  wheels 

Turbinas  (steam,  gas,  hydraulic),  high  speed  >  10,000  rpm 
Turbines  (steam,  gas,  hydraulic),  medium  speed  1000-10,000 
rpm 
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Turbines  (steam,  gas,  hydraulic),  low  <  1000  rpm 
Universal  joint  shafts 
Wheels,  automotive,  aircraft  landing 
General  machine  and  tool  parts 

high  speed,  10,000  rpm  (bobbins,  etc.) 
medium  speed,  1000-10,000  rpm  (rotary  brushes,  clutches, 
flywheels,  textile  flyers,  cutters,  size  reduction  equipment, 
air  classifier,  household  motorized  appliances,  etc.) 
low  speed,  <  1000  rpm  (brake  drums,  propeller  (ship),  pump 
refiner,  pulverizer,  telephoto  machine,  instrument 
components,  recording  drives,  etc.) 

Marine  main  turbines 

Rigid  generator  rotors 

Turbocompressor  rotors 

Machine  tool  drives 

Medium-size  electrical  armature  rotors 

Small  electrical  armatures 

Pump  rotors. 

The  classification  is  broad,  and  it  should  be  used  with  care,  since  there 
are  exceptions  and  borderline  rotors  that  do  not  fit  this  grouping,  It 
should  also  be  remembered  that  it  is  the  dynamics  of  the  rotor  system 
(rotor,  bearings,  pedestal)  that  determine  the  overall  response  to  unbal¬ 
ance.  For  all  rigid  rotors  in  any  grade,  the  specific  balance  requirement 
for  that  grade  should  provide  smooth  operation.  The  grad*  number 
represents  the  product  of 

aw  —  {rotor  c.g.  eccentricity,  mm}{speed,  rad/s),  mm/s. 

Thus  a  pump  rotor  that  weighs  40  lb  and  operates  at  2000  rpm  should 
be  balanced  to  2.5  mm/s,  or 

aw  -2.5  «  a  mm/s  -  -  0,1  in./s. 

The  residual  c.g.  eccentricity  is  therefore  a  -  0.0005  in.  From  ISO 
1940  Chart  2,  at  speed  2000  rpm  quality  grade  2.5  gives  h  c.g. 
eccentricity  a  m  0  0005  in.,  which  agrees  exactly  with  the  above. 

The  source  of  the  numerical  data  from  which  the  criteria  charts  of 
ISO  1940  were  constructed  is  a  rotor  balance  survey  made  by  Muster 
and  Fiores  [19,20],  Responses  wore  obtained  from  manufacturers 
representing  a  very  wide  variety  of  machinery,  as  listed  below  [19]. 
These  rotor  types  were  also  divided  into  the  following  rotor  weight 
classes. 
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less  than  0.1  lb  100  —300  lb 
0.1 -0.3  lb  300< *1006  lb 

0.3-1  lb  1000— 3O0C,lb 

1-3  lb  3000-10,000  lb 

3-10  lb,  1C, 000-30, 000  lb. 


A  statistical  survey  of  the  levels  of  acceptable  unbalance  reported 
by  various  manufacturers  was  made  for  each  rotor  class.  The  mean 
result  for  bach  instance  became  the  level  of  acceptability  for  the  speci¬ 
fied  operating  speed.  The  chart  shown  in  Fig.  4.28  was  plotted  from 
this  data.  This  figure  shows  values  of  acceptable  residual  unbalance 
(in.  lb/ rotor  lb)  plotted  against  speed  of  rotation.  For  each  class  of 
machinery,  at  each  speed  level,  the  mean  reported  acceptable  residual 
unbalance  level  was  taken  as  the  grade  level,  where  ao>  (in  millimeters 
per  second)  was  the  grade  number,  as  defined  above. 

The  data  obtained  in  the  Muster  and  Flores  survey,  and  the 
manner  in  which  the  results  have  been  formalized,  now  constitute  the 
basis  of  rigid-rotor  balance  criteria.  These  data  can  also  be  used,  as 
specified  in  ISO  Document  19404973(E)  (81,  as  balance  criteria  for 
flexible-rotor  balancing,  where  no  other  values  are  available.  The  need 
for  overall,  comprehensive,  and  validated  rigid-rotor  balancing  criteria 
has  been  met  with  the  development  of  ISO  Document  19404973(E). 

MIL-STfD-167  (19S4) 

The  military  standard  document,  Mechanical  Vibrations  cf  Shipboard 
Equipment  [9],  is  based  on  the  following  throe  formulas  for  maximum 
permissible  residual  unbalance: 


Speed  range,  N  (rpm) 

Maximum  residual  unbalance 

0  to  150 

U  <  0.25  W 

150  to  1000 

r, ^  5630  W 

S  Nl 

Above  1000 

N 

where  Ar  is  the  speed  of  rotation  In  rpm,  U  is  the  maximum  permissible 
residua!  unbalance  in  the  rotor  in  cz.  in.,  and  W  is  the  rotor  weight  in 
pounds.  Thus,  for  example,  the  maximum  permissible  unbalance  for  a 
shipboard  generator  weighing  220  lb  and  operating  at  2400  rpm  is  found 
us  follows: 


ACCEPTABLE  RESIDUAL  UNBALANCE/ ROTOR  WBGHT  (to  to/to  x  10“*) 
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1  5  10 


OPERATING  SPEED  (rpm) 

BAND 

NUMBER 

Fig.  4.28.  Bud  clpsjlflcation*  for  rotor  unbalance  as  a  function  of  speed 
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U< 


AE 

N  ' 


4  x  220 
2400 


-  0.,3<i7  os-in. 


MIL -STD- 167  is  «  vibration  standards  document.  Besides  residual 
unbalance  formulas,  it  includes  tile  standard  for  acceptable  shipboard 
machinery  vibration  levels  (Fig.  4.29),  In  shipboard  (and  other) 
machinery  residual  unbalance  is  not  the  only  source  of  vibration: 
there  are  many  other  potential  sources.  This  fact  is  recognised  by  the 
vibration  tolerance  chart  (Fig.  4.29),  in  which  the  maximum  vibration 
criterion  corresponds  to  a  maximum  peoh-to-peak  displacement  level 
equal  to  10  times  is,  the  rotor  c.g.  eccentricity. 


PiS.  4.29.  Comparison  of  vibration  criteria  by  Federn  [21,1  and 
MIL-STD-167  (9i.  After  Feldmin  [IS], 
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An  informative  review  of  MIL-STD-167  has  been  given  by  Feld¬ 
man  [18],  who  discussed  the  selection  of  unbalance  tolerances  for  rigid 
rotors  in  terms  of  the  overall  vibration  problem  of  shipboard  equip¬ 
ment.  Although  balancing  a  rotor  can  do  much  to  reduce  the  vibration 
of  rotating  machinery,  other  factors,  such  as  structural  resonances  of 
the  equipment  support  system,  will  also  influence  the  transmitted  force 
(and  hence  the  transmitted  noise  level).  Other  sources  of  excitation 
occur  from  the  windings  of  electrical  machinery,  from  fluid-flow  effects 
(e.g.,  cavitation  flow  vibration)  in  pumps,  and  in  forced-draft  fans. 
Each  factor  also  influences  the  overall  vibration  level.  Feldman  [18] 
has  used  other  published  work  by  Kathbone  [IS],  Yates  [16],  and 
Federn  [21]  to  develop  guidance  charts  for  the  overall  vibration  levels 
in  shipboard  machinery. 


NEMA  Vibration  Criteria 


Vibration  criteria  are  available  in  National  Electrical  Manufactur¬ 
ers  Association  (NEMA)  standards  document  [10—12],  These  criteria 
do  not  apply  to  maximum  residual  unbalance  values.  They  are  speci¬ 
fied  in  terms  of  maximum  permissible  vibration  levels.  The  standards 
for  ac  and  dc  motors  [10,11]  give  tables  for  recommended  peak-to-peak 
vibration  displacement  amplitudes,  measured  at  the  bearing  housing. 
Permissible  vibration  levels  are  specified  in  terms  of  unit  frame  diame¬ 
ter  (see  Table  4.6).  The  drive-turbine  standards  112]  give  charts  of 
recommended  peak-to-peak  amplitude  criteria  for  shaft  vibration  ampli¬ 
tudes,  measured  close  to  the  bearing  housing.  The  acceptable  level  of 
vibration  is  related  to  the  speed  and  weight  of  the  turbine,  as  shown  in 
Table  4.7. 

Table  4.6.  NEMA  Acceptable  limits  of  vibration  for 
electric  motors 


Frame  diameter  series 


Peak-to-peak  displacement  on 
bearing  housing  (in.) _ 


180,  200,  210,  and  220  0.001 
230,  280,  and  320  0.0015 

360,  400,  440,  and  500  0.002 


Note:  In  general,  larger  frame  sizes  are  associated  with  motors  of 
higher  power  rating  and/or  lower  operating  speed. 
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Table  4.7.  NEMA  Acceptable  limits  of  vibration 
for  turbines 


Rated  speed  (rpm) 

Peak-to-peak  displacement  on 
shaft  at  bearing  support  (in.) 

<4000 

0.0030 

4001  to  6000 

0.0025 

>6000 

0.C020 

Note:  Where  it  li  not  pouible  to  measure  the  displacement  of 
the  shaft  directly,  the  peak-tc-peak  displacement  shall  not 
exceed  50%  of  the  above  values. 


Neither  criteria  were  chosen  for  rigid-rotor  balancing  operations. 
The  criteria  values  provide  some  guidance  for  deciding  whether  a  given 
motor  or  turbine  unit  has  an  acceptable  level  of  residual  unbalance, 
based  on  the  observed  vibration  levels.  A  disadvantage  of  the  support- 
vibration  test  is  that  the  structural  dynamic  properties  of  the  rotor- 
support  system  are  involved  in  the  given  criteria  values  and  also  in  the 
measured  vibration  amplitudes.  Measurements  taken  on  the  bearing 
caps  do  not  provide  any  treasure  of  unbalance,  per  se.  It  appears  desir¬ 
able  to  incorporate  the  rotor  balance  criteria  of  ISO  Document  1940- 
1973(E)  into  the  NEMA  standards  to  guide  electrical  rotor  balancing, 
as  unbalance  is  often  a  major  source  of  observed  vibrations.  Electrical 
equipment  is  specifically  included  in’ISlO  1940- 1973(E)  in  severs1  rotor 
categories.  Muster  and  Flores  [19,20]  mentioned  in  their  review  of  the 
NEMA  standard  for  the  balance  of  motors  [10]  that  the  displacement 
measurements  quoted  were  obtained  with  each  unit  soft-mounted  on  a 
resilient  suspension  system.  For  such  arrangements  the  ratio  of  operat¬ 
ing  speed  to  natural  frequency  lay  in  the  range  of  approximately  5:1. 

Other  Vibration  Criteria 

Raihbone  [15]  and  Yates  [16]  have  also  published  charts  of  pro¬ 
posed  vibration  criteria  for  machinery,  based  on  observations  of  many 
rotating  machine  systems.  Charts  given  by  these  authors  are  shown  in 
Figs.  4.24  and  4.25.  Other  data  for  human  perception  of  vibration  were 
developed  by  Reiher  and  Meister  [17]  and  by  Crandetl  [22].  These  data 
are  shown,  together  with  certain  limits  from  the  Rathbone  and  the 
Yates  curves,  in  Fig.  4.26  Fuither  discussion  of  the  above  criteria  and 
charts  can  be  found  in  Ref.  18. 

Several  other  industrial  criteria  are  used  for  vibration  level  assess¬ 
ment,  such  as  the  American  Petroleum  Institute  (API)  criteria  [14]  and 
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the  American  Gear  Manufacturers  Association  (AGMA)  balince  cri¬ 
teria  [13],  These  criteria  are  relatively  simple  and  are  confintd  to  lim¬ 
ited  types  of  rigid  rotors.  Both  sets  are  covered  by  the  rotor  categories 
included  in  ISO  Document  1940- 1973(E).  In  general,  though  specific 
industry  standards  may  accommodate  the  vibration  requirements  for  the 
rotating  machinery  of  an  industry,  the  guidance  provided  for  rotor 
balancing  is  often  minimal  and  may  not  reflect  the  requirements  of 
modern  rotating  equipment.  ISO  Document  1940-1973  la  preferred  in 
such  instances  because  of  its  broad  data  base  and  comprehensive  guide¬ 
lines. 
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cross-sectional  area 

eccentricity  of  disk  c.g.  from  shaft  axis 
major  axis  radius  of  whirl  ellipse 
damping  matrix 

components  of  bearing  radial  damping 

minor  axis  radius  of  whirl  ellipse 

radial  clearance  of  bearing 

bearing  diameter 

modulus  of  elasticity 

unbalance  force  vector 

shear  modulus 

gravitational  acceleration 

second  moment  of  area  of  shaft  cross  section 

discrete  translator^  inertia  at  location  n 

polar  inertia  per  unit  length 
transverse  inertia  per  unit  length 
bearing  radial  stiffness 
stiffness  matrix 
K/EIX3 

shaft  radial  stiffness 

components  of  bearing  radial  stiffness 

dimensionless  stiffness  and  damping  coefficients 

bearing  axial  length 

shaft  length 

local  bending  moment 

mass  of  disk 

mass  matrix 

discrete  local  mass 

number  of  bearing  location 
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whirl  radius  vector,  R  -  X  +  IY 
modal  amplitude 
unbalance,  Wa 

components  of  local  unbalance 
local  shear  force 
specific  weight 
rotor  displacement  vector 
rotor  coordinate  displacements 


axial  coordinate  along  rotor 
cross  section  shape  factor 
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CHAPTER  § 

FLEXIBLE-ROTOR  DYNAMICS 

5.1  Concept*  and  Classifications  of  Flexible  Rotors 

A  flexible  rotor  is  defined  as  being  any  rotor  that  cannot  be  effec¬ 
tively  balanced  throughout  its  speed  range  by  placing  suitable  correction 
weights  in  two  separate  planes  along  its  length.  The  operating  speed 
range  of  such  rotors  includes  or  closely  approaches  at  least  one  critical 
speed  in  which  transverse  bending  is  a  significant  cause  of  the 
corresponding  rotor-system  mode  shape  at  that  critical  speed.  The 
modern  concept  that  distinguishes  a  flexible  rotor  from  a  rigid  rotor  lies 
in  the  nature  of  the  balancing  process  required  to  make  a  given  rotor 
operate  satisfactorily  throughout  its  speed  range. 

The  classification  of  the  International  Organization  for  Standardiza¬ 
tion  (ISO)  is  given  in  Table  1.2  for  flexible-rotor  types.  Class  2  rotors 
are  divided  into  a  variety  of  subclasses  to  relate  them  more  readily  to 
specific  industrial  applications.  All  class  3  rotors  are  classified  as  flexi¬ 
ble,  meaning  that  they  must  be  corrected  in  more  than  two  planes  by 
some  flexible  rotor  balancing  technique.  Note  that  Table  1.2  is  rotor- 
based  rather  than  system-based,  and  should  be  used  for  guidance  only. 
A  good  estimate  of  the  dynamic  properties  of  a  machine  can  be 
obtained  from  a  computer  calculation  of  the  system,  but  an  absolute 
definition  can  be  obtained  only  by  testing  under  operating  conditions. 

Class  2  rotors  are  those  that  cannot  be  considered  rigid  but  can  be 
balanced  for  smooth  operation  with  a  low-speed  balancing  machine  l.e., 
by  rigid-rotor,  two-plane  techniques.  There  are  two  subcategories  of 
class  2  rotors: 

1..  Rotors  whose  axial  distribution  of  unbalance  is  known,  classes 
2A  through  2E. 

2.  Rotors  whose  axial  distribution  of  unbalance  is  not  known, 
classes  2F  through  2H. 

The  axial  distribution  of  unbalance  is  known  in  the  sense  that  for 
balancing  purposes  the  unbalance  can  be  considered  as  concentrated  in 
specific  planes— for  example,  in  the  disk  of  the  class  2A  grinding-wheel 
rotor.  By  balancing  in  one  (or  preferably  two)  planes  at  the  disk,  the 
rotor  can  be  balanced  for  practical  operation.  The  same  is  true  for  the 
grinding  wheel  and  pulley  in  the  class  2B  example.  In  formulating  a 
balancing  strategy,  the  axial  unbalance  distribution  can  be  likewise  sur¬ 
mised  for  the  remaining  machine  categories  2C  through  2E. 

It  is  more  difficult  to  surmise  the  axial  distribution  of  unbalance 
for  the  5-stage  centrifugal  pump  rotor,  class  2F.  Even  when  the  impel¬ 
lers  appear  identical,  neither  the  magnitude  of  the  unbalance  nor  its 
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spatial  orientation  is  known.  Similar  remarks  apply  to  class  2Q  and 
class  2H  rotors.  The  class  2H  steam-turbine  rotor  shown  is  an  integral 
forging,  Which  may  carry  several  thousand  attached  blades  whose 
weights  are  measured  and  are  statistically  distributed  around  each  stage 
to  minimize  the  overall  unbalance.  The  blade-weight  unbalance  vector 
for  each  stage  is  therefore  statistical  and  varies  from  case  to  case.  The 
overall  rotor  unbalance  comprises  shaft  unbalance  and  the  unbalance 
contributions  from  each  of  the  blade  stages.  Low-speed  balancing  Is 
possible  because  of  the  geometry  of  the  rotors  shown;  in  general  their 
mode  shapes  involve  both  substantial  rigid-body  motion  (which  can  be 
removed  by  two-plane  balancing)  and  a  limited  amount  of  flexure. 

The  effect  of  bearings  on  the  dynamics  of  flexible  rotors  is  shown 
in  Fig.  5.1.  Stiffening  the  bearings  wit)  raise  the  critical  speeds;  usually 
only  the  lowest  critical  speed  is  of  Interest  in  this  class  of  rotors.  Mak¬ 
ing  the  bearings  more  flexible  lowers  the  critical  speeds  of  the  rotor 
system  and  Increases  the  rigid-body  component  of  the  lowest  modes. 
These  effects  can  be  seen  in  a  critical  speed  chart,  Fig.  5.2.  Thus, 
where  only  the  lowest  mode  of  the  rotor  system  is  of  practical  interest, 
a  two-plane  balance  will  often  be  adequate.  The  dynamic  properties  of 
all  rotor  systems  should  be  calculated  before  construction  to  ensure  that 
the  most  suitable  modes  and  critical  speed  location  are  selected  to  make 
the  balancing  operation  most  effective. 

Class  3  rotors  are  fully  flexible  rotors  requiring  high-speed  balanc¬ 
ing;  a  large  generator  rotor  is  a  typical  example.  During  operation  a 
large  3600-rpm  generator  rotor  may  encounter  critical  speeds  in  the 
region  of  700  through  2300  rpm,  and  its  operation  may  also  be  Influ¬ 
enced  by  higher  critical  speed  effects  occurring  around  4200  rpm, 
Operation  between  the  second  and  third  critical  speeds  requires  more 
complex  balancing  procedures  than  the  relatively  simple  two-plane  tech¬ 
nique  discussed  previously.  The  reasons  for  this  complexity  and 
methods  for  balancing  class  3  rotors  are  discussed  in  Chapter  6. 

Class  4  rotors  carry  flexible  attachments  such  as  blades.  They  can 
be  prebalanced  by  a  technique  related  to  their  basic  rotor  class  and  then 
trim  balanced,  if  needed,  by  a  suitable  flexible-rotor  technique.  Class  5 
rotors  are  essentially  class  3  rotors  that  aie  balanced  to  provide  smooth 
operation  at  a  single  speed  only.  This  speed  Is  commonly  the  operating 
speed,  but  to  achieve  smooth  operation  it  may  be  be  necessary  to  bal¬ 
ance  out  a  flexible  critical  speed  within  the  operating  range.  An  exam- 
pie  of  a  class  5  rotor  is  a  400-Hz  motor  that  has  a  critical  speed  of  about 
17,600  rpm  (Table  1.3).  Response  amplitudes  at  the  bearings  before 
and  after  three-plane  balancing  are  shown  in  Fig,  5,3.  This  rotor  was 
balanced  while  operating  near  its  first  (bending)  critical  speed,  to  pro¬ 
vide  smooth  operation  at  its  design  speed. 
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Moris  1  Mode  2  Mode  3 


(a)  Rigid  rotor  In  flexible  bearings 


(b)  Stiff  rotor  In  flexible  bearings  (mlnbr  bending  In  first  two  modes) 


(c)  Flexible  rotor  in  flexible  bearings  (substantial 
bending  In  flrnt  two  modes) 


(d)  Flexible  rotor  In  rigid  bearings  (no  rigid-body  modes) 


Fig.  S.l.  Influence  of  bearing  stiffness  on  flexible  rotor  inodes 


Fig.  5.2  Churl  of  critical  soeeds  for  uniform  elastic  rotor 
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(a)  Class  5  rotor 
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(b)  Response  curves  before 
and  after  balancing 
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0. 

ROTOR  SPEED  (rpm  x  io"3) 

Fig.  5.3.  Class  S,  400-Hz  motor  and  response  curves 

The  ISO  rotor  classification  in  Table  1.2  can  be  used  to  assign  the 
type  of  balancing  that  will  probably  be  required.  A  rotor-response  study 
will  usually  be  made  during  the  rotor  design  process  to  define  the 
dynamic  characteristics  of  the  machine  system  more  exactly  and  to 
optimize  these  characteristics  for  low  sensitivity  to  unbalance 
throughout  the  operating-speed  range. 

The  following  examples  demonstrate  the  application  of  these  prin¬ 
ciples: 

Example  1 

A  400-lb  armature  rotor  is  required  to  drive  a  shipboard  fan  unit  at 
2500  rpm.  After  balancing,  the  maximum  whirl  amplitude  at  either 
bearing  is  to  be  0.002  in.  peak-to-peak.  The  lowest  critical  speed  of  the 
rotor  in  its  bearings  is  calculated  to  be  3500  rpm. 

The  rotor  was  two-plane  balanced  to  0,5  oz-in.  in  both  correction 
planes  in  a  low-speed  balancing  machine,  When  installed,  it  operated 
satisfactorily  at  all  speeds  within  its  range. 

For  a  second  application,  the  same  fan  unit  was  required  to  operate 
at  speeds  up  to  3350  rpm.  The  armature  was  first  low-speed  balanced 
in  its  two  end  planes  to  0,1  oz-in.  On  installation  in  the  fan  unit,  it 
again  met  the  required  whirl  amplitude  criterion  of  0.002  in.  peak-to- 
peak  at  all  speeds  within  the  extended  speed  range.  The  armature 
mode  shape  consisted  mainly  of  bearing  displacements  and  some  small 
flexing  of  the  rotor  at  the  higher  operating  speed  (see  Fig.  5.4). 
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FAN 


Fig,  5.4.  Armature  and  Fan  rotor  with  whirl-mode  shape 
In  first  mode 


This  armature  is  evidently  a  class  2  flexible  rotor.  As  shown  in 
Fig,  5.5.,  ISO  Document  1940-1973(E),  the  rotor  quality  class  is  G6.3V 
and  it  can  have  a  residual  c.g.  eccentricity  of  10_1  in  (6.4  oz-in.)  at 
2500  rpm,  and  0.6  x  10"3  in  (4.0  oz-in.)  for  operation  at  3350  rpm. 
Both  balance  criteria  exceed  the  balance  conditions  indicated  above. 
Although  the  rotor  exhibited  some  small  flexural  displacements  at  the 
higher  operating  speed,  it  was  still  possible  to  achieve  satisfactory 
operation  by  balancing  in  two  correction  planes. 

Example  2 

An  800-lb  centrifugal  gas-compressor  rotor  operates  at  10,500  rpm. 
It  was  observed  to  pass  through  a  first  critical  speed  at  7720  rpm.  The 
maximum  allowable  journal  whirl  amplitude  was  0.001-in.  peak-to-peak 
when  passing  through  the  critical  speed  and  at  the  operating  speed. 

It  was  found  that  a  satisfactory  balance  could  be  achieved  in  two 
ways:  (a)  by  balancing  in  three  planes  using  data  taken  at  7500  and 
10,000  rpm,  (b)  by  rigid-body  balancing  ail  rotor  components,  and 
finally  trim  balancing  in  two  end  planes  at  about  7000  rpm. 

This  rotor  is  actually  a  class  3  flexible  rotor  that  requires  flexible 
or  multiplane  balancing  for  smooth  operation.  The  first  method  pro¬ 
vides  the  required  balancing  procorluia  directly,  whereas  the  second 
method  removes  all  gross  low-speed  residual  unbalance  effects  plane  by 
plane.  The  trim  balance  made  near  the  critical  speed  in  two  planes, 
when  the  amplitudes  of  the  flexible  whirl  mode  shape  can  be  measured 
and  compensated  for,  directly  confirms  its  class  ?  classification.  A  class 


acceptable  Residual  Unbalance  per  Unit 
Rotor  Mass  in  ^*n  or 
Center  of  Cravity  Displacement  e  (in) 
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2  rotor  can  be  balanced  in  a  rigid-rotor  balancing  machine,  whereas  a 
class  3  rotor  requires  more  sophisticated  balancing  techniques  (see 
Chapter  6).  An  effort  should  be  made  during  d^iilgn  to  make  eve# 
rotor  a  class  2  rotor.  This  will  simplify  the  initial  balancing  process  by 
allowing  a  two-plane  balance  in  a  low-speed  machine.  It  will  also  make 
subsequent  field  balancing  easier  by  requiring  corrections  in  two  planes 
only.  For  rotors  that  clearly  belong  in  class  this  fact  should  be  recog¬ 
nized  early  in  the  design  process. 

The  modern  tendency  is  to  provide  rotor  midcpan  balance  planes 
along  with  easy-access  ports  through  the  machine  casing,  Field  balanc¬ 
ing  of  such  rotors  is  much  simpler,  and  the  need  to  remove  the  rotor 
from  its  casing  for  balancing  is  less  likely  to  arise. 

5.2  Dynamic  Properties  of  Flexible-Rotor  Systems 

Flexible-rotor  systems  have  critical  speeds  and  characteristic  mode 
shapes  in  the  same  manner  as  described  for  rigid-rotor  systems. 
Flexible-rotor  mode  shapes  tend  to  he  more  complex,  though  the 
underlying  modal  principles  are  identical  in  both  cases.  The  important 
dynamic  properties  of  flexible-rotor  systems  are  given  in  Table  5,1. 
The  interrelations  among  these  factors  are  indicated  in  Fig.  5.6. 

The  matrix  equation  of  motion  for  any  rotor-bearing-foundation 
system  acted  on  by  any  force  vector  can  he  written  as 

[Ml  (x)  +  [B]  fi}  +  (K]{x)-{F), 

where 

[M]  —  mass  matrix  for  the  system 

[B]  -  damping  matrix 

[K]  -  stiffness  matrix 

(x),  (x),  (x)  -  harmonic  displacement,  velocity, 

and  acceleration  vectors,  respectively 
{F}  —  force  vector. 

The  above  interrelationship  arises  through  the  system  dynamic  equation 
as  follows: 

Undamped  critical  spied 

(M]  (x)  +  fK]  {x}  -  0. 

The  undamped  critical  speed  equation  arises  from  the  omission  of 
damping  and  forcing  terms  in  the  system  equation.  The  roots  a,c  of  this 


itwmw 


FI3.  5,6,  Factors  Influencing  rotor  iyr>em  properties  and  their 
relation  to  rotor  dynamics  calculations 


Table  S.l  Important  aynamlo  properties  of  flexible-rotor  systems 


System  property 

Reason  for  importance 

Critical  speed 

Defines  speeds  at  which  potentially  large  ampli¬ 
tudes  may  develop 

Mode  shape 

Gives  rotor  amplitude  distribution  along  length 
at  a  critical  speed;  Indicates  potentially  large 
strain  regions  and  rotor  sensitivity  in 
correction-plane  locations 

Unbalance  response 

Indicates  effective  system  response  at  specified 
locations  to  given  unbalance  distribution, 
including  the  effect  of  bearing/ support  damping 

Transmitted  force 

Defines  the  magnitude  of  the  transmitted 
forces,  incorporating  the  influence  of  system 
dynamics,  damping  (especially  at  bearings),  and 
unbalance  magnitude  and  direction 

Stability  threshold 

Defines  the  speed  at  which  the  rotor  may 
become  unstable  in  its  bearings  and  tend  to 
whirl  in  an  increasing  orbit  unless  otherwise 
restrained 
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expression  give  the  undamped  natural  frequencies  <uC|„  l  -  1,  2,  ...  of 
the  rotor  system.  The  vector  (x,)  give  the  corresponding  mode  shape. 

Damped  critical  speed 

IM]  {¥}  +  IB]  (i)  +  [K]  (x)  -  0. 

When  the  damping  force  terms  are  retained,  the  damped  roots 
oij'i-u,  ±  tv i  contain  both  damping  (a,)  and  frequency  (v,)  terms 
for  each  mode  solution  for  the  damped  response  {*}  to  initial  time 
boundary  conditions  may  be  obtained  for  a  specific  time  interval. 

Forced  response  amplitude 

[Ml  {x}  +  IB]  {*}  +  IK]  (x)  -  (F(r)}. 

The  damppd  system  response  to  specifled  forcing  inputs  including  syn¬ 
chronous  forcing  from  unbalance  Is  obtained  by  solving  the  complete 
system  matrix  equation.  For  unbalance  forcing  this  solution  is  obtained 
at  specifled  rotational  speed  values. 

Transmitted  force 

{F„}  -  [B„]  {*„}  +  IKJ  { xn } ,  (nth  bearing) * 

The  force  transmitted  at  any  bearing  location  n  can  be  determined  using 
the  force  matrix  equation.  Both  real  (Fn  in-phase)  and  imaginary  (F* 
quadrature)  force  components  are  obtained  and  combined  to  give  the 
magnitude  and  phase  of  the  transmitted-force  responses, 

F„-F'  +  /F',  </-%P T), 

f„  -  I(f;)2  +  (F')J],/J, 


-  arctan 

Stability  threshold  speed 

[M](x(cu)}  +  (BU)I  { it (oj ) }  +  (K(y)]  { x (co ) }  ■»  0. 

Solving  the  modifled  system  equation  for  its  lowest  root,  where  both 
damping  and  stiffness  are  functions  of  the  nonsynnhronous  whirl  fre¬ 
quency  v,  gives  the  stability  threshold  speed  cos  at  which  the  rotor  will 
begin  unstable  whirling  with  frequency  v, 

The  matrix  equations  presented  above  can  be  solved  for  constant 
coefficient  values,  though  In  practice  the  damping  matrix  and  the 


«  «*«  *  Il'MIMH* 
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stiffness  matrix  may  vary  with  frequency,  amplitude  of  vibration,  and 
other  factors.  In  particular,  the  bearing  coefficients  may  vary  non* 
linearly  with  amplitude  and  frequency.  The  matrix  equation  can  be 
solved  point  by  point  with  constant  coefficients  over  specified  ranges  of 
speed  for  amplitude  or  natural  frequency  values,  Where  the  coeffi¬ 
cients  are  nonlinear,  special  techniques  involvihg  timz-step  integration 
ird  required  [1-3]. 

Severe!  methods  are  available  for  the  dynamic  analysis  of  rotor  sys¬ 
tems.  The  Myklestad-Prohl  iterative  method  has  been  extensively 
developed  by  Lund  [4-^-6]  and  ethers  for  critical  speeds,  unbalance 
response,  and  stability  analysis.  Matrix  analysis  of  rotor  systems  has 
been  developed  by  Morton  [7,8],  Ruhl  and  Booker  [9J,  and  Thomas 
[10).  Matrix  rotor-anclysis  techniques  have  not  been  widely  used, 
probably  because  of  the  highly  developed  state  of  the  iterative  method 
and  because  of  the  inconvenience  of  the  large  coefficient  matrices, 
which  are  commonly  asymmetrical  due  to  differing  bearing  coefficients 
in  the  coordinate  directions. 

5.3  Simple  System  Models  Used  for  Rotor-System  Analysis 

Considerable  insight  into  system  response  can  be  obtained  with 
relatively  simple  analytical  models.  Such  models  are  based  on  prior 
knowledge  (or  assumption)  of  the  system  response  modes.  For  exam¬ 
ple,  the  lowest  critical  speed  and  unbalance  response  of  a  flexible  rotor 
in  rigid  bearings  (Fig.  5,7a)  can  easily  be  estimated  by  representing  the 
rotor  as  a  point  mass  on  a  massless  beam,  supported  as  shown  in  Fig. 
5.7b.  If  the  correct  proportion  of  the  rotor  mass  required  at  inidspan 
for  this  case  is  not  known  in  advance,  a  greater  number  (two  or  three) 
of  masses  can  be  used,  as  in  Fig.  5.7c,  and  an  influence  coefficient 
matrix  technique  can  be  used  (see  below)  to  avoid  matrix  inversion 
problems  when  solving  for  the  lowest  root.  Rotor-bearing  systems 
may  be  analyzed  in  a  similar  manner.  Several  examples  of  rotor  system 
analysis  using  simple  models  will  now  be  given. 

Symmetrical  Single-Mass  Rotor  in  Undamped  Bearings 

The  system  shown  in  Fig.  5.8  is  symmetrical  about  midspan,  and 
the  bearings  have  identical  properties  in  the  x-  and  y-directions.  Shaft 
stiffness  K\  is  identical  in  all  transverse  directions.  The  equations  of 
motion  for  the  disk  c.g.  are: 

j  Mx |  4-  A|Ui  -  Xj)  -  y  Mam2  cos  tut 

~  My\  +  A|(j>i  -  y2)  “  y  Mam1  sin  ml. 
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E,l,w,A 


(a)  Uniform  rotor  In  rigid 
bearings 


W  -  wAL/2 


(b)  Representation  of  rotor  for 
first  mode  analysis 


wAL/3  wAL/3  wAL/3 


T&T - 0 - O - Eh 


~7$fo 


(c)  Representation  of  rotor  for 
first  three  mode  analysis 

Fig.  5.7.  Point-mass  and  massless-beam  representations  of  rotor 


Fig,  5.8.  Single-disk,  flexible  rotor  in  undamped  flexible  bearings: 
E  —  Elastic  axis  of  shaft  at  disk,  G’  -  c.g.  of  disk 
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Bearing  force  equilibrium  gives: 

Fx  «  Kjx2  m  K\(x i  -  Xj); 


*2 


*1  .. 

ATt  +  K2  Xl 


if 

j>3 -  -g ■  ft.' 

Combining  the  above  expressions  gives:, 
j  MR  i  +  *«>/?,  -  yMflo>2 

where 

A,-xi  +  /^i 

R1-X1  +  ly2 

AT  *1*3 

°“  *i  +  *j‘ 

For  harmonic  motions, 


Ai-rie'*",  R2"*  r2e 


t»t 


Substituting  leads  to  the  c.g.  whirl  radius  response  solutions, 

*1 


't  - 


■—Maw2 


Kfj  -  ~M«2’ 


'2“ 


jMaw1 


*1  +  *2  *0-|mo>2’ 


In  dimensionless  form, 


ri  - 


2*o  4 

-77-  at  mass  c.g. 


« 

r2 


*» 

K\  +  K2 


2 

-rr,  at  journal 
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Fx  -  K]Xl,  Fy  -  K2y2,  i.e.,  F  -  K2R2 
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and 


KxK2 


yWflw1 

Kl  +  K>  a :0-}a/«2 


-  *0 


yA/au2 


1 


A/u2 


In  dimensionless  form, 
F 


F*  - 


y  A#  aw2 


1 


1 


1  -  W<*,)2  1  -  r2 


,  r  •»  Widc). 


Example ;  A  400-lb  single-disk  rotor  has  a  bending  stiffness  of  10s 
lb/ in.  It  is  supported  in  identical  end  bearings,  each  having  a  stiffness 
of  3  x  10s  Ib/in.  If  the  disk  has  a  c.g.  eccentricity  of  0.005  in.,  find  the 
journal  response  and  the  transmitted  force  (a)  at  3000  rpm  and  (b)  up 
to  a  speed  of  10,000  rpm. 

Solve  the  problem  in  dimensionless  form.  The  stiffness  K0  is 
*  -  -  °-857  * ,o!  lb/ln- 
The  system  critical  speed  is 


2 K  * 

2(0.857)  (105)  (386,4) 

M 

400 

—  9.55«ue «-  3886.0  rpm. 
The  c.g.  whirl  radius  at  3000  rpm  is 


a> 

ue 


N 

3000 

3886 

~  3886  “ 

|- 

2 

-  0.596 

(«*c 

0.772 
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r  i  - 


<u 

*>e 


1  - 


CO 

<o0 


0,596 

T  “  1  ~  0.596 


-  1.475 


r,  -  or i  -  (0.005)  (1.475)  -  0.00738  in. 
M 


r2  "  1 


K 


CO 

C0c 


1  - 

<oc 


-TTT^''-?0'4751-02107 


r2  -  r'2a  -  (0.2107)  (0.005)  -  0.00105  in. 


Bearing  transmitted  force  is 

F*  _  _£ - i — -y  -  2.475 

—  M  oco2  i  _  -2LI 

2  («» J 

f  -  (yMoco2)r 


200 

386.4 


(0.005) 


(2.475) 


632.2  lb. 


Transmitted  force  per  bearing  "  316,1  lb 


The  undamped  response  curve  for  c.g.  whirl  radius,  journal  whirl 
radius,  and  bearing  transmitted  force  is  shown  in  Fig.  5.9. 


Symmetrical  Two-Mass  Rotor  in  Undamped  Bearings 

Warner  and  Thoman  [111  gave  the  rotor  c.g.  equations  for  the  case 
shown  in  Fig.  5.10  in  the  following  form; 

4-  Mx\  +  —  (jci  -  (x2)  -  4  Maun1  cos  <ot 

la  1 
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(b)  First  whirl-mode  shape  and  unbalance  excitation 


HMaui2 


(c)  Second  whirl-mode  shape  and  unbalance  excliutlon 
Fig.  3.10.  Two-mat's,  flexible  rotor  In  undamped  flexible  bearings 

and 

-r  M'y\  +  —O')  —  {^2)  m  \  M  ao>2  sin  u >t, 

in  which  M  is  the  mass  of  each  rotor  disk,  f  is  the  distance  between  the 
disks,  and  a  is  the  disk  influence  coefficient  defined  by: 

First  mode:  (xi  -  x2)  -  +  F^aa 4 

0>1  -  ^2)  -  FjyOt"  +  FfyOtat 


. . . . . 
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Second  mode:  xi  -  (x2  -  FfXaM  -  F^aab 

y\  -  iy*  **  FayUao  ~  Fbyaab. 

Introducing  the  conventions 

Mode  (  « 

First  1  otM  +  aab 

Second  f  aM  ~  aab 

allows  the  above  expressions  to  be  written  as 

*i  -  (x2  -  Fxa 


y\  F)ta. 

The  bearing  force  balance  is 
“(*i  -  (x2)  -  K2x2s 


*t  -  ((  +  aK2)x2 


-Cfi  -  (yj)  -  F2y2, 


y\  ■  +  aK2)y2. 


Solving  gives  the  whirl  radius  at  tho  Journal  as 

_  (a/q)W ot,,)1 _ 

r2-x2+iy  2  -  Xj(1  _  _  Ww„)2£/a  ’ 


and  at  the  disk  c.g., 


r\  -  Xi  4-  iy |  - 


(£  +  o/LjKa/aMw/w*)2 

Ww»)2l  “  (<u/o)#)2(f/a) 


where  to2  «  (2/Afa)  and  I  -  V^l.  In  dimensionless  form  these  equa¬ 
tions  can  be  written  as 

.  j rj_ _ Wt»H)2 _ 

rj  a  aJKjtl  -  Wtu*)2]  -  ((d) /to*)* 


r\  _ ((  +  a/C2)  (ai/d)*)1 

a  aK2U  -  (w/a>„)2]  - 


I 
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The  bearing  transmitted  force  is 


F  -  K2r2  - 


K2(a/a)  Ww,,)3 


K2  [1  -  Ww„>2)  -  (a >/»,)*<*/«) 
and  the  dimensionless  transmitted  force  is 
IF 


F*  - 


Mau2 


111 

2  * 

1- pi-  + 

to 

_JL_ 

l«»  1 

aK2 

Whirl  Modes  of  Uniform  Rotor  In  Undamped  Flexible  Bearings 


The  rotor  modes  for  the  system  shown  in  Fig.  S.ll  can  be 
represented  by  the  general  modal  equation 

r  —  A  cos  kz  +  B  sin  kz  +  C  cosh  kz  +  D  slnh  A  r, 

where  r  is  the  whirl  radius,  A,  B,  C,  and  D  are  constants  of  integra¬ 
tion,  and  A  is  (p  Aid1/ El)'1*. 


k  <;  E,I,A,W 

R  (a)  Uniform  cylindrical  roior  In 
flexible  end  bcurlngs 


t 


Fig,  5.11.  (u)  Uniform  rotor  In  undamped 
flexible  bearings,  (b)  —  (d)  Modo  shapes 


I 


A  ( 


'17 


1 


i! 1 
1 1 
V 


*  . . 
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The  integration  constants  can  be  determined  from  the  boundary  condl 
tions,  which  are: 

For  z  •*  0, 


and 


d2r 

dz2 


0  (zero  end  moment; 


Ky  -  El 


£l 

dz2 


(forte  equilibrium); 


For  z  “  L, 

j2. 

— r  «  0  (zero  end  moment) 
dz1 


and 


-Ky 


(force  equilibrium). 


Substituting  gives 


-A  4-  C  -  0, 


i: 


2  KA  -  B  +  D~  0, 

-A  (cos  XL  4-  cosh  XL)  —  B  sin  XL  4*  D  slnh  X  L  >-  0, 

fl[Ai(cos  XL  4-  cosh  XL)  -  2X7  sin  XL  -I-  (sin  XL  --  sinh  XL) 

4-  cos  XL] 

— 0(K(cos  XL  4-  cosh  XL)  4-  2X7  sinh  XL  4-  (sin  XL  -  sinh  XL) 

4-  cosh  XL]  -  0, 

where 

-K—  M*  1 

"  £/X3  “  £/"  '  (XL)3 

is  the  dimensionless  stiffness.  Simplifying  gives  the  frequency  equation 
(cos  XL  cosh  XL  -  1)  -  2Zl(cos  XL  sinh  XL  -  sin  XL  cosh  XL) 

-  2X7  sin  XL  sinh  XL  -  0. 

This  expression  reduces  to  the  well-known  frequency  equations 
corresponding  to  the  limiting  cases  K  -  oo  (pinned-pinned)  and  K  -  0 
(free-free). 


I 


I 


,1 
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The  mode  shapes  depend  on  the  dimensionless  stiffness  K ,  which 
is  frequency  dependent  through  the  A-ierrn.  The  normalized  modal 
displacements  Jt  for  the  /  th  mode  are  given  by 

J,  -  cos  A,x,  +  cosh  \,Xi  —  2K  sinh  A,x,  +  a, (sin  A,x,  +  sinh  A ,x,)t 
where 


(cos  AZ,  -  cosh  AL  +  2K  sinh  A/.),  ,  t  „ 

(sin \L  -  sinh  a4),  '  1  "  *'  2'  ' '  ‘  ‘ 

Typical  mode  shapes  are  shown  In  Fig.  5.11, 

Whirl  Modes  of  a  Rotor  with  Overhung  Couplings  in  Undamped 
Flexible  Bearings 

Consider  the  rotor  system  shown  in  Fig.  5.12a,  which  consists  of  a 
flexible  three-mass  rotor,  such  as  an  auxiliary  drive  turbine  in  a 
compressor  train  with  overhung  couplings.  The  rotor  operates  in  flex¬ 
ible  undamped  bearings  with  isotropic  radial  stiffness  properties. 

The  system  equivalent  dynamical  model  is  given  an  assumed  dis¬ 
placement  such  that  R3>  Rt>  ...>  R$  and  9y  >  02  >  ...>  9S. 
The  K, i  coefficients  are  the  bending  elastic  coefficients;  the  Kn 
coefficients  are  the  slope  elastic  coefficients  for  the  shaft  sections. 
Neglecting  the  slope  elasticity  simplifies  the  model  and  the  equations  of 
motion.  The  equations  of  motion  for  this  case  are 

MyRy  +  *,/?,-  Kx R2  -  0, 


-  KyRy  +  (Ky  +  Ky.  +  Kj)R2  -  K3R}  -  0, 
M3R3  -  K3R2  +  (K3  +  K4)R3  -  K4R4  -  0, 

-  K4R3  4-  (*4  +  *s  +  -  K6R0  -  0, 


and 


M3R$  k6r4  +  k6r±-o. 


*  W *^f  r^tw.v  VRVlt'jt.n  | . 
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(a)  Equivalent  dynamical  model 


c.g.  1 


(b)  Displaced  system— slope  effects  neglected 
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c.g.  1 

I 


c.g.  3 


1,  c.g.  s| 

Ks(X4-Xg| 


-K(X|-Xjl  -Ka  <x2-««3l 

-X  2*1 


-K5X4 


(c)  Free  body  diagrams— slope  effects  neglected 

Fig.  S.12.  Equivalent  dynamical  model,  displaced  system,  and  free-body 
diagrams:  rotor  with  overhung  couplings  and  undamped  flexible  bearings 


.■■M  •  '<  )m -miw.m.v: it-n i j 
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Assuming  harmonic  motions,  substituting  into  the  equations,  and 
arranging  in  matrix  form  gives 


(Ar«,<»J)  ~At  0 

-X,  (A^+Aj+Aj)  -Aj 

0  -A3  (Kji-K^Mju2) 

0  0 

0  0 


-*4 

0 


0 

0 

-*4 

(A4+Aj+A6) 


0 
0 
0 

-*« 
(Aj-Afjw1) 


where  R,  —  rt  elal ,  the  r,  are  constants,  and  /  —  1  through  5. 
The  resulting  amplitude  matrix  expression  is 

[K  —  Mo*2)  |r)  -  {0}. 

For  the  specific  case  in  which 

tf.-Kj-tf.-A's-l, 


Kj  -  Ki  -  2, 
Mx-Ais-  1, 
Mj-2, 

substitution  gives 


<1  — cu2)  -10  0  0 

f\ 

-14-100 

0  -1  (2-2w2)  -1  0 

fl 

o 

o 

'4 

[oo  0-1  (l-«2) 

rs 

The  matrix  expression  can  be  reduced  by  expanding  rows  2  and  4  and 
solving  for  the  amplitudes  of  r2  and  r4: 


-r,  +  4r2  -  r}  -  0, 


r3  +  4r4  -  rj  -  0, 
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n  «■  0.25  (r i  +  r3), 
r4  0.25  (r3  +  r}) . 

Substituting  these  expressions  into  the  matrix  for  r%  and  r*  gives 


(3  —  4<o2)  -1  0 

-1  (6  -  8<u2)  -1 

r  j 

0  -1  (3  —  4«2) 

's 

The  nontrivial  solution  requires  that  the  determinant  of  the  coefficient 
matrix  be  equal  to  zero.  Thus 

(3  —  4w2)(2a/  —  3o>2  +  0-0. 

The  solutions  for  oi2  are 

<1)^2  3  ««  0,5,  0,75,  1.0, 

Expanding  the  amplitude  matrix  gives 
rj  -  (3  -  4w2)ri, 


r5  —  [(6  -  8<o2)(3  -  5w2)  -  ljrj. 

If  r\  is  unity,  then  corresponding  values  of  rj  and  r5  for  the  first  three 
modes  are  found  as  follows: 


Mode  1 

Mode  2 

Mode  3 

r\ 

1 

1 

1 

•'3 

1 

0 

-1 

rS 

1 

-1 

1 

h  -  (1/4)  (r,  +  r3), 
r4  -  (1/4) (r3  +  r5), 

and 

r\  «  1/2,  rl  -  1/4,  r\  -  0, 

ri  -  1  rl  -  -1/4,  rl  -  0. 

The  three  mode  shapes  are  shown  in  Fig.  5.13. 
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(b)  Second  mode  u»^  -  0,75 


(c)  Third  mode  u}  -  1,0 

FIb.  5  ,13,  Mode  shapes  for  rotor  with  overhung  couplings  In 
undamped  flexible  bearings 

Uniform  Shift  in  Rigid  Bearings  with  Overhang 

The  right-hand  bearing  in  Fig.  5.14  represents  a  loading  discon¬ 
tinuity  that  cannot  be  accommodated  within  a  single  equation  of 
motion.  There  are  thus  two  domains  of  integration  for  this  system,  for 
which  the  general  modal  equations  are 

r\  -  A  cos  Azj  +  B  sin  Azi  +  C  cosh  Azj  +  D  sinh  Azi 
for  0  <  zi  <  L\  and 

r2  -  E  cos  Azj  +  F  sin  A z2  +  G  cosh  Azj  +  H  sinh  Az2 

fur  0  <  z2  <  Lj.  In  these  equations  A,  B, ... ,  G,  H  are  constants  of 
integration,  to  be  determined  according  to  the  following  boundary  con¬ 
ditions: 

For  z\  «•  0, 


0  (zero  moment); 
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(b)  Rotor  deflection  ihape 
in  Ant  mode 

Fig.  S.14.  Uniform  shaft  in  rigid  bearings  with  overhang 


x  (l  +  cosh  \L%  cos  KLj)  -  0. 

This  expression  was  obtained  and  solved  by  Dunkerley  [12],  who 
the  following  eigenvalue  results  for  the  lowest  whirl  mode. 
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Ratio  L\/Li 

XL, 

1.00 

1.506 

0.75 

1.902 

0.50 

2.507 

0.33 

2.905 

0.25 

3.009 

0.20 

3.044 

0.00 

3.080 

Dunkerley  gave  no  results  for  the  system  normal  mode  shapes,  but 
these  are  readily  obtained  by  applying  appropriate  boundary  conditions 
to  the  general  solution,  Eqs,  (S.l),  Writing  J^l)  and  /,(2)  as  the  normal¬ 
ized  modal  forms  across  L,  and  I2  for  the  /  th  mode,  and  a/11  and  a,(2) 
as  the  integration-constant  ratios  defined  previously  gives  the  following: 

For  0  <  x,  <  Lj, 

-  sin  Ax,  -  o/°  sinh  Ax, 

and 

0)  (sin  AL,), 
a‘  (sinh  XL|),  ' 


For  0  <  x2  <  L2, 


,  ,  cos  AL2  +  cosh  AL2  ,  ,  v 

Jr'  -  cos  Ax,  -  cosh  Ax,  + - .  ■  . - sinh  Ax, 

sinn  aL2 


+  «,<»  sin  Ax,  + 


sin  A  Li 
sinh  AL2 


sinh  Ax,. 


(2)  tsin  AL2  +  (cos  A L2  4-  cosh  A  L2)  (cosh  A L2/ sinh  AL2)1, 
1  (cos  A  Lj  -  (sin  AL2/sinh  A  L2)cosh  AL2], 


5.4  Dynamic  Properties  of  Rotors  in  Real  Bearings 

The  practical  deficiency  in  the  analyses  given  in  the  previous  sec¬ 
tion  lies  in  the  representation  of  the  bearing  dynamic  properties.  The 
rotor  models,  though  they  may  appear  simple,  will  often  be  adequate  to 
represent  the  contribution  of  rotor  flexure  to  the  system  modes.  For 
instance,  an  analysis  using  a  single-disk  rotor  system  may  provide  use- 
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ful  data  on  the  lowest  system  mode;  but  It  cannot  provide  data  on  the 
second  system  whirl  mode,  i.eM  only  one  disk.  Neither  Can  the 
assumption  of  isotropic  bearings  provide  information  on  elliptical  orbit 
whirling.  An  important  principle  of  practical  rotor-dynamics  analysis  is 
to  obtain  the  desired  information  with  the  simplest  system  model. 

Several  efforts  have  been  made  to  correlate  results  obtained  from 
the  rotor  models  described  in  the  preceding  section  with  practical  test 
results.  This  is  desirable  because  to  the  extent  that  reliable  calculations 
can  be  made,  the  need  for  prototype  testing  of  actual  rotors  can  be 
minimized  or  even  eliminated.  Such  a  capability  also  represents  an 
important  diagnostic  tool  for  troubleshooting.  System  modeling  may 
begin  with  the  rotor  configurations  described  previously,*  but  a  more 
sophisticated  bearing  representation  is  usually  needed  to  determine  the 
performance  of  real  systems.  The  concept  of  bearing  dynamic  proper¬ 
ties  dates  back  to  Stodola  [13],  but  the  first  significant  contributions 
were  made  by  Hagg  [14],  Hagg  and  Sankey  [15],  Raimondi  and  Boyd 
[16],  and  Sternlicht  [17],  The  Appendix  gives  a  review  of  important 
aspects  of  the  theory  of  bearing  dynamic  properties,  with  a  selection  of 
results  from  the  open  literature. 

For  the  linear  analysis  of  rotors  in  bearings,  a  major  aspect  is  the 
representation  of  bearing  dynamic  forces  in  terms  of  stiffness  and 
damping  coefficients.  For  fluid-film  bearings,  the  following  linear 
representation  is  widely  used: 

Fx  "  +  KyY  +  B„X  ¥  By  Y 

and 

Fy  -  KyXX  +  KyyY  +  By,  X  +  Byy  Y. 

For  rolling-element  bearings,  no  cross-coupling  exists  and  the  bearing 
linear  force  relations  become 

Fx  -  FxX  +  BxX 
and 

Fy  -  KyX  +  ByYs 

where  Fx,  Fy  are  the  bearing  dynamic  force  components  occurring 
about  the  journal  position  of  static  equilibrium;  ...  Kyy,  B&  ...  Byy 
are  the  bearing  dynamic  coefficients;  X,  Y  are  the  journal  dynamic  dis¬ 
placements;  and  X ,  Y  are  the  journal  dynamic  velocities.  The  appendix 


"More  complex  rotor  models  imy  be  used  in  computer  studies. 
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gives  details  or  the  derivation  of  such  coefficients  for  fluid-film  bear¬ 
ings.  References  [18]  and  [19]  give  data  suitable  for  use  with  rolling- 
element  bearings.  Typical  charts  for  several  types  of  fluid-film  bearings 
are  given  in  the  Appendix. 

The  study  of  rotor  motions  with  the  bearing  dynamic  coefficient 
approach  has  allowed  the  development  of  efficient  computer  programs 
for  use  in  the  analysis  and  design  of  rotor  systems.  Although  this 
approach  continues  to  be  the  basic  analytical  procedure  used  in  industry 
today,  there  are  certain  instances  where  it  is  inadequate:  rotor  opera¬ 
tion  at  a  high  bearing  eccentricity  ratio,  prediction  of  post-threshold 
speed,  and  ail  strong  nonlinear  conditions.  In  such  instances  accurate 
analysis  requires  that  the  instantaneous  forces  (bearing,  gas  seal,  blade, 
etc.)  acting  on  the  rotor  be  incorporated  into  a  time-step  integration 
procedure.  A  general  purpose  computer  program  for  performing  this 
type  of  nonlinear  analysis  has  been  developed  by  Oiberson  [2], 

Details  of  several  linear  rotor-and-bearing  unbalance-response  ana¬ 
lyses  are  given  in  the  remainder  of  this  chapter.  These  studies  demon¬ 
strate  the  analysis  technique  and  include  typical  results  that  can  be 
achieved  through  the  use  of  such  calculations.  Good  comparison  work 
between  predicted  and  measured  results  is  raro  in  the  open  literature, 
but  that  which  exists  demonstrates  that  computer  rotor-dynamics 
analysis  can  be  both  valid  and  accurate  when  properly  applied.  Several 
studies  of  the  damped  response  of  rotors  will  now  be  discussed. 

Unbalance  Vibrations  of  a  Single-Maas  Rotor 
In  Fluid-Film  Bearings 

The  rotor-and-bearing  system  considered  [14]  is  shown  in  Fig. 
5.15.  It  consists  of  a  flexible  shaft  of  stiffness  AT,  (Ib/in.)  carrying  a 
rigid  mass  section  with  a  c.g.  eccentricity  a  (in.)  from  the  shaft  elastic 
axis.  Both  bearings  have  a  radial  stiffness  K  (ib/in.)  and  radial  damp¬ 
ing  B  (lb  s/ln.).  The  bearing  properties  are  assumed  to  be  identical  in 
both  the  x -  and  ^-directions.  The  whirl  orbits  are  therefore  circular. 
Charts  of  the  bearing  stiffness  and  damping  properties  vs  Sommerfeld 
number  S  -  {((mN/ p)(R/C)i]  are  included  for  bearing  L/D  ratios  of 
kO  and  2.0.  Stiffness  coefficients  in  both  horizontal  and  vertical  direc¬ 
tions  are  given.  Only  a  single  curve  for  damping  coefficients  is  given. 
For  this  system  the  equations  of  motion  are: 

MX\  +  2Kt(X\  -  Xj)  —  Mam1  cos  wf, 

A/T,  +  2tf,(’',  -  K2)  -  Mam1  sin  ml, 
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MAW 


2  #iwt 


Z 


Kll.  5.  IS.  Slngle-maa*  rotor  In  fluid-film  bearing*,  after  Hagg  [54] 


-  x2) 


kxx2  +  bxx2, 


K'(Yt  -  Y2)  -  Ky  Y2  +  B,  r2. 

With  the  stated  assumptions  Kx  «  Ky  «■  K  and  Bx  m  By  —  B,  the 
whirl  orbit  is  circular  and  the  above  expressions  when  combined  give 

MR i  +  2KtiR{  -  R2)  -  A/«<uV*' 
and 

Kt(R{  -  R2 )  -  KR2  +  BR2, 

where 

Rx-Xn  +  iYn,  f-A  n-1,2. 

For  harmonic  motions, 

Xn  -  e'*‘,  Y„  -  y„  e>*'. 


and 


Substituting  gives 

2 K%K  -  (K  +  KjMm1  4-  /w5(2Ar,  -  Mm1) 
( K  +  *,)  +  imB 


r,  »  Mam1, 


where 
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Hagg  114]  gives 


O) 

I  W(l 


[**  +  i 

Kt  r 

■*l 

2  Bu 

f 

\lK 

<•»« 

w1 

I  J. 

2  B<» 

T 

1  at. 

1 

&  ! 

1  * 

1/2 


which  on  substituting  Tor  the  dimensionless  quantities  will  be  found  to 
correspond  with  the  first  expression  (for  |r(/a|)  given  above.  In 
discrete  form  the  expression  for  the  journal  whirl  radius  is 


0>  ] 

at  **■  1 1 1 

« 

j 

2K 


2K 

K, 


w 


Uil 


2Bo) 


1/2 


The  following  numerical  calculation  for  a  turbine-rotor  system  is 
given  by  Hagg  [141: 

Rotor  weight  W  -  20,000  lb 
Rotor  mass  M  —  621.118  lb  sVft. 

Shaft  stiffness  K.  -  2.07  x  10s  lb/in. 

Bearing  type  "■  120s  partial  arc 
Bearing  length  L  -  10.0  in. 

Bearing  diameter  D  “  10.0  in. 

Bearing  area  A  -  100  in.1 
Bearing  unit  load  p  —  100  lb/in.1 
Lubricant  viscosity  /*  -  3.5  x  106  lb  s/in.1 

-HM-6-5 

Bearing  operation  variable  (45)  •“  26 
Horizonte’  bearing  dimensionless  stiffness  CKH/  W  —  5.0 
Vertical  earing  dimensionless  stiffness  CKy/  W  -  6.4 
Bearing  di  renslonless  damping  Co>B/W  -  10,5 
System  stiffness  ratio  K  «  K/Kt  -  4.0 
System  damping  ratio  {  «■  Bm/2K  -  6,0. 

The  dimensionless  c.g.  response  amplitude  |r2/a|  of  this  system  is 
compared  in  Fig.  5.16  with  that  of  an  undamped  system  and  also  with 
the  undamped  rigid-bearing  case.  It  is  evident  that  the  peak  amplitude 
response  is  less  than  that  of  either  undamped  system  and  that  system 


Sommerfeld  number  S 


'A 

■>ys 
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* 


Fig.  5.16,  Unbalance  response  or  a  simple  massive  rotor  In 
fluid-fllm  bearings.  (After  Hagg  [14].) 

damping  increases  the  critical  response  frequency  toward  the  rigid- 
bearing  critical  frequency. 

This  response  could  be  converted  into  half-amplitude  whirl  data 
M  a  value  of  the  unbalance  eccentricity  a  were  given.  The  rotor  of 
this  example  would  most  likely  be  a  class  2  rotor,  and  it  would  fit  into 
Quality  Grade  G  2,5.  From  Fig.  5,5  at  1950  rpm  (200  r/s)  a  residual 
balance  of  0.16  oz-in./lOO  lb  would  be  required  for  a  satisfactory  bal¬ 
ance.  This  corresponds  to  a  total  unbalance  of 

U  0.16  x  200  «■  32  oz-in. 

The  c.g,  eccentricity  corresponding  to  this  unbalance  is 

■W  -  Wmht  -  100  *  lr‘  -  100 ^  ~  -■ 

The  corresponding  c.g,  half-amplitude  at  the  critical  response  peak  is 
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Thus 


Iril  -  (9.0)000  x  Iff-6)  -  0.9  x  10"3  in. 


The  c.g.  peak-to-peak  unbalance  vibration  amplitude  for  this  case  at 
resonance  is  therefore  1.8  x  IQ"3  in.  under  steady-state  conditions. 

It  is  of  interest  to  extend  Hagg's  result  to  obtain  the  journal  whirl 
amplitude,  which  is  given  by 


n 

a 


f<? 


_ F_ _ 

(1  +  Kr$)  +  (2{r)J 


1/2 


r<? 


0.912 

0.088 


10.37, 


H 

a 


10.37 


(4) 2 


(1  +  4  x  10.37)2  +  (2  x  6) 2 


1/2 


0.939, 


and 

r2  -  0.939  (100  x  10“6)  -  0.0939  x  10"3  in, 

The  journal  peak-to-peak  unbalance  vibration  amplitude  is  therefore 
0.188  x  10" 3  in.  under  steady-state  conditions.  For  the  bearings 
described  (radial  clearance  0.008  in.),  this  is  well  within  acceptance 
requirements.  As  a  rule  of  thumb,  for  eccentricity  ratios  less  than  0.S, 
a  whirl  radius  one-tenth  of  the  radial  clearance  is  acceptable,  In  the 
above  case  this  corresponds  to  a  whirl  radius  of  0.008  in.,  which  would 
result  from  an  unbalance  of  1362  oz-in. 

Single-Mass  Flexible  Rotor  in  Fluid-Film  Bearings:  The  Influence  of 
Different  Bearing  Types  on  Unbalance  Response 

A  more  extensive  study  of  the  influence  of  bearing  properties  on 
the  response  of  a  single-mass  rotor  was  made  by  Lund  and  Sternllcht 
120].  The  bearings  were  represented  by  eight  dynamic  coefficients  for 
which  values  had  been  obtained  using  (then)  newly  developed  digital 
computer  programs.  Curves  of  the  dimensionless  transmitted  force  vs 
speed  ratio  are  presented  for  various  bearing  operating  eccentricity 
ratios,  for  the  case  of  a  plain  cylindrical  bearing  with  L/D  ratios  of  1.0 
and  0.5.  A  typical  result  is  shown  in  Fig.  5.17.  These  results  show  the 
influence  of  bearing  operating  eccentricity  on  the  transmitted  force. 
They  show  that  transmitted  force  increases  and  then  decreases  as  the 
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rotor  passes  through  the  system  critical  speed,  and  that  this  increase  is 
less  when  the  rotor  operates  at  low  eccentricity  than  when  the  operating 
eccentricity  ratio  is  high.  This  occurs  because  the  available  stiffness 
effect  is  lower  at  lower  eccentricity,  and  there  is  also  more  squeeze-film 
effect.  More  precisely,  the  parameter 


is  higher,  and,  as  shown  previously,  this  factor  determines  the  rotor 
whirl  amplitude  and  hence  the  bearing  transmitted  force  throughout  the 
critical  speed  range.  The  results  are  applicable  to  any  rotor  in  plain 
cylindrical  bearings  with  the  given  L/D  ratio,  in  terms  of  the  stated 
dimensionless  parameters. 

Data  on  the  influence  of  two  other  bearing  types— four-axial 
groove  bearings  and  elliptical  bearings— are  given  in  a  more 
comprehensive  report  by  Lund  and  Sternlicht  [21],  The  same  general 
force  vs  response  pattern  is  again  shown.  Bearing  geometry  is 
prescribed,  and  the  results  are  restricted  to  the  bearing  proportions 
given.  Data  on  the  dynamic  properties  of  all  bearing  types  used  in  this 
study  are  tabulated,  and  details  are  given  of  the  theory  from  which 
these  data  were  obtained. 

Two-Mass  Flexible  Rotor  in  Fluid-Film  Bearings:  Design  Charts  for 
Response  and  Transmitted  Force 

Warner  and  Thoman  [11]  extended  the  work  of  Lund  and  Stern¬ 
licht  to  the  case  of  a  flexible  rotor  in  150°  partial  arc  bearings.  An 
eight-coefficient  bearing  model  was  again  used.  The  rotor  carrier  two 
disks,  each  with  a  mass  of  (1/2) A/  a  distance  ( L  apart,  where  L  is  the 
rotor  span  between  bearings  and  f  here  is  a  coefficient  <  1.0.  The  sys¬ 
tem  has  midspan  symmetry;  3ee  Fig.  5.18. 

Two  disks  are  used  in  this  example.  By  using  the  principle  of 
mode  separation,  either  the  translatory  whirl  mode  or  the  conical  whirl 
mode  can  be  obtained  from  the  analytical  formulation  simply  by  select¬ 
ing  the  appropriate  value  of  the  coefficient  {.  For  a  symmetrical  first 
mode  (  —  1.  For  the  second  mode,  the  rotor  Inertia  gives  (  »  vT/Af . 

For  the  first  mode,  the  shaft  bending  deflection  between  the  disk 
and  the  bearing  due  to  force  F  is  given  by 

(^1  *  20  *  FqxCLqq  -h  FfaCt ( 


and 


(Fl  y)  “  FayUaa  -1'  Fbyaahi 
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Antiphase  unbalance 

Fig,  5.18.  Symmetrical,  two-mass  rotor  in  damped  flexible  bearings 


Fat-Fu-  Fx,  a,  -  X)  -  FxUtm  +  a*), 
Fey  -  -  Fy%  O',  -  Y)  -  F,(a<la  +  aai). 

For  the  second  mode  the  expressions  are 

X\  ~  “  FgxCtgg  ~~  FfaCtgl,, 

Fl  —  i  F  “  Fgyagg  ~~  FtyCXgj)’, 

that  is,  as  previously  shown, 

X\  ~  £X-  Fx( oBa  -  aai) 

Yx-(Y-Fy(  aaa-aai). 

With  use  of  the  conventions 


Mode 

( 

o 

First 

1 

atM  + 

ac> 

Second 

£ 

aoi 
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the  following  expressions  are  obtained  for  both  modes: 

Xi  -  ( X  -  Fxa 
and 

YX-(Y-  Fya. 

The  equations  of  motion  can  now  be  formed  by  recognizing  that 
MX i  “  —  Fx  +  Maui1  cos  ut 

and 

MY\  —  —  Fy  +  Mau 2  sin  ut. 

Hence, 

aMX\  “  —  ( X)  +  Mau 1  cos  ut} 

aMY\  -  (yt  -  (X)  +  Mau1  sin  ut. 

The  force  balance  at  the  bearings  in  the  first  mode  is 
~  a,  -  ( X)  -  K„X  +  KxyY  +  B„X  +  Y 


(5.1) 


(5.2) 


and 

^  (Yx  -  (  Y)  -  Ky„X  +KyyY+  By,  X  +  Byy  Y. 

Similarly  for  the  second  mode  moments, 

FX(L  -  (KmX  +  K„  Y  +  B^X  +  B,y  Y)L  -  (Xt  -  (X) 

a 

and 

FytL  -  ( KyXX  +  KyyY-¥  ByXX  +  Byy  Y) L  -  &  ( T,  -  (  Y) . 

With  the  convention  given  above,  the  equations  for  both  modes 
can  be  written  as 

-  (X)  -  K„X  +  K,yY+  B^X  +  Byy  Y 


i-(  Kj  -  f  Y)  -  KyxX  +  Kyy  Y  +  By,  X  +  Byy  Y. 


and 


(5.3) 
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It  is  now  necessary  to  eliminate  Xu  Y\  from  the  above  equations 
by  substituting 

Xx  -  X!  X  -  xelal, 

Yi  -  yx  e'*1,  Y  «  ye'"' 
into  Eq.  (5.2)  and  by  solving  for  xXt  yx.  This  gives 

*i 
and 


lx  4-  a  _  lx  +  a 
1  —  aMo) 2  1  -  (w/wB)2 


(5.4) 


y  i 


_  _  Lx  ~  fa 


ALZ-**. 


1  —  aMoi1  1  -  Ww»)2  ’ 
where  <u2  ~  1/aM.  Substituting  Eqs.  (5.4)  into  Eq.  (5.3)  gives 


and 


JL 

a 


A. 

a 


lx  4-  a 


1  —  (<it/tD.)2 


-  (x  -  Kx 


x  -f  K^y  +  IwB^x  +  IvBxyy  (5.5) 


j  ) 2  m  ^y*x  Kyj>y  IvByxX  +  i<i>By)ly 


on  canceling  the  e1"1 .  Multiplying  through  by  C/  W  and  writing 

‘2  C(  a 

°  Wot  1  -  (a>/w„)z 


r  j£fl  Wm,,)2 
~  Wa  1  -  Wco„)2  ’ 


allows  Eq.  (5.5)  to  be  written  in  terms  of  dimensionlbss  stiffness  and 
damping  ratios,  as  follows: 


Kxx  +  K  +  lOiBxx  Kyy  +  iU)Bxy 

X 

1 

-  a 

Kyx  +  ituByy  Kyy  +  K  4*  i<t)Byy 

y 

-/ 

where 


^  - 


K*y  " 


Hsl 
^  ’ 


<t>Brr  “* 


CcoBm 

F" 


wfl 


Cwfl, 
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CKyx 

W  ’ 

CO  Bxx  ■» 

C  CO  Byjf 

W  ’ 

CKy)> 

W  ' 

(0  ® 

CtliByy 

W  ' 

Selected  results  by  Warner  and  Thoman  from  this  analysis  for  the 
dimensionless  transmitted  force  and  whirl  radius  are  given  in  Fig.  5.19. 
The  paper  gives  results  for  bearing  eccentricity  ratios  between  0.01  and 
0.95,  and  for  a  range  of  rotor-stiffness  parameter  a  values.  The  bear¬ 
ings  for  which  these  results  apply  are  150°  partial  journal  bearings 

The  elegant  formulation  used  by  Warner  and  Thoman  for  this 
problem  allows  a  great  deal  of  valuable  information  to  be  presented  in  a 
relatively  few  charts.  The  charts  apply  for  any  value  of  L/Ds  and  the 
only  bearing  parameters  in  the  analysis  are  load  W,  radial  clearance  C, 
and  operating  eccentricity  (ij),  which  can  be  obtained  from  a  table  of 
Sommerfeld  number  vs  eccentricity  ratio  given  in  the  paper  [111. 
Furthermore,  the  entire  range  of  rotor  stiffness  has  been  included  with 
the  rotor  parameter  a.  The  simple  set  of  response  curves  describes  the 
rotor  response  and  transmitted  force  to  both  in-phase  and  out-of-phase 
unbalance.  The  main  limitation  is  the  symmetry  of  the  system. 

As  the  analysis  model  includes  the  complete  set  of  eight  dynamic 
coefficients,  the  rotor-whirl  orbits  are  elliptical.  The  charts  therefore 
contain  data  for  the  major  ellipse  amplitude  radius  and  for  the 
corresponding  major  force  radius. 

Validity  of  Results  from  Simple  Rotor-System  Models 

The  studies  by  Lund  and  Sterniicht  [20]  and  Warner  and  Thoman 
[111  relate  to  discrete-mass  rotors.  The  results  obtained  should  be 
accurate  where  the  shaft  is  relatively  massless  (Af,hlft  <  Md|,k/10)  and 
where  the  rotor  mass  is  concentrated  in  the  disk,  as  in  centrifugal 
compressor  rotors  and  low-pressure  turbine  rotors.  The  results  would 
also  be  accurate  in  cases  where  the  rigid-bearing  critical  speed  were 
known,  so  that  an  effective  shaft  stiffness  and  effective  rotor  inertia 
could  be  chosen,  i.e.,  for  a  single-mass  rotor, 

A,  -  Mul 

where  M  is  the  total  rotor  mass  (lb  s2/in.)  and  asn  is  the  rigid-bearing 
critical  speed.  For  a  two-mass  rotor, 

K%  -  (1/2)  A/o>2, 
and 

I  -  M(*L\ 

where  £L  is  the  effective  distance  between  the  rotor  disks. 
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Fig.  5.19.  Typical  results  of  Warner  and 
Thomsn  [11]  analysis  (®ASME,  1963; 
used  by  permission) 
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The  above  studies  give  useful  design  information  on  the  influence 
of  the  bearings  on  rotor  behavior  in  the  first  and  second  whirl  modes, 
The  influence  of  the  bearings  on  rotor  response  in  the  higher  modes 
cannot  be  determined  because  of  the  nature  of  the  rotor  models 
chosen.  Such  modes  may  exert  an  important  influence  on  the 
effectiveness  of  the  balancing  process.  Bishop  and  Parkinson  (22) 
describe  a  procedure  whereby  the  effects  of  higher  modes  can  be  con¬ 
sidered  during  modal  balancing,  Moore  and  Dodd  [23]  discuss  higher 
mode  effecto  in  relation  to  a  pump  rotor-balance  problem.  Rieger  and 
Badgley  [24]  encountered  troublesome  effects  from  higher  modes  in 
computer  balancing  a  gas-turbine  rotor.  These  studies  are  discussed  in 
Chapter  6,  and  the  undorlyinc  modal  theory  is  developed  in  Section  5.6. 

Rieger  [25]  examined  the  influence  of  higher  modes  through  use 
of  the  rotor  model  shown  in  Fig.  5.20,  This  rotor  has  a  continuous  dis¬ 
tribution  of  mass  and  elastic  properties  along  Its  length.  The  shaft  Is 
supported  in  identical  fluid-film  bearings  at  Its  ends,  The  bearings  have 
direct  and  cross-coupled  stiffness  and  damping  properties  in  both  the  x- 
and  ^-directions  (Fig.  5.21).  The  unbalance  force  rotates  in  synchron¬ 
ism  with  the  shaft,  causing  it  to  whirl  about  its  stationary  equilibrium 
position.  Shaft  motions  are  opposed  at  the  journals  by  the  bearing 
forces.  Any  externally  impressed  journal  motion  gives  rise  to  fluid-film 
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forces  that  oppose  motion,  both  in  the  direction  of  the  displacement 
and  at  right  angles  to  it.  The  maximum  and  minimum  values  of  the 
whirl  amplitude  and  the  transmitted  force  were  calculated.  Selected 
results  for  the  maximum  whirl  amplitude  and  the  maximum  transmit¬ 
ted  force  obtained  in  this  study  are  shown  in  Figs.  5.22  through  5.27. 
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Fig,  5.25.  Rotor  amplitude  at 
unbalance  vs  speed  ratio  — 
axially  asymmetrical  unbalance 
1251  (®1971,  ASME,  used  by 
permission) 


\ 


FLEXIBLE-ROTOR  DYNAMICS 


289 


Fig,  5.26,  Maximum  transmitted  force  vs 
speed  ratio  for  three  bearing 
eccentricities— axially  symmetrical  unbal¬ 
ance  I25|  <®1971,  ASME;  used  by  per- 
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Fig.  S.27.  Maximum  transmitted  force  vs  speed 
ratio— axially  asymmetrical  unbalance  [25] 
(®1971,  ASME;  used  by  permission) 


S.S  Experimental  Verification  of  Unbalance  Response  Theory 

The  analyses  described  in  Sections  5.3  and  5,4  derive  from  the 
Jeflcott  [263  theory  of  whirling,  which  claims  that  a  synchronous  whirl 
develops  about  the.  axis  of  static  equilibrium,  as  the  shaft  deflects  to 
reestablish  equilibrium  under  the  action  of  rotating  centrifugal  unbal¬ 
ance.  Downham  [27]  appears  to  have  been  the  first  to  test  this  theory 
in  a  comprehensive  manner,  although  Jeffcott’s  paper  describes  an 
experiment  in  support  of  his  theory.  Robertson  [28,29]  also  describes 
certain  supporting  experiments.  While  there  appears  to  be  no  doubt 
concerning  the  validity  of  the  theory,*  there  is  remarkably  little  pub- 


•Development  of  the  Jeflcott  theory  followed  a  discussion  of  certain  experiments  by  Kerr 
[301. 
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lished  work  in  which  practical  rotor  experiments  have  been  compared 
with  a  predicted  unbalance  response.  In  such  an  experiment  the  rotor 
would  first  be  carefully  balanced  to  a  high  degree  of  precision;  con¬ 
trolled  unbalances  would  then  be  systematically  inserted  to  test  the  sys¬ 
tem  response.  In  a  recent  survey  of  industrial  practice,  Rieger  [31] 
found  that  most  users  considered  correlation  between  observed  critical 
speeds  (usually  the  lowest)  and  critical  speed  values  predicted  by  their 
unbalance  response  program  to  be  sufficient  validation  of  an  unbalance 
response  program. 

Several  experiments  that  demonstrate  the  validity  of  the 
synchronous  unbalance  theory  of  rotor  whirling  will  now  be  discussed. 

Unbalance  Response  of  a  Three-Mass  Rotor  in  TUting-Pad  Bearings 

An  extensive  series  of  tests  [32]  was  made  on  the  rotor  system 
shown  in  Fig.  5.28,  covering  both  the  unbalance  response  and  the 
balancing  of  this  rotor  system. 
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ROTOR  WEIGHT:  B8  LB 
END  DISKS:  18  LB  EACH 
CENTER  DISK:  36  LB 
DRIVE:  ELECTRIC  MOTOR  AT  END 
SPEED  RANGE:  24,000  RPM 
FLUID  VISCOSITY:  0.65  cSt  <77°F) 
0.61  cSt(130°F) 


BEARINGS:  FOUR-SHOE  TILTING  PAD 
L/D  RATIO:  1,0 

CLEARANCE  RATIO:  3  *  10  IN. /IN. 

(MACHINED  CLEARANCE) 

PAD  ARC  LENGTH:  80u 
PIVOT  POSITION:  44° 

FROM  LEADING  EDGE 
GEOMETRIC  PRELOAD:  0,6 


Fig.  5.28.  Three-mass  rotor  mounted  in  fluid-film,  four-tilting-pad 
bearings  1321  ( ©  1965,  ASME:  used  by  permission) 


The  rotor  was  tested  as  a  one-,  two-,  and  three-mass  body 
mounted  in  fluid-film,  four-tilting-pad  bearings.  The  system  was 
clamped  to  a  massive,  rigid  foundation.  Controlled  unbalance  weights 
were  inserted  into  a  precision-balanced  rotor  during  each  test,  as  dis¬ 
cussed  previously.  The  rotor  was  driven  by  a  high-frequency  (400-Hz) 
motor,  and  the  speed-control  system  was  designed  to  allow  precise 
operation  anywhere  within  the  range  0  to  24,000  rpm. 
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The  system  was  so  designed  that  with  the  three-mass  rotor  a  strong 
bending  critical  speed  would  occur  at  about  12,000  rpm.  This  was  the 
free-free  bending  mode  of  the  rotor,  which  is  to  be  anticipated  from  the 
disposition  of  the  concentrated  masses,  and  from  the  locations  of  the 
bearings,  which  are  situated  where  the  nodes  of  this  free-free  mode 
occur  (Pig.  5.29).  Thus  at  the  bending  critical  speed  the  three-mas3 
rotor  will  whirl  in  a  mode  where  no  motion  occurs  at  the  bearings,  and 
hence  no  damping  forces  are  generated.*  The  purpose  of  this  design 
was  to  impose  a  severe  test  on  the  balancing  theory.  If  the  rotor  could 
be  balanced  for  smooth  operation  at  its  bending  critical  speed,  with 
negligible  external  damping  (i.e.,  theoretically  infinite  whirl  amplitudes) 
and  with  overhangs,  then  the  theory  would  have  been  fully  tested. 


This  balancing  test,  however,  does  not  provide  a  complete  test  of 
unbalance  response  theory  since  fluid-film  bearing  effects  are  not 
included  and  there  is  no  significant  source  of  system  damping  with 
which  predicted  damped  resonant  response  amplitudes  might  be  veri¬ 
fied.  Tests  were  performed  on  one-  and  two-mass  versions  of  this  rotor 
to  accommodate  this  requirement  (see  insets,  Figs.  5,30  and  5.31). 
These  figures  show  the  extent  of  correlation  achieved  in  the 
Lund-Orcutt  study  [32]  and  subsequently  by  Thomas  and  Rieger  [10], 

’Since  the  bearings  have  a  Finite  length,  some  damping  might  result  from  the  angular 
(slope)  motions  or  the  shal't,  The  tilting  pads  track  the  shaft  and  are  mounted  on 
spherical  buttons  of  minimal  angular  resistance.  With  low  pad  inertia,  both  lateral  and 
angular  damping  should  be  very  small. 


FLEXIBLE-ROTOR  DYNAMICS 


293 


who  used  the  Lund-Orcutt  study  as  a  test  case  for  verification  of  their 
dynamic  stiffness  matrix  unbalance  response  program. 

When  Figs.  5.30  and  5.31  are  compared,  the  following  conclusions 
can  be  drawn,  at  least  for  this  study  of  unbalance  response  predictions 
vs  experiment: 

1.  For  small-to-moderate  rotor  amplitudes  the  linear  theory  is 
validated  by  the  experimental  results. 

2.  Correlation  between  results  is  generally  very  close,  being 
closest  where  damping  is  smaller, 

3.  Discrepancies  between  response  amplitude  results  are  greatest 
above  the  critical  speed  and  where  the  bearing  forces  strongly  influence 
the  motion. 


Fig,  5.30,  Unbalance  response  of  one-disk  rotor,  end  positions 
(321  ( *1965,  ASME;  used  by  permission) 
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Fig.  S.31,  Unbalance  response  of  two-disk 
rotor,  with  weights  in  line  (321  (°1965, 
ASME;  used  by  permission) 
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4.  These  discrepancies  most  probably  indicate  that  further 
questions  remain  concerning  the  accuracy  of  the  stiffness  and  damping 
coefficients  used.  The  extent  to  which  the  observed  amplitude  differ¬ 
ences  could  be  resolved  by  the  inclusion  of  nonlinear  effects  is  not 
known. 

5.6  Modal  Theory  of  Rotor  Motions 

All  linear  structural  motions  can  be  described  in  terms  of  normal 
modes  of  vibration.  The  normal  modes  of  a  structure  are  the  funda¬ 
mental  vibration  forms  which  the  structure  will  assume  when  disturbed 
from  rest.  Thorough  discussions  of  the  general  theory  of  linear  struc¬ 
tural  vibration  have  been  presented  by  Rayleigh  [33],  Timoshenko  [34], 
and  Meirovitch  [35].  The  theory  has  been  applied  to  shaft  motions  by 
Bishop  and  co-workers  in  a  series  of  papers  [36 — 391.  The  purpose  of 
this  section  iu  to  describe  the  technique  of  modal  analysis  applied  to 
rotor  dynamics.  Because  a  flexible  rotor  mounted  in  elastic  bearings 
with  damping  constitutes  a  structural  system,  it  follows  that  the  dynam¬ 
ics  of  such  a  system  can  be  examined  by  means  of  the  normal  mode 
theory.  This  powerful  method  is  of  fundamental  importance  in  the 
analysis  of  rotating  elastic  systems.  It  also  forms  the  basis  of  the  modal 
balancing  method,  to  be  described  in  the  next  chapter. 

Consider  the  prismatic  elastic  rotor  shown  in  Fig.  5.32.  In  the 
absence  of  gravity  deflections  thi*  shaft  rotates  at  speed  (1  and  whirls 
about  the  axis  OZ  under  the  influence  of  residual  unbalance.  Both  the 
rotor  mass  and  the  rotor  elastic  properties  are  distributed  along  the 
length  of  the  rotor.  An  elemental  slice  taken  from  the  rotor  length  is 
shown  in  Fig.  5.33.  The  displacement  of  this  slice  during  the  rotation 
can  be  resolved  into  two  components  at  right  angles  projected  on  to  the 
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Fig.  S.33.  Elemental  slice  or  rotor  length 

planes  XZ  and  YZ.  As  the  shaft  steadily  rotates,  the  projected  time- 
dependent  components  of  the  rotary  motion  will  appear  as  vibrations  on 
either  plane,  though  the  magnitude  of  the  whirl  radius  itself  does  not 
vary— that  is, 

R  -  r  e -  X  +  IY, 

X  -  x  el<ul  (x  -  r  cos  wiO, 

Y  -  ,y  elm'  (y  -  r  sin  mt), 

R2  -  X2  +  Y2, 
and 

r2  -  x2  +  y2  r  -  (x2  +  .y2)^2. 

Now  suppose  that  a  second  pair  of  axes  OX1  OY'  is  Introduced  to 
describe  the  harmonic  motion  of  the  shaft,  and  rotating  In  synchronism 
with  it,  about  axis  OZ at  speed  O;  that  is,  the  plane  OX'Y' rotates  about 
OZ  as  shown  in  Fig.  5,33,  In  terms  of  these  new  axes  the  location  of 
the  elastic  axis  of  the  elemental  slice  can  be  expressed  as 
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£  -  (£  +  /tj)*'"', 

£  -  £  cos  <£, 

£  eM 

V  -  £  sin  </>, 

V  e,ul 

£  -  (£2  +  v*)U2 

The  projections  of  the  whirl  radius  on  to  the  rotating  planes  are  con¬ 
stant  in  time  since  there  is  no  relative  rotation  between  the  axes  OX' 
and  OY'  and  the  shaft.  With  this  concept  it  is  now  possible  to  study 
the  shaft  motions  as  two  simultaneous  vibrations  with  a  phase  differ¬ 
ence  of  90°,  each  of  which  can  be  considered  as  a  component  vibration 
of  the  overall  steady  rotation  vector. 

The  equations  of  free  motion  for  the  cylindrical  slice  AA1  in  Pig. 
S.33  can  now  be  obtained.  The  slice  is  in  equilibrium  with  the  end 
moments  and  end  forces  shown.  No  axial  force  exists,  and,  for  the 
present,  no  damping  (external  or  internal)  will  be  considered.  The 
forces  and  moments  can  also  be  resolved  into  fluctuating  components 
in  the  XZ  and  YZ  planes,  and  the  equations  of  motion  are 


02X 

pAdzJt 


- 

dz  ) 


^  0-b + tH-* 


From  the  BernoulH-Euler  beam  theory,  we  have 
y  _  _  _  JL  \EI 

v*  dz  dz  r7  dz2  ’ 


v  _bM>  _  d  8ll 

V>  dz  dz  EI  dz2  ’ 


and  hence 

L  d2* 


~  El  —  +  pA  -  0 
dz2  dz2  dr2 


d2  r/  X  A  n 

-—■7  El  — r  +  pA  -  0. 

dz2  dz2  d(2 
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Writing  the  local  whirl  radius  as  R  *■  X  +  iY  and  combining  these 
equations  give 


+  pA 


b*R 

bt1 


0. 


For  harmonic  motions  of  this  shaft  section,  the  solution  is 

R  -  r(z) 


where  r  is  a  function  of  coordinate  z  only.  The  equation  of  harmonic 
motion  is  then 


jl 

dz1 


pAw2r  •*  0. 


If  the  slice  is  uniform  in  cross  section  along  its  length,  El  is  con- 
stant.  The  equation  of  motion  becomes 

,2 


The  solution  to  this  equation  is 


,4  _ 

k  El  ■ 


r  -  A  cos  Az  +  B  sin  kz  +  C  cosh  kz  +  D  sinh  kz , 


where  A,  B,  C,  D  are  constants  of  integration  to  be  determined  from 
the  boundary  conditions  of  a  given  case.  The  following  examples 
demonstrate  that,  when  these  coefficients  are  known,  the  mode  shape 
at  any  speed  can  be  determined. 


Uniform  Cylindrical  Rotor  In  Rigid  End  Bearings 


Consider  the  system  shown  in  Figs.  5.34a  with  the  following  boun¬ 
dary  conditions. 

For  z  —  0, 

r  -  0 


M 


0. 


For  z  «■  L , 

r  —  0 


*r_ 

dZ1 


M  -  -  El 


0. 
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E.I,A,tf,L 


(a)  Uniform  cylindrical  rotor  In  rigid  bearings 


Fig.  5.34.  Uniform  cylindrical  rotor  in  rigid  end 
bearings  with  mode  shapes  and  critical  speeds 


Substituting  gives 
0  -  A  +  C, 

0  -  -  A  +  C, 

0  -  A  cos  XL  4-  B  sin  XL  +  C  cosh  XL  +  D  sinh  XL, 

0  —  -  A  cos  XL  -  B  sin  kL  +  C  cosh  \L  +  D  sinh  XL, 

from  which  it  follows  that  A  "•  C  —  0,  and  for  nontrivial  values  of  XL 
the  characteristic  equation  for  this  system  is 

sin  kL  —  0. 

This  expression  is  satisfied  when  XL  -  nw  («  -  0,  1,  2  ...).  The 
critical  speeds  of  this  system  can  be  found  from 
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A  2  YIA 

“it  l' 


that  is, 


2  n  El 

*  "  "  L  pA 


1/2 


rad/s), 


or 


V  .60  2 

N°  2ir  " 


2  el  1/2 

pA 


(rpm) . 


At  such  speeds  the  mode  shape  is  given  by 


r  -  B  sin  \x  -  B  sin  (n  —  0,  1,  2  . 


Corresponding  mode  shapes  and  critical  speeds  are  shown  in  Fig.  S.34 
for  this  case.  This  example  demonstrates  that  the  normal  modes  for  a 
rotor  in  rigid  end  bearings  are  composed  of  half  sine  waves,  as 
expressed  by  the  normal  mode  equation  given  above. 


Uniform  Cylindrical  Rotor  with  Negligible  Bearing  Restraint 

The  boundary  conditions  for  the  system  shown  in  Fig.  S.3S  are  as 
follows: 


For  z  *>  0, 


d2r 

M  --  El  — f  -  0 
dz 1 

d*r 

V  -  -  El  -  0, 
dzi 


For  x  m  L , 

M  -  -  El  ~  -  0 
dz 1 


V  -  -  El  ~  -  0. 
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E,l,A,tf,L 


n  ’ 

(a)  Uniform  cylindrical  rolor  with  negligible  bearing  restraint 


Fig.  3.35,  Uniform  cylindrical  rotor  with  negligible  bearing  restraint, 
and  mode  shapes  and  crltlcul  speods  for  rotor 


Substituting  the  first  two  conditions  into  the  general  modal  expression 
gives  B  m  D  —  0.  The  second  two  conditions  give 

A  (—  cos  XL  +  cosh  XL )  +  C(—  sin  XL  +  sinh  XL )  -  0 
and 

A  (sin  XL  +  sinh  XL)  4-  C(-  cos  XL  4-  cosh  XL)  -  0. 
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The  frequency  equation  is 

cos  XL  cosh  XL  -  1  -  0, 

which  is  satisfied  when  XL  -  0.0,  4.730,  7.853,  10,996,  . . . ,  or  approx¬ 
imately  when 

\l  =  -Jail  *  („  *  o). 

The  normal  modes  for  this  case  ere  given  by 

r  -  A  (cos  Xz  -  cosh  Xz)  +  C(sin  Xz  +  sinh  Xz). 

The  mode  shapes  shown  in  Fig.  5,35  were  determined  by  evaluat¬ 
ing  the  ratio  A/Citom  either  of  the  two  above  expressions  for  a  given 
value  of  XL  and  then  substituting  into  the  normal  mode  equation  for 
this  case.  Finally,  it  is  important  to  note  that  the  lowest  root  XL  -  0 
has  a  special  significance  in  this  case,  that  of  a  rigid-body  whirl  mode. 
The  corresponding  mode  shape  is  found  by  observing  that,  on  substi¬ 
tuting  this  root  into  the  equation  of  motion,  we  obtain 

<tr 


dz 


-  X4z  -  0. 


Integrating  and  substituting  the  above  boundary  conditions  give 

r  -  E  +  Fz, 

which  corresponds  to  a  rigid-body  whirl  motion  where  E  and  F  are 
integration  constants.  This  feature  has  practical  significance  for  rotors 
in  very  flexible  bearings. 

Uniform  Cylindrical  Rotor  in  Flexible  End  Bearings 

This  rotor  operates  in  end  bearings  of  identical  stiffness  K  in  all 
radial  directions.  As  shown  in  Fig.  5.36a,  the  boundary  conditions  are 
as  follows: 

For  x  -  0, 

d*r0 


M--EI  . 

dz1 

S-Kr0-  0, 


-0, 


d3rn 
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E,l,fl,A 


(u)  Uniform  cylindrical  rotor  In  flexible  bearings 


_L  UL)? 

2ir  )_! 


J_  (Xl)2 

2ir  |_s 


J_  uuj 

2  it  l2 


1/2 

Hi 


1/2 

Hi 


1/2 

Hi 


Fig.  5,36,  Uniform  cylindrical  rotor  In  flexible  end 
bearings,  and  mode  shupes  and  critical  speeds  for 
rotor 


For  x  -  L, 


M  — 


-  S  -  -  0, 


-  El 


d\ 

dz 3 


+  Krt 


0. 


From  the  general  solution 

r  —  A  cos  Kz  +  B  sin  kz  +  C  cosh  kz  +  D  sinh  kz , 
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and 


A4 


pAbi1 
El  ' 


where  A,  B,  C,  and  D  are  integration  constants  and  other  terms  are  as 
defined  previously.  Differentiating  and  substituting  give  the  frequency 
determinant: 


tcos  A L  -  cosh  A L  +  2 K  sinh  XL] 


[sin  A L  -  sinh  AL] 
[cos  AL  -  cosh  XL 


[-  sin  XL  -  sinh  AL  +  £  (cos  AL 
+  cosh  AL) 

+  2 K  (cosh  AL  -  K  sinh  XL)]  +  K  (sin  XL  +  sinh  XL)] 


-  0, 


in  which 


K  - 


K 

Elk3 


This  expression  reduces  to 

(cos  XL  cosh  XL  -  1)  —  2  XT  (cos  XL  sinh  XL  —  sin  XL  cosh  XL) 

—  2 K1  sin  XL  sinh  XL  -  0. 

The  influence  of  the  bearing-shaft  stiffness  ratio  K  on  the  first 
three  eigenvalues  of  this  expression  is  shown  in  Table  5.2. 


Table  5.2.  Variation  of  eigenvalues  with  stiffness  ratio 


K* 

Mode  1 

Mode  2 

Mode  3 

0  (Free-free) 

0 

0 

4.731 

0.1 

0.200 

0.600 

4.951 

1.0 

1.815 

4.694 

7.855 

10 

3.037 

6.178 

9.320 

w  (Pinned-pinned) 

3.14159 

6.28318 

9.42477 

•j(  „  bearing  stiffness 
shaft  stiffness 


Mode  shapes  for  the  uniform  rotor  in  flexible  bearings  are  found  by 
substituting  the  expressions  for  C  and  D  in  the  general  solution.  This 
gives 

r  -  A  (cos  Ar  +  cosh  Az  -  IK  sinh  Xz)  —  #(sin  Xz  +  sinh  Xz) 
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and 

r  ~  B 

cos  A,z  +  cosh  A/z  -  2A  sinh  A/z  — 7  (sin  A.z  +  sinh  Az). 
A  A 

From  Eq.  (5.6), 

JL  _  cos  AZ,  -  cosh  AZ,  4-  2AT  sin  AZ.  sinh  AZ, 

^  sin  AZ.  -  sinh  AZ, 

The  normalized  mode  shapes  J,  for  any  system  with  a  specified  value  of 
K  can  be  found  by  evaluating  B/A  for  successive  eigenvalues  and  then 
plotting  values  of  the  modal  equation.  For  K  -  1,  the  following  values 
apply. 


Mode 

(AZ.) 

(B/A) 

1 

1.815 

-1.192 

2 

4.694 

+2.946 

3 

7.855 

-1.001 

The  corresponding  mode  shapes  are  shown  in  Fig.  5.36. 

5.7  Computer  Analysis  of  Rotor-Bearing  Systems 
Nature  of  Analysis 

In  this  section  certain  general  results  are  developed  through  which 
the  response  of  real  rotors  acting  in  real  fluid-film  bearings  can  be  cal¬ 
culated.  No  new  principle  is  involved,  merely  an  efficient  application 
of  previous  concepts  using  the  Myklestad-Prohl  recurrence  formula. 
Very  complex  rotor  systems  are  now  routinely  solved  by  this  procedure, 
which  forms  the  basis  of  most  modern  unbalance  response  computer 
programs. 

The  following  types  of  rotor-response  problem  can  be  solved  with 
existing  programs: 

1.  General  multimass,  multib  wing  rotor,  circular  orbits,  flexible 
damped  pedestals,  discrete  foundation. 

2.  Same  as  item  1,  except  bearing  properties  in  different  coordi¬ 
nate  directions  are  included.  Elliptical  orbits  are  obtained. 

3.  Same  as  item  2,  with  bearings  set  in  a  continuously  flexible 
foundation.  Known  as  a  ‘multi-level’  problem. 

The  first  type  of  analysis  for  a  general  rotor  with  circular  whirl  orbits 
will  next  be  discussed. 
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Analysis  Procedure 


The  following  analysis  is  for  the  whirl  amplitudes  of  a  generalized 
unbalanced  rotor  in  fluid-film  bearings.  The  analysis  takes  into  account 
the  anisotropic  stiffness  and  damping  characteristics  of  the  bearings 
causing  the  rotor  whirl  orbit  to  be  elliptical.  Furthermore,  the  gyros¬ 
copic  moments  of  the  rotor  disks  are  included.  The  original  analysis 
was  given  by  Lund  and  Orcutt  [32]  in  1967,  together  with  experimental 
verification  as  noted  previously. 

The  rotor  motion  is  defined  in  terms  of  the  coordinate  system 
shown  in  Fig.  S.37.  The  origin  of  the  X  and  Y  axes  at  any  axial  loca¬ 
tion  coincides  with  the  static  deflection  of  the  rotor,  corrected  at  any 
given  speed  for  the  eccentricity  of  the  journals  in  the  bearings.  Thus 
the  rotor  amplitudes  are  X  and  K,  the  corresponding  slope  components 
are  9  and  t/»,  and  the  bending  moment  and  the  shear  force  In  the  rotor 
are  denoted  by  M  and  F,  respectively.  These  have  harmonically  vary¬ 
ing  components  Mx  and  Mv  and  Vx  and  Vy  in  the  coordinate  directions. 


DISK  MASS 
AND  INERTIA 
PROPERTIES,  M,  Ip,  lT 


RESIDUAL  UNBALANCE 
DISTRIBUTION 


Fig,  5.37.  Generalized  rotor-bearing  model 


The  rotor  is  represented  as  a  series  of  mass-inertia  stations,  con¬ 
nected  by  cylindrical  shafts  of  uniform  cross  section.  Each  station  is 
assigned  a  mass  m„,  a  transverse  mass  moment  of  inertia  /T„,  a  polar 
mass  moment  of  inertia  Ip„,  a  bearing  reaction,  and  an  unbalance  force. 
These  unbalance  forces  are  included  by  introducing  two  mutually  per 
pendicular  rotating  axes  in  the  rotor,  denoted  as  the  f-axls  and  the  17- 
axis.  The  instantaneous  angle  between  the  (-axis  and  the  x-axis  is  a >t, 
where  w  is  the  angular  speed  of  the  rotor  and  t  denotes  time.  The 
rotor  unbalance  can  then  be  defined  by  its  components  U(  and  Uv,  and 
the  corresponding  forces,  measured  in  the  X-Y  system,  become 

to2Ux  ->  u2U(  cos  (wt)  —  a»2i/^  sin  (ut) 

and 

<a2Uy  -  a>2Uf  sin  («/)  +  <u2l/,,  COS  (ta/). 
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Considering  the  nth  rotor  station  as  shown  in  Pig.  5.37,  a  force  balance 
and  a  moment  balance  yield 

~~$T  "  y»  -  yj  +.  Km  Y„  -  Bm  ^ 


'n  X  y  n 

~T~  ■*”  *****  Mm  —  XJry» 


-^r-  -  f*  -  +  «2  %„  -  ^  a;  -  r„  -  By,, 


(T0.  d<t>. 


,  w  T*  f  UVH  _  . M  > 

‘til  ft  ^  *"  My"  Myn . 

The  rotor  is  caused  to  vibrate  by  the  unbalance  forces  at  frequency  «. 
Since  the  vibration  is  harmonic,  the  amplitude,  the  slope,  the  bending 
moment,  the  shear  force,  and  the  unbalance  can  be  expressed  in  com¬ 
plex  notation: 


X  -  x  elat, 


M-Metu‘, 


9-0  e{»', 


V-  Ve1"1, 


<w2  Uy-a'U  a>2  Uy-~  lw2U  c'*1', 

where  U  -  U(  +  iUri,  x  -  xc  +  lxt)  and  so  on,  and  only  the  real  parts 
apply. 

Similar  definitions  hold  for  the  ^components.  Further  define 

Zyy  —  Kyy  +  idiByy  (5,8) 

and  analogously  for  Zyy,  Zyn  and  Zyy,  With  these  definitions,  and 
dropping  the  bar  notation,  Eqs.  (5.7)  become 

v*n  -  V*n  +  <«**»,  -  Zyy')  X'  -  2m  Y'  +  m2Un, 

Vyn  -  y,n  “  Zyyn  K  +  Wmn  -  Zyy„)  Yn  -  a>2  U„  (5.9) 

Mm'  “  Me n  ~  '  >2/T n  +  iO)1  /]>„  $n, 


-  :IH— !i  n-v*» 
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and 


My„’  -  Myn  -  lot2  lp„  -  at2  ITll  4>„. 


These  equations  express  the  change  in  shear  force  and  bending  moment 
across  a  rotor  station. 

The  nth  station  is  connected  with  the  (n  +  l)th  station  by  a  shaft 
section  of  length  l„  with  a  cross-sectional  area  A„,  a  cross-sectional 
moment  of  inertia  /„,  and  a  cross-section  shape  factor  a„  for  shear 
deformation.  The  shaft  material  has  a  mass  density  p„,  Young's 
modulus  and  shear  modulus  G„,  Then,  as  shown  in  this  section,  it 
is  possible  to  express  xw+|,  6„+ 1,  j,  and  as  linear  combina¬ 

tions  of  xM,  9„,  Mxn\  and  yXH'  (the  relationships  for  the  y-components 
are  analagous).  The  equations  are  given  as  Eqs.  (5,19)  in  this  section. 
The  coefficients  in  the  equations  are  functions  of  the  shaft  properties 
and  the  speed  of  the  rotor.  For  simplicity,  it  is  assumed  that  unbal¬ 
ance,  rotatory  inertia,  and  gyroscopic  moments  in  the  shaft  can  be 
ignored  and  that  these  effects  instead  are  included  at  the  rotor  stations. 

Equations  (5.9)  together  with  Eqs.  (5.19)  are  a  set  of  recurrence 
relationships  from  which  the  rotor  amplitudes  can  be  computed.  If  the 
rotor  is  assumed  to  have  free  ends,  the  bending  moments  and  shear 
forces  at  the  ends  are  zero: 

Mx i  -  M,i  -  -  K,,  -  0 

AV  -  My"'  -  V  -  V  “ 


where  station  q  is  the  last  rotor  station.  If  X|,.yi,0|,  and  ij/t  are 
selected  as  unknowns,  repeated  application  of  Eqs.  (S.9)  and  (5.19) 
leads  to: 


*i 


xn 

y„ 


•f 


*■#15 

cn2i 
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and 


X\ 

dis 

y\ 

dr> 

-Id) 

+ 

y*i 

0\ 

dis 

4>\ 

d 45 

where  {cj  is  a  2  x  4  matrix  and  (d)  is  a  4  x  4  matrix.  The  matrix  ele¬ 
ments  cni)  and  dtJ  are  complex.  They  are  found  by  performing  a  total 
of  five  rotor  calculations,  In  the  first  calculation,  set  xi  -  1  and 
-  «i  -  <t>\  -  Un  -  0,  whereby  c„n,  c„21,  rfn,  </21,  diU  and  dAl  are 
obtained.  Next,  set  y \  -  1  and  xi  -  0t  -  -  Un  -  0  and  determine 

the  second  columns  of  the  matrices.  In  this  way,  all  the  coefficients  are 
obtained.  Solving  Eqs,  (5.9)  for  *[,  >»lf  0t,  and  d>\  allows  computing  x„ 
and  y„  from  Eq.  (5.8)  for  all  the  rotor  stations.  Noting  that,  for  x„, 

xn  *"  xcn 

x„  -  x„  elul  -  xf„  cos  (<ot)  -  x,„  sin  (o>  r), 

and  similarly  for  y„,  the  semiaxes  and  the  orientation  of  the  elliptical 
whirl  orbit  are  calculated  from 


~(x02n  +  x}„  +  yc\  +  y?n) 


Wen-* mJ'm 


x an}1  an ) 

xvn  +  '  yen  -  y,l 


y n  -  y‘an_t 
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and 

2(xf„xOT  +  yCHyM) 

~  x,\  -t-  yc2„  -  y,l 

where  a„  is  the  m^jor  semiaxis,  b„  the  minor  semiaxis,  y„  the  angle 
from  the  x-axis  to  the  msjor  semiaxis  in  the  direction  of  rotor  rotation, 
and  t/i„  is  the  angle  between  the  minor  semiaxis  and  the  y-axls  in  the 
direction  of  rotation,  Thus  y„  and  </>„  represent  the  local  phase  angle. 
The  definition  of  the  phase  angle  is  such  that,  if  the  x,  ^-coordinate 
system  is  rotated  into  the  a„t  b„  system  (l.e.,  x'  is  along  the  major 
semiaxis),  then  the  rotor  motion  can  be  expressed  as 

x„'  ■■  a„  cos  (ml  +  i fi„) 


and 


y„'m  sin  (mi  + 


If  the  value  for  the  minor  serniaxis  is  negative,  the  rotor  processes 
backward. 

For  those  bearing  types  where  Z**  -  Zyy  and  Zv  -  --  Zyx,  it  is 
seen  from  Eqs.  (5.9)  that 

y  -  -  lx,  4>  -  -  19. 


In  this  instance,  the  whirl  orbit  is  circular,  and  the  outlined  calculation 
procedure  can  be  considerably  simplified,  This  condition  applies  to  the 
four-shoe  tilting-pad  bearings  used  by  Lund  and  Orcutt  in  tests  of  this 
analysis. 

Now  consider  a  uniform  shaft  section.  Relationships  are 
established  for  the  amplitude,  slope,  bending  moment,  and  shear  force 
at  one  end  of  the  section  in  terms  of  the  corresponding  quantities  at  the 
other  end. 

Including  shear  deformation,  the  rotation  9  of  a  shaft  element 
becomes 


9 


V  9x 
a  GA  9z 


and  similarly  for  the  y-component,  where  G  is  the  modulus  of  shear 
and  a  is  a  cross-sectional  shape  factor  (a  =*  0.75  for  a  circular  cross 
section).  The  bending  equation  is  given  by 

99 
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and  similarly  for  the  ^-component.  When  the  shaft  is  subjected  to 
unbalance  forces  per  unit  length  of  o)2ux  and  tu2*^,  a  force  balance 
yields 

.  d2x  dr,  i„ 

"A  ‘  "  s7  +  “ 

and  analogously  for  the  y -direction.  Finally,  If  the  shaft  has  a 
transverse  mass  moment  of  inertia  JT  per  unit  length  and  a  polar  mass 
moment  of  inertia  Jf,  a  moment  balance  gives 

j#l  +  ujfb±m™* L_.  r, 

T  8/2  v  bt  82 


,  ,  be  9M>  v 

T  8/J  bt  82  y 

If  the  shaft  section  is  assumed  to  have  constant  cross-sectional  proper¬ 
ties,  0,  0,  A/,  and  V  can  be  eliminated  from  the  equations.  In  this  way 
the  equations  governing  the  shaft  motion  become 

*.b4x  . ,  E  ,  «^t  I  b*x  ,  a  82x  1  pJx  9*x  .  b*y  ,  wpJp  b}y 


1  .  Jt  0J«x  ,  o)Jr  bUf 

aGA  bt1  aGA  bt 


El  b*ux 
aGA  fiza 


(5.14) 


r>,84y  E  ,  Jr  b*y  .  itfy  ,  pJ t  8*y  ,  ,  d3x  upJv 


1  .  Jt  b2Uy  U)Jf  bux  El  b2Uy  1 
W  Uy  aGA  bt1  a GA  bt  uGA  b i 2  J 


Since  the  analysis  is  restricted  to  forced  vibrations  with  a  frequency 
equal  to  the  angular  speed  of  the  shaft  01,  the  following  expressions 


x  -  Jr  e 


-  v 
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can  be  used  for  the  coordinate  displacements  at  any  shaft  cross-section, 
and  similarly  for  the  slope,  the  bending  moment,  and  the  shear  force. 
Only  the  real  part  applies.  Furthermore,  setting 

w*  -  u 


results  in  uy  —  -  I  u  Thus  Bqs.  (5.14)  can  be  written 


£/-0  +  6 >V 


E  ,  A I  d*X 


aG  pi  I  dz1 


—  a*pA  1 1  — 


1- 

oi  G A 


.  ,  dri>  ,w*pJr-,  if,,  w,(./p-  Jy) 

~  ~  -  “  f  +  ~  Zga 


(5.15) 


*lEI  d*u 
aGA  dz 1  ’ 


+  +  /~P#X  -  -  io'u 

dz*  vtG 


1  4- 


0>JC/p  —  Jy) 


aGA 


+  I 


(5.16) 

<i>7EI  d*u 
aGA  dz 1  ‘ 


Although  these  equations  can  be  solved,  the  resulting  solution  is 
impractical.  Instead,  it  will  be  assumed  that  the  shaft  section  Is  free  of 
unbalance  forces  (w  -  0)  and  that  the  effect  of  rotatory  inertia  and 
gyroscopic  moment  can  be  neglected  {Jy  “  Jv  ™  0).  If  these  effects 
are  significant,  they  can  be  accounted  for  with  good  accuracy  by  lump¬ 
ing  them  at  the  ends  of  the  shaft  section  (i.e.,  at  the  rotor  stations).  It 
should  be  noted  that,  even  though  it  is  simple  to  keep  the  rotatory  iner¬ 
tia  terms  in  the  foregoing  equations,  this  is  not  permissible  without  also 
including  the  gyroscopic  moments  since  they  are  of  the  same  magni¬ 
tude. 

With  these  assumptions,  Eqs.  (5.15)  and  (5.16)  become  Identical 
and  it  is  necessary  to  consider  only  the  first  equation.  The  definitions 


A  4  Jiiisi 

\  El 

as  previously,  and 


(5,17) 


2  aGA 
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are  introduced,  If  we  drop  the  bar  notation  and  set  u  “  Jr  *■  «■  0, 

Eq.  (5- 15)  becomes 


d*x 
dz 4 


+  28JX4  4t  ~  X4 * 
dtl 


0. 


The  characteristic  equation  has  the  roots  ±Xi  and  ±/\2,  where 

X,-x([l  +  (8X)4]1'2  -  («X)4 


and 


k  1/2 


x2  -  X  [l  +  (8x)4l1/J  +  (ax)2 


Hence  the  general  solution  can  be  written 

x  -  C1  cosh(Xiz)  +  C2  sinh(Xiz)  +  C3  cos(X2z)  +  C4  sin(Xjz),  (5,18) 

where  (?!  to  C4  are  constants  to  be  determined  from  the  boundary  con¬ 
ditions,  Combining  Eqs.  (5.10)  through  (5.13)  and  setting  u  —  /T  * 
J?  -  0  gives 

—•  A 1X  -  (X|  ~  X/Jx  +  -jj , 


„  (Xj? "  X?)  Vx  dx 

S - i?  £/  +  ■*' 

Substitution  from  Eq.  (5.18)  allows  A/x,  kx,  and  9  to  be  found.  Next, 
the  four  constants  can  be  evaluated  by  setting,  at  z  “  0, 

*  “  0  “  ®/*i  Afxrt  ,  Kx  **  . 

At  the  other  end  of  the  shaft  section,  we  set,  at  z  ** 

*“  *m+i*  0  m‘  0m+i*  A/XtX+i,  Kx  ■■ 
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Thus  the  desired  relationships  become 

*»+l  ”  a\nXn  +  lnOin^n  4"  ^2na4n^xx  4“  ^3na7n  Ktit'i 

®«+l  “  ^inaSnxh  4"  a2n^»  4*  k\n  a6n  ^xn  4"  ^2na4n  Kwi\ 

(5.19) 

‘j'Mrt 4a4(fXfl  4"  ■g" Mn 4"  a%nMxn  4  l„a 3„  Vxit' , 
and  (5.19) 

^x.b+i  -  fi„aiHx„  4  jiinl„a^9h  4  ^ixnkuainMxn'  4-  <tu 
where 

a[B  -  (A?  cosh  /3|  4  A^cos  ^/(A?  4-  Af), 
fl2«  -  (Xf  cosh  /3i  4  A?  cos  /32)/(X?  4-  A^), 
a3„  -  (A|  sinh  /9t  4  A2  sin  02)/(A?  4-  A^)/„, 
a4n  -  2 (cosh  /3,  -  cos  /32)/<A?  4-  A^)/„2, 

<*s«  “  6(A2  sinh  0i  -  A|  sin  j32)/(A?  4  A^)AJ/„3, 
fl6„  -  (Aj?  sinh  /3|  +  A?  sin  /32)/(Aj!  4  A?)A2/„, 
a7«  -  6(A?  sinh  0,  -  A$  sin  02)/(A?  4  A?)A 4/3, 


*2 n  ” 


*3«  " 


01  “  X|/„ 


El' 

A. 

2  El' 

I i 

Vt 

6  El' 

02  “  A2/„, 


M«  -  w2p/<4- 
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It  should  be  noted  that  k\n,  k2„,  and  k2n  are  the  static  influence 
coefficients,  neglecting  shear  deformation.  Furthermore,  for  suffi¬ 
ciently  low  speeds  and  a  sufficient  number  of  mass  stations,  the  shear 
effect  can  be  ignored  and  k  =*  0.  Then,  the  coefficients  a\„  to  a7„ 
become  equal  to  1  and  the  shaft  mass  can  be  tumped  with  good  approx¬ 
imation  at  the  ends  of  the  shaft  section,  setting  /*„  -  0  in  the  forego¬ 
ing  equations.  In  many  practical  cases,  this  will  be  sufficiently  accurate. 

5.8  References 

1.  V.  Casteili  and  H.  G.  Elrod,  "Solution  of  the  Stability  Problem  for 
360  Degree  Self-Acting,  Gas-Lubricated  Bearings,"  Trans .  ASME, 
J.  Basic  Eng,,  Paper  No.  64-LUB-10  (1964). 

2.  M.  F.  Giberson,  General  Electric  Company  Report,  Generator 
Department,  Schenectady,  N.Y.,  May  1969. 

3.  E.  J.  Gunter,  Dynamic  Stability  of  Rotor-Bearing  System ,  NASA 
SP-113,  Office  of  Technical  Utilization,  U.S.  Government  Printing 
Office,  Washington,  D.C.,  1966. 

4.  J.  W,  Lund,  "Modal  Response  of  a  Flexible  Rotor  in  Fluid-Film 
Bearings,"  ASME  Paper  No.  73-DET-98. 

5.  J.  W.  Lund,  Rotor- Bearing  Dynamics  Design  Technology,  Part  V: 
Computer  Program  Manual  for  Rotor  Response  and  Stability,  Techni¬ 
cal  Report  AFAPL-TR-65-45,  Air  Force  Aero  Propulsion  Labora¬ 
tory,  Wrlght-Pattcrson  AFB,  Ohio,  May  1965. 

6.  J,  W.  Lund,  "Stability  and  Damped  Critical  Speeds  of  a  Flexible 
Rotor  in  Fluid-Film  Bearings,"  Trans.  ASME ,  Ser.  B,  J.  Eng.  lnd. 
96,  No.  2,  509-517  (1974). 

7.  P.  G.  Morton,  "Analysis  of  Rotors  Supported  Upon  b'  my  Bear¬ 
ings,"  J.  Mech.  Eng.  Scl.  14,  No  (1),  25-33  (1972). 

8.  P.  G.  Morton,  "Measurement  of  the  Dynamic  Characteristics  of  a 
Large  Sleeve  Bearing,"  Trans.  ASME ,  Paper  No.  70-LUB-14,  1970, 

9.  J.  F.  Booker  and  R.  L,  Ruhi,  "A  Finite  Element  Model  for  Distri¬ 
buted  Parameter  Turborotor  Systems,"  Trans.  ASME,  Ser,  B,  J, 
Eng.  lnd.  94,  126-132  (1972). 

10.  C.  B.  Thomas  and  N.  F.  Rieger,  "Dynamic  Stiffness  Matrix 
Approach  for  Rotor  Bearing  System  Analysis,"  in  Proc.  Inst,  Mech, 
Eng.  Conf.  on  Vibrations  In  Rotating  Machinery ,  Churchill  College, 
Cambridge  University,  Sept.  1976, 

11.  P,  C.  Warner  and  R.  J.  Thoman,  "Effect  of  the  150-Degree  Partial 
Bearing  on  Rotor- Unbalance  Vibration,"  ASME  Paper  63-LUB-36, 
1963. 


316 


BALANCING  OF  RIOID  AND  FLEXIBLE  ROTORS 


12.  S.  Dunkerley,  "Whirling  and  Vibration  of  Shafts,"  Phil .  Trans. 
Royal Soc.  (London),  185A,  279  (1894). 

13.  A.  Stodoia,  Steam  and  Gas  Turbines,  McGraw-Hill,  New  York, 
1927,  Vols.  I  and  II,  pp.  491,  1122,  1125. 

14.  A.  C.  Hagg,  "Some  Vibration  Aspects  of  Lubrication,"  Lub. 
Engrg.,  4  (4),  166—169  (Aug.  1948), 

15.  A,  C.  Hagg  and  S.  0,  Sankey,  "Some  Dynamic  Properties  of  Oil- 
Film  Journal  Bearings  wth  Reference  to  the  Unbalance  Vibration 
of  Rotors,"  Trans.  ASME,  J.  Appl.  Mech.  78,  302-306;  AMR  Vol. 
9,  Review  1665  (1956). 

16.  A,  A,  Raimondi  and  J.  Boyd,  "An  Analysis  of  the  Plvoted-Pad 
Journal  Bearing,"  Trans.  ASME  IS,  380  (1953). 

17.  B.  Sternlicht,  "Stability  and  Dynamics  of  Rotors  Supported  on 
Fluid  Film  Bearings,"  ASME  Paper  No.  62-WA-190,  1963. 

18.  P.  Lewis  and  S.  B.  Malanowski,  Rotor-Bearing  Dynamics  Design 
Technology  Part  IV;  Ball  Bearing  Design  Data ,  Wright-Patterson 
AFB,  Dayton,  Ohio,  Technical  Report  AFAPL-TR-65-45,  1965, 

19.  M,  Elserrnans,  "Study  and  Contributions— Tapered  Roller  Bearing 
Stiffness  and  Load  Distribution  Under  Combined  Loading 
Misalignment,"  Ph.D,  dissertation,  Catholic  University  of  Leuven, 
Leuven,  Belgium,  1975. 

20.  J,  W.  Lund  and  B.  Sternlicht,  "Rotor-Bearing  Dynamics  with 
Emphasis  on  Attenuation,"  Trans ,  ASME,  J.  Basic  Engr.  84  Ser.  D 
(1962). 

21.  J,  W.  Lund  and  B.  Sternlicht,  Bearing  Attenuation ,  General  Elec¬ 
tric  Co.,  Technical  Report  Nobs  78930,  Task  3679,  Area  F131105, 
General  Engineering  Laboratory,  Schenectady,  N.Y.,  1961. 

22.  R.  E.  D.  Bishop  and  A,  G,  Parkinson,  "On  the  Isolation  of  Modes 
in  the  Balancing  of  Flexible  Shafts,"  Proc.  Inst.  Mech.  Engr. 
177(16),  407  (1963). 

23.  L.  S.  Moore  and  E.  G,  Dodd,  "Mass  Balancing  of  Lurge  Flexible 
Rotors,"  G.E.G  J.  31(2)  (1964), 

24.  N.  F.  Rieger  and  R.  H,  Badgley,  "Flexible  Rotor  Balancing  of  a 
High-Speed  Gas  Turbine  Engine,"  SAE  Paper  No.  720-741,  1972. 

25.  N.  F.  Rieger,  "Unbalance  Response  of  an  Elastic  Rotor  in 
Damped  Flexible  Bearings  at  Supercritical  Speeds,"  J,  Engr.  Power 
93,  Ser,  A,  265-278  (1971), 

26.  H,  H.  Jeffcott,  "Lateral  Vibration  of  Loaded  Shafts  in  the  Neigh¬ 
borhood  of  a  Whirling  Speed— The  Effect  of  Want  of  Balance," 
Pliil.  Mag.  XL1I,  635  (1921), 

27.  E.  Downham,  Some  Preliminary  Model  Experiments  on  the  Whirling 
of  Shafts,  A.R.C.  R  and  M  No,  2768,  1953. 


FLEXIBLE-ROTOR  DYNAMICS 


317 


.11 


28.  D.  Robertson,  "Hysteretic  Influences  on  the  Whirling  of  Rotors," 
Proc.  Inst.,  Mech.  Engr.,  131,  513-537  (1935). 

29.  D.  Robertson,  "Transient  Whirling  of  a  Rotor,"  Phil.  Mag,,  Series 
7,  20,  793  (1935). 

30.  W.  Kerr,  "On  the  Whirling  Speed  of  Loaded  Shafts,"  Engineering 
(February  18,  1916). 

31.  N.  F.  Rieger,  "Rotor-Bearing  Systems,"  Structural  Mechanics  Com¬ 
puter  Programs ,  University  of  Virginia  Press,  Charlottesville,  Va., 
1974,  pp.  473-498. 

32.  I.  W.  Lund  and  F.  K.  Orcutt,  "Calculations  and  Experiments  on 
the  Unbalance  Response  of  a  Flexible  Rotor,"  ASME  Trans.,  89, 
Ser.  B,  785-796  (1967). 

33.  J.  W.  S.  Rayleigh,  Theory  of  Sound,  Dover,  New  York,  1945. 

34.  S.  Timoshenko,  Vibration  Problems  In  Engineering ,  Van  Nostrand 
Reinhold,  New  York,  1955. 

35.  L.  Meirovitch,  Analytical  Methods  in  Vibrations ,  Macmillan,  New 
York,  1967. 

36.  R,  E.  D.  Bishop,  "The  Vibration  of  Rotating  Shafts,"  J.  Mech. 
Engr.  Set.,  1  (1)  (1959). 

37.  O.  M.  L.  Gladwell  and  R.  E.  D.  Bishop,  "The  Vibration  of  Rotat¬ 
ing  Shafts  Supported  in  Flexible  Bearings,"  J.  Mech.  Engr.  Set.,  1 
(3)  (1959). 

38.  R.  E.  D.  Bishop  and  G.  M.  L.  Gladwell,  "The  Vibration  and 
Balancing  of  the  Unbalanced  Flexible  Rotor,"  J.  Mech.  Engr.  Set., 
I  (1)  (1959). 

39.  R.  E.  D.  Bishop  and  S.  Mahalingham,  "Some  Experiments  in  the 
Vibration  of  a  Rotating  Shaft,"  Proc.  Roy.  Soc.  (London),  292, 
Series  A,  1  (1965). 


CHAPTER  6 

FLEXIBLE-ROTOR  BALANCING 


Nomenclature 


a 

a 

<*rs 

a,b,c 

A 

A 

B 

Bv  Bt 
D 
E 
F 
g 
i 
1 


mass  eccentricity  of  local  shaft  c.g. 

modal  coefficient 

influence  coefficient 

sections  of  shaft  span 

cross  section  area 

matrix  of  influence  coefficients 

number  of  bearings  along  the  length  of  a  rotor 

internal,  external  damping  coefficients 

unbalance  mass  vector 

modulus  of  elasticity 

concentrated  force 

state  vector  for  transfer  matrix 

V=T 

second  moment  of  area  of  shaft  cross-section 


& 

j 

modal  equation 

i 

K 

correction  plane  number 

i 

Ka,Kb 

stiffness  of  end  bearings 

$ 

L 

length  between  bearings 

i 

m(z) 

axial  distribution  of  mass  along  shaft 

n 

Mp 

discrete  unbalance  mass 

i 

N 

number  of  critical  speeds  within  the  operating 

N 

rotor  speed,  rpm 

P 

Q 

r 

r 

rp 

T 

u(z ) 

U 

Un 


bearing  force 
load  per  unit  length 

whirl  radius  at  given  shaft  location,  =  x  +  iy 
correction  weight  radius 

unbalance  eccentricity  from  local  shaft  centerline 

trial  unbalance  weight 

distributed  unbalance  =  pA  (z)a(z) 

residual  unbalance  in  rotor 

local  unbalance  at  /rth  location 
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V  vibration  amplitude  (peak-to-peak) 

V  vector  of  forced  response  measured  at  rotor  supports 

w  lateral  deflection  of  shaft 

h>  rotor  radial  displacement 

w  unbalance  vector 

W  balance  weight 

W  calibration  weight 

x,  y  coordinate  amplitudes  of  shaft  deflection 

y, (z)  modal  displacement  coefficients 

z  axial  coordinate  along  shaft 

a  (z)  complex  correction  mass  distribution 

i(z-zp)  Dirac  delta  function 
Ay  modal  determinant 

i  shaft  transverse  displacement  in  rotating  coordinates 

V  axial  location  factor  for  correction  plane  locations  of  class  2  rotor 
velocity  damping  ratios  corresponding  to  Bh  Bt 

(,V  rotating  coordinates  of  shaft  center  displacement  during  whirl 
H  frequency  function  —  w/a>, 

P  mass  density  of  shaft  -  w/g 

<t>  phase  angle 

<f»j  (z)  modal  functions  representing  shaft  transverse  displacements 
a>  speed  of  rotation  (influence  coefficient  method) 

tuy  frequency  of  J  th  mode 

Cl  speed  of  rotation  (modal  method) 


i 


I 
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CHAPTER  6 

FLEXIBLE-ROTOR  BALANCING 
6 . 1  Preliminary  Considerations 

Flexible  rotors  represent  a  special  topic  in  balancing  practice 
because  of  additional  considerations  raised  by  rotor  flexure.  Many  flex¬ 
ible  rotors  are  large  and  may  rotate  at  high  speeds;  therefore,  they  can 
experience  significant  bending  deformations  along  their  length  caused 
by  interactions  between  the  rotor  residual  unbalance  and  the  rotor  whirl 
modes.  Bending  deformations  are  usually  largest  in  the  vicinity  of 
some  flexural  critical  speed  of  the  rotor  system.  Rotor  deformations 
are  speed-dependent  in  both  magnitude  and  shape,  and  maximum 
modal  amplitudes  occur  at  resonant  speeds.  A  given  rotor  may  have 
several  critical  speeds  within  its  operating  range,  and  significant  vibra¬ 
tions  may  occur  at  any  of  these  speeds  unless  the  rotor  is  adequately 
balanced. 

To  balance  a  flexible  rotor  requires  cancelling  the  effects  of  its  re¬ 
sidual  unbalance  on  all  modes  likely  to  cause  rotor  vibrations.  Pro¬ 
cedures  that  can  be  used  to  achieve  multiplane  corrections  are  described 
in  this  chapter.  To  select  a  suitable  balancing  procedure  it  is  first 
necessary  to  know  whether  the  rotor  can  be  balanced  adequately  by  the 
addition  of  correction  weights  in  two  correction  planes,  i.e.,  as  a  class  1 
rigid  rotor.  For  an  unproven  rotor  type,  a  two-plane  balance  should 
first  be  attempted,  in  a  low-speed  balancer.  If  the  rotor  remains  unac¬ 
ceptably  out  of  balance  at  its  operating  speed  after  two-plane  correction 
at  low  speed,  the  rotor  is  classified  as  a  class  3  flexible  rotor,  If  the 
residual  unbalance  is  acceptable  for  operation,  the  rotor  needs  no 
further  correction  and  is  classified  as  a  class  2  quasi-flexible  rotor.  This 
category  includes  rotors  that  experience  some  bending  but  remain  in 
satisfactory  balance  after  being  corrected  as  rigid  rotors.  Other  special 
types  of  flexible  rotors— for  example,  impellers  with  long  flexible 
blades  and  high-constant-speed  armatures— can  also  be  balanced  in  two 
correction  planes  for  satisfactory  operation  with  low  transmitted-force 
levels.  These  rotors  are  respectively  class  4  and  class  5  flexible  rotors. 

Class  3  flexible  rotors  require  multiplane  balancing  to  operate 
smoothly.  They  commonly  have  one  or  more  critical  speeds  within 
their  operating  range,  with  uncorrected  mode  shapes  that  may  involve 
substantial  bending  of  the  rotor.  Excitation  of  these  modes  by  the  rotor 
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residual  unbalance  may  lead  to  noticeable  (or  even  dangerous) 
transmitted  vibrations,  unless  the  rotor  is  balanced  by  some  effective 
multiplane  balancing  procedure,  The  rotor  must  be  balanced  in  such  a 
manner  that  correction  weights  added  in  the  balance  will  effectively 
cancel  all  rotor  unbalance  effects  within  the  operating  range, 

Commonly  used  methods  for  multiplane  balancing  of  flexible 
rotors  are 

1 .  Various  iterative  modal  methods  (Lindsay,  others) 

2.  Modal  averaging  method  (Moore,  Bishop) 

3.  Comprehensive  modal  method  (Kellenberger,  Federn) 

4.  Influence  coefficient  method  (Goodman,  others). 

Each  method  is  described  in  this  chapter.  Also  included  is  a  discussion 
of  experiences,  from  the  published  literature,  associated  with  the  use  of 
each  method.  Each  method  has  the  following  qualiflcations: 

1.  It  is  a  general  balancing  procedure,  i.e.,  capable  of  balancing 
any  flexible  rotor. 

2.  It  has  been  verified  in  practice  on  real  rotors, 

3.  It  is  supported  by  significant  published  literature. 

There  is  at  present  some  controversy  concerning  the  various  methods 
used  in  multiplane  balancing.  It  centers  around  the  need  to  remove  the 
rigid-body  modes  before  multiplane  balancing,  This  leads  to  the  larger 
question  as  to  the  "best"  balancing  method.  Present  information  sug¬ 
gests  that  there  is  no  simple  answer  to  this  question.  The  practical 
answer  must  always  considor  the  availability  of  the  requisite  operator 
skills,  the  availability  of  suitable  instrumentation,  and  the  number  of 
repetitions  needed  to  balance  the  rotor  to  a  degree  that  is  suited  to  the 
application  involved,  in  addition  to  considering  which  multiplane  algo¬ 
rithm  should  be  used. 

Factors  Affecting  Flexible-Rotor  Balance 

This  section  discusses  various  questions  that  must  be  decided 
before  attempting  to  balance  a  flexible  rotor.  Many  of  these  questions 
can  be  answered  from  previous  experience  with  related  equipment  or 
with  similar  types  of  equipment.  Some  are  related  to  facility  scheduling 
demands. 

Type  of  rotor.  Rotor  size,  speed,  and  previous  operational  charac¬ 
teristics  determine  the  type  of  balance  facility  required.  A  small  rotor 
may  be  shop-balanced  in  its  casing;  a  large  rotor  will  require  special 
supports  to  simulate  field  conditions  in  the  spin  pit.  Rotor  type  also 
determines  the  planes  available  for  balancing. 
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Class  of  rotor.  All  rotors  are  now  readily  classified  for  balancing, 
according  to  ISO  procedures  [1],  The  prescribed  rotor  classes  in  IT) 
give  guidance  based  on  experience  and  indicate  the  type  of  balance  gen¬ 
erally  needed.  This  helps  to  decide  on  the  facilities  required,  the 
number  of  planes,  the  number  o;  balance  speeds,  and  so  on. 

Balancing  facility.  Smell  flexible  rotors  are  balanced  either  in  their 
casings  or  in  a  balancing  machine.  Medium  or  large  flexible  rotors  are 
prebalanced  in  a  balance  facility  (machine  or  spin  pit)  and/or  at  the 
site.  Low-speed  balancing  may  also  be  prescribed  as  part  of  the  pre¬ 
balancing  preparation. 

Onsite  balancing.  Onsite  balancing  is  usually  a  final  trim-balance 
operation.  If  there  are  severe  unbalance  problems,  such  as  after  initial 
construction  or  repair,  shop  balancing  in  a  machine  or  in  a  facility  may 
be  required. 

Correction  method.  A  variety  of  proven  flexible-rotor  balancing 
methods  are  in  use.  The  method  used  depends  on  rotor  size,  speed, 
number  of  planes,  plane  accessibility,  field  requirements  (such  as  easy 
trim  balancing  and  rotor  handling  facilities),  access  to  a  computer  and 
personal  preferences. 

Low-speed  balancing.  Comprehensive  modal  balancing  requires  a 
low-speed  balance;  pure  modal  balancing  does  not,  nor  does  the  modal 
averaging  method  or  the  influence  coefficient  method.  The  decision 
whether  or  not  to  balance  at  low  speed  depends  on  the  dynamics  of  the 
rotor  system.  The  closer  the  system  resembles  a  flexible  rotor  in  rigid 
bearings  at  its  operating  speed,  the  less  significant  is  the  low-speed 
balance  requirement  for  smooth  operation. 

Correction  planes.  The  number  of  correction  planes  required 
depends  on  the  balancing  method  selected.  Pure  modal  balancing  and 
influence  coefficient  balancing  usually  require  N  +  1  planes,  where  N 
is  the  number  of  critical  speeds  in  the  operating  range.  The  extra  plane 
is  for  residual  unbalance  effects  from  critical  speeds  outside  the  operat¬ 
ing  range.  The  comprehensive  modal  method  requires  at  least  N  +  2 
planes  for  N  flexural  critical  speeds  and  two  additional  planes  for  low- 
speed  balancing.  Additional  planes  may  be  required  for  any  significant 
critical  speeds  beyond  the  operating  range. 

Correction  speeds.  Balance  corrections  are  usually  defined  near 
each  critical  speed  and  also  at  the  operating  speed.  This  helps  in  decid¬ 
ing  how  many  measurements  must  be  taken  in  relation  to  the  balancing 
method  being  used. 

Measurement  locations.  Measurement  locations  are  primarily  deter¬ 
mined  by  rotor  accessibility.  Certain  generator  rotors  can  be  balanced 
using  only  pedestal-mounted  accelerometers.  Centrifugal  compressors 
may  require  shaft-displacement  sensors  (rigid  casing)  plus  one  or  more 
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midspan  probes,  depending  on  the  number  of  critical  speeds  influencing 
the  rotor  operating  range. 

Instrumentation .  Many  types  of  instruments  may  be  used  in  balanc¬ 
ing:  accelerometers,  proximity  sensors,  velocity  probes,  tracking  filters, 
spectrum  plotters,  tape  recorders,  etc.  Oood  diagnostic  instruments 
such  as  accurate  signal  filters  and  phase  meters  assist  the  balancing  pro¬ 
cedure.  It  is  also  necessary  to  know  whether  the  shaft  will  be  stable  in 
its  bearings.  Tape-stored  balance  data  from  similar  machines  or  from 
previous  balance  runs  provide  helpful  guidance. 

Trial  runs.  The  number  of  trial  runs  must  be  minimized  consistent 
with  balance  accuracy  and  production  demands.  Ultimately,  flexible- 
rotor  methods  will  seek  an  optimum  balance  quality  with  a  minimum  of 
efficient  data-taking  and  data-processing  effort. 

Preliminary  analysis.  For  new  rotors,  calculated  estimates  of 
damped  critical  speeds,  damped  mode  shapes  (with  plots),  and  stability 
threshold  speed  should  be  regarded  as  mandatory  basic  information 
before  balancing.  Unbalance  response  data  give  additional  guidance, 
and  any  likely  instability  problems  should  be  anticipated  in  advance, 
rather  than  being  discovered  on  the  test  stand.  For  repaired  or  rebal¬ 
anced  rotors,  these  data,  together  with  a  log  of  previous  balancing 
experiences  on  present  and  similar  rotors,  should  be  available  for  refer¬ 
ence,  preferably  in  computer  flies. 

Balance  quality.  Guidelines  for  setting  acceptable  balance  quality 
criteria  are  now  available  for  ail  rotor  classes  from  ISO  documents  1940 
and  5343  [1,2],  Balance  quality  and  acceptable  operating  vibration  lev¬ 
els  should  conform  to  these  standards  and  should  be  agreed  to  before 
rotor  balancing,  as  a  basis  for  machine  acceptance. 


6.2  Modal  Balancing 
Modal  Properties  of  Rotors 

Modal  balancing  is  a  process  by  which  the  principal  modal 
responses  of  a  rotor  in  bearings  are  corrected  in  succession,  to  remove 
any  undesirably  large  rotor  whirl  amplitudes.  As  the  rotor  modes  are 
orthogonal,  any  mode  that  is  removed  by  balancing  cannot  cause  vibra¬ 
tions  at  any  other  speed,  provided  it  is  not  reintroduced  (reexcited)  by 
the  balance-coirrection  weights  of  some  other  mode.  This  general  pro¬ 
cedure  is  demonstrated  in  the  examples  that  follow. 

Consider  a  uniform  cylindrical  rotor  in  rigid  end  bearings,  with  the 
normul  modes  shown  in  Fig.  6.1.  For  convenience  assume  that  these 
modes  occur  in  the  same  radial  plane.  Only  the  mode  shapes  and  the 
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(«)  Rotor  «nd  first  modal  (b)  Normal  modea 

component  of  unbalance 


(c)  Amplitude  buildup  In  region  (d)  Decreased  amplitudes  after 

of  first  critical  speed  addition  of  correction  weight 


Fig,  6.1.  Unbalance  effects  on  first  mode  or  rotor 

location  of  the  correction  planes  are  important.  Let  the  modal  distribu¬ 
tion  of  unbalance  in  the  first  mode  be  as  shown  in  Fig.  6.1a.  This  dis¬ 
tribution  will  cause  rotor  whirl  amplitudes  to  build  up  in  the  first  mode 
as  the  first  critical  speed  is  approached,  us  shown  in  Fig,  6,1c. 

It  is  evident  that  the  addition  of  a  balance  weight  of  suitable  mag¬ 
nitude  at  rotor  midspan,  oriented  180s  from  the  direction  of  the  unbal¬ 
ance  force,  is  capable  of  eliminating  the  rotor  midspan  whirl  amplitude. 
It  should  also  cause  near-zero  amplitudes  to  develop  elsewhere  on  the 
rotor,  as  shown  in  Fig.  6. Id. 

If  the  rotor  midspan  deflection  in  mode  1  under  the  uniform 
unbalance  q\  oz  in./in.  shown  is  h>i,  the  required  balance  load  is  found 
by  setting 

1  384 El 

for  the  unbalance  deflection  at  rotor  midspan,  and 
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FiL* 

Wl  "  48 £/ 

for  the  correction-weight  effect  on  the  deflection  at  midspan.  Then  for 
zero  midspan  deflection, 

w,  -  w[  -  0, 

and  thus 

Fi-J  <lxL. 

Next,  let  the  modal  distribution  of  unbalance  in  the  second  mode  be  as 
shown  in  Pig.  6.2.  This  distribution  will  excite  the  second  mode,  and 
the  required  correction  force  for  zero  deflection  at  the  quarter-span 
points  can  be  found  by  setting 

5qi(L/2 )4 
w*  “  mEi 

for  the  original  unbalance  deflection  and 

fj(I/2)3 
* - 482?? 

for  the  balance-force  deflection.  Thus,  for  zero  quarter-span  deflection 
under  this  load, 

^2  “  Jg  <llL“ 


WHIRL 
AMPUTUDI 


q3ll) 


Fig,  6,2.  Modal  unbalance  and  Its  effects  on  the  second  mode  of  rotor 


Similar  conditions  apply  for  the  third  mode:  for  the  unbalance  dis¬ 
tribution  shown  in  F',g.  6.3,  the  third-mode  shape  will  be  excited  and 
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WHIRL 

AMMJTUOi 


RjW 


Fig.  6.3.  Modal  unbalance  effects  on  the  third  mode  of  rotor 


the  required  balance  force  for  zero  deflection  at  the  one-sixth-span 
points  is 


*3 


The  modal  method  of  balancing  is  to  select  a  distribution  of  the 
required  correction  weights  such  that  individual  modes  will  be 
suppressed  by  these  corrections  and  not  be  reintroduced  by  similar 
effects  from  other  modes.  For  the  example  this  can  be  accomplished  as 
shown  in  Fig.  6.4.*  First,  mode  1  is  removed  by  applying  the  f\ 
correction  at  midspan.  This  leaves  only  small  residual  first-mode  dis¬ 
placements  along  the  rotor,  as  noted  above.  Next,  mode  2  is  removed 
by  applying  Fj  as  a  couple  at  the  two  quarter-span  points  to  oppose  the 
unbalance  distribution  of  the  second  mode.  This  does  not  reintroduce 
mode  1  since  there  is  no  resultant  force;  the  two  values,  being  equal 
and  opposite,  cancel  each  other  out.  Only  minor  residual  deflections 
then  remain  from  the  difference  between  the  uniform  residual  unbal¬ 
ance  and  the  point  loads  that  balance  the  shaft  in  these  modes. 

Mode  3  must  be  balanced  in  a  slightly  different  manner.  If  F3  is 
set  to  counteract  the  residual  unbalance  shown  over  each  one-third  of 
the  total  span,  the  third  mode  will  be  suppressed  in  the  manner 
described  for  modes  1  and  2,  However,  mode  1  would  be  reintroduced 
with  a  +Fj,  -F3,  +f3  arrangement,  due  to  resultant  of  +F3.  Mode  2 
would  not  be  reintroduced  because  of  the  symmetry  of  the  balance  cou¬ 
ple.  The  force  summation  for  mode  3  is 

<hj-<hj  +  Q)j  +  F'i-Fi  +  Fi~0, 


'The  influence  of  the  axial  location  of  the  correction  plane*  on  the  correction  mass  values 
Is  discussed  later  In  this  aectlon. 
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(a)  First  mode  correction 
at  2  -  L/2 


(b)  Second  mode  corrections 
at  2  -  1/4,  2  -  3L/4 


(c)  Third  mode  corrections 
at  r  —  L/6,  2  —  L/2,  2  — 
S/,/6 


Fig,  6.4.  Modal  balancing  theory  of  balance-weight  distribution 


but,  considering  the  radial  force  balance, 

Fii  -  Fi  +  Fj  ■>  4-  Fj. 

Thus  there  is  a  residual  radial  force  that  could  excite  mode  1.  This 
force  can  be  removed  by  making  Fj  -  q^L/ 4  and  by  placing  two 
balancing  forces  F3  at  the  midspan  and  two  at  the  one-sixth-span 
points.  Then  we  have 

flay  -  «ay  +  9ay  +  /j  -  2f3  +  F>  -  0 
F3  -  2Fj  +  Fj  -  0. 

As  shown  in  Fig.  6.5,  the  balance  thus  obtained  for  mode  3  is  effective, 
but  not  perfect. 

In  practice  it  is  desirable  to  minimize  the  number  of  balance  planes 
used.  Thus,  for  the  example  presented,  it  would  be  preferable  to  use 
only  three  correction  planes  (excluding  for  the  present  any  other  fac¬ 
tors,  such  as  lack  of  suitable  access  to  the  rotor,  that  may  preclude  the 
use  of  a  specific  location)  to  correct  the  first  three  modes  of  the  rotor. 
Furthermore,  it  is  usually  preferable  to  locate  certain  correction  planes 
fairly  close  to  the  ends  of  the  rotor— but  usually  not  at  a  bearing  loca¬ 
tion  since  the  least  effect  is  achieved  where  modal  amplitudes  are 
small. 

Many  end-bearing  rotors  are  of  the  "generator''  type  shown  in  Fig. 
6.5,  with  correction  planes  at  the  ends  of  the  large-diameter  section.  It 
is  informative  to  reconsider  the  above  discussion  of  modal  balancing  in 
terms  of  such  a  rotor.  The  objective  is  to  obtain  a  modal  balance  of  the 
generator  rotor  with  a  minimum  number  of  correction  planes.  Con¬ 
sider  first  a  rotor  with  rigid  bearings  and  principal  modes  as  shown  In 
Fig.  6.5. 
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(•)  Generator  rotor  in  rigid  bearings  with  three 
correction  planet 


(b)  Balance  weight  in  midspan  plane  balances 
the  lowest  mode 


(c)  Balance  weights  In  end  planes  balance  second 
mode  without  disturbing  first  mode 


is  f| 

IFj-0,  IM,-0 


(d)  Balance  weights  In  end  and  mid-planes 
balance  third  mode  without  disturbing  first 
and  second  modes 


Fig.  6.S.  Modal  balance  of  the  first  three  mdoes  of  generator  rotor 

The  procedure  is  the  same  as  that  described  previously.  The 
second  mode  has  the  condition  that  the  sum  of  the  radial  forces  must 
equal  zero,  I F2  -  0,  so  that  the  first  mode  will  not  be  reexcited.  The 
third  mode  has  the  conditions  I/j  -  0  and  IMj  -  0,  so  that  neither 
the  first  nor  the  second  mode  is  reexcited.  The  magnitude  of  the  bal¬ 
ance  weights  must  be  chosen  to  achieve  the  above  conditions.  In  prac¬ 
tice  it  is  necessary  to  know  the  magnitude  and  the  form  of  the  mode 
shapes.  This  is  best  done  by  directly  measuring  the  rotor  amplitudes, 
where  possible.  Another  procedure  is  to  make  a  computer  calculation 
of  the  mode  shapes,  with  spot  checks  on  the  machine  to  verify  the  rela¬ 
tive  proportions, 

To  demonstrate  how  the  correction  weights  must  be  adjusted  in 
accordance  with  the  plane  location,  assume  that  the  modal  loops  are 
half-sine  waves  and  that  the  end  balance  planes  coincide  with  the  one- 
sixth-span  points  along  the  rotor  length  (Fig.  6,6).  The  balance  weights 
will  have  their  maximum  effect  at  the  crests  of  the  loops  and  zero  effect 
at  the  nodes.  Thus,  moving  the  F2  weight  from  L/4  to  L/6  reduces  its 
effectiveness  from  1.0  to  0.866,  that  is,  from  sin(rr/2)  to  sin('/r/3). 
Thus,  as  the  weight  is  moved  from  1/4  to  1/ 6,  its  size  must  be 
increased  by  the  inverse  of  this  proportion  to  achieve  the  same  effect  as 
F2  at  L/ 4. 

The  influence  of  bearing  flexibility  is  shown  in  Fig.  6.7,  For 
demonstration  purposes,  sine-wave  modes  have  been  assumed,  together 
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(a)  General  location  of  balance  planes  for 
ftrat  three  modes 


(b)  Most  effective  location  of  balance  (c)  Most  effective  location  of  balance 

weights  for  socond-mode  correction  weights  for  third-mode  correction 


*23 


In  second  mode 


2 

fa 3  “  f°r  same  effeot  at  reduced 

vs  amplitude,  h>23.  Larger  balance 
weight  needed  at  location  A  than 
location  B, 


Fig,  6,6,  Balance  weight  adjustment  to  compensate  for  reduced  effectiveness. 


Fig.  6,7.  Flexible  rotor  in  flexible  bearings:  balance  at  first,  second,  and  third 
modes  at  ends  and  at  midplane 
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with  bearing  flexibilities  equal  to  rotor  flexibility  at  maximum  deflec¬ 
tion.  The  mode  shapes  will  then  be  as  shown.  Note  that  the  third 
mode  has  nodes  close  (0.21  £.  and  0.79 L)  to  the  crests  of  the  second¬ 
mode  loops  (0.25 L  and  0.75 L).  Unless  a  five-plane  balance  is 
required,  it  is  necessary  to  define  end  balance  planes  close  to  the  bear¬ 
ings,  where  both  the  second  and  third  modes  show  significant  modal 
amplitudes,  simultaneously  (in  space).  The  first  mode  remains  unaf¬ 
fected. 

The  adjusted  magnitudes  of  the  balance  weights  are  then  as  fol¬ 
lows: 

Mode  1:  Unaffected;  F\  as  found  originally. 

Mode  2:  At  modal  crests,  amplitudes  -  0,5  +  1.0  -  1.5.  At 
0.05L,  modal  amplitude  ™  0.95  +  0.3  ■"  1.2  and 

H  -|jF2-1.25>’a, 

that  is,  F2‘  must  be  25%  greater  than  the  corresponding  F2  for  a  rigid- 
bearing  rotor  that  is  balanced  at  the  quarter-span  points.  The  F2 
weights  must  again  conform  to  the  conditions  ZF2  “  0  to  avoid  reex¬ 
citing  the  first  mode. 

Mode  3:  Balance  weights  near  ends,  0,05  L  and  0.95L,  and  at 
midspan.  Proportions  +F3,  -2F3,  +F3.  The  F3  weights  must  again 
conform  to  the  force  condition  IF3  -  0  and  to  the  moment  condition 
2M3  -  0  about  the  node  of  mode  2. 

As  a  final  example,  consider  a  two-bearing  generator  with  a  heavy 
overhung  coupling  shaft  (Pig.  6,8),  The  modes  are  found  (by 
measurement  in  a  spin  pit  or  by  calculation)  to  be  those  shown.  A 
three-plane  balance  is  desired. 

The  first  step  is  to  select  the  balance-plane  locations,  To  facilitate 
field  balancing,  these  planes  will  be  located  in  the  generator  end  planes 
and  in  the  coupling  (no  generator  midplane  correction).  It  will  first  be 
shown  how  a  rough  first  mode  may  result  from  an  inappropriate 
distribution  of  correction  weights  between  the  modes;  how  this 
condition  can  be  Improved  will  next  be  shown. 

First,  mode  1  is  balanced  with  weights  in  planes  1  and  2.  Those 
can  have  any  desired  relative  proportioning,  but  usually  equal  in-phase 
weights  would  be  chosen,  as  shown.  Next,  mode  2  is  balanced  with 
equal  and  opposite  weights  in  the  generator  end  planes.  Finally,  an 
attempt  is  made  to  balance  mode  3  in  the  generator  end  planes  and  at 
the  coupling,  so  that  £F3  -  0  and  ZAS3  -  0.  The  latter  conditions 
determine  the  magnitude  of  the  correction  weights  (see  Fig.  6.8).  The 
weight  distribution  shown  will  balance  mode  3,  but  it  will  also  reexcite 
mode  1 .  This  is  because  a  resultant  force 
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Fig.  6.8.  Modal  balance  leaving  a  rough  first  mode 
In  generator  rotor 


c,  c  „  b  +  c 
Fj  •£  -  h 


acts  on  the  first  loop  of  mode  1  (Fig,  6.8a)  and  a  force  +F3  acts  at  the 
coupling  on  the  second  loop  of  mode  1.  These  forces  tend  to  develop 
mode  1  amplitudes  even  though  they  are  equal  and  opposite. 

To  avoid  such  a  situation,  an  alternative  balancing  procedure  can 
be  used.  Mode  1  is  balanced  as  shown  in  Fig.  6.9,  using  plane  1  and 
plane  3.  Next,  mode  2  is  balanced  in  planes  1  and  2,  so  that  £ Ft  -  0, 
that  is  Fi[  —  /'22- 

Mod  le  3  is  next  balanced  in  planes  1  and  3  only,  with  both  correc¬ 
tions  acting  In  the  same  direction.  For  the  modal  amplitudes  shown,  of 
approximately  equal  magnitude,  this  is  sufficient  to  balance  mode  3. 
The  effect  on  mode  2  is  to  introduce  additional  correction  forces  to 
counteract  the  mode  2  amplitudes,  This  additional  balance  effect 
should  be  considered  in  establishing  the  mode  2  correction  weights. 
The  effect  on  mode  1  Is  to  introduce  two  opposing  forces  that  will  can¬ 
cel  each  other  if  the  condition 

Wll^l  “  >*>,3^33 


is  satisfied,  h»h  being  the  amplitude  in  mode  1  at  plane  1  and  u>|3  the 
amplitude  at  plane  3  in  mode  1, 
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•AUNCE  BALANCE  BALANCE 

PLANE  1  PLANE  2  PLANE  2 

BEARING  1  BEARING  2 


Fig.  6.9.  Modal  balance  to  minimize  re-excitation  of  the 
first  mode  by  effective  distribution  of  weights  in  the  third 
mode 

This  example  shows  that  any  procedure  Tor  balancing  flexible 
rotors  becomes  more  difficult  to  use  when  the  balancing  planes  are  re¬ 
stricted  to  practical  locations  and  also  when  the  rotor  has  flexible  bear¬ 
ings  and  adjacent  rotor  spans  or  shaft  overhangs.  Some  knowledge  of 
the  rotor  modes  is  always  required  in  advance;  it  can  be  acquired  in 
practice  either  by  direct  measurement  (though  this  is  inconvenient  and 
time  consuming  and  requires  good  speed  control  and  tracking  filters), 
by  computer  calculation  with  adequate  knowledge  of  the  relevant  bear¬ 
ing  dynamic  properties,  from  previous  experience  with  similar  rotor 
systems,  or,  ideally,  by  all  of  these  methods. 

Theory  of  Modal  Balancing 

The  theory  of  modal  balancing  has  been  discussed  by  Bishop  and 
co-workers  13—5]  Fedem  [6],  Miwa  17],  and  others.  The  discussion 
that  follows  is  based  on  the  works  of  Bishop,  Gladwell,  and  Parkinson. 
The  objective  of  the  theory  presented  in  this  section  is  to  provide  a 
theoretical  basis  for  the  normal  mode  analysis  of  shaft  dynamics  as  a 
preparation  for  the  various  modal  balancing  methods  described  later. 

It  is  shown  in  Chapter  5  that  the  synchronous  whirling  induced  in 
a  section  of  a  uniform  circular  shaft  by  mass  unbalance  can  be 
described  in  rotating  coordinates  by  the  equations 
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e  -  (( +  a,)n '  -  2o  i  -  -  jL  0  _  M. .  II.  ^  -  n 

and 

ii-(,  +  «,)n>  +  20{  —  ji&L-te-Jfea  +  at), 

where 

(,i)  -  rotating  coordinates  shown  in  Fig.  5.33 

ar,  a,  m  coordinates  of  mass  unbalance  from  shaft  axis 

fl  -  speed  of  rotation 

El  -  flexural  stiffneus 

Ap  -  mass  per  unit  length 

B\,Bt  —  internal  and  external  damping  coefficients 

z  **  shaft  axial  coordinate. 

These  expressions  can  be  reduced  to  a  single  equation  in  terms  of  the 
complex  whirl  radius  £  by  writing 

£  -  6  +  h  I  - 

a  «  a,  4-  la, 

2f(  *  2 vtoAp, 

and 

Bt  -  2 fiwAp, 

where  v  and  p  are  velocity  damping  ratios  and  w  is  the  frequency  of 
shaft  vibration.  Substitution  gives 

£  +  2[(v  +/*)«  +  /nl£  +  ~  £IV  -  (ft2  -  2ipu>(l)l  -  n2o. 

Ap 

To  solve  this  equation,  introduce  the  substitutions 
r  —  £  eiai,  £  -  re“/0' 

and  r  -  x  +  The  motion  of  the  shaft  referred  to  nonrotating  axes  is 
thus  found  to  be 

r  +  2(i/  +  p)<or  +  rlv  —  2 ivaiilr  m  O 2a  eIOt. 

Ap 

This  equation  may  be  solved  by  the  normal  mode  method.  This 
method  is  well  suited  to  shaft  balancing  analysis,  as  the  shaft  critical 
speeds  are  discrete  modes  of  the  rotor  and  may  be  corrected  in 
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sequence.  To  proceed,  we  first  express  the  mass  eccentricity  a  in  the 
form  of  a  modal  series: 

*  M 

a  -  a(z)  -  di  +  a2  ^2(r)  +  ,  —  ]£  fly  $j{z)s 

where  the  aj  -  a/  +  la}  are  complex  coefficients  and  the  <f>j(z)  terms 
are  characteristic  functions  of  the  shaft.  Next  write  the  complex  dis¬ 
placement  £  as  the  series 

£  -  {(z,t)  -  Ci(f)  *i(x)  +  £2(r)  <Mz)  +  ...-  LC j(t) 

j- 1 

where  the  £y  -  £*  +  /£]  are  complex  coefficients  and  the  <f>j(z)  are 
again  the  characteristic  functions  of  the  shaft.  Recalling  the  property  of 
characteristic  functions  that 

^yV(z)  ■  Oij  4>j(z) 

and  substituting  this  property  and  the  above  series  into  the  (-equation 
of  motion  gives  the  set  of  independent  modal  equations 

£y  +  2 [(vj  +  /x/)w>  +  /n]{j  +  (<u/  —  fl2  +  ft ) £y  -  ft2fly, 

where  vj  and  nj  are  the  modal  damping  ratios  and  wy  is  the  7th  natural 
frequency  of  free  undamped  flexural  vibration.  Bishop  and  Gladwell 
[3]  have  commented  that,  because  the  coordinates  £ y  remain  indepen¬ 
dent  both  with  and  without  damping,  the  mode  shapes  with  shaft  damf- 
ing  are  the  same  as  those  for  the  undamped  modes.  It  should  be 
noted,  however,  that  different  conditions  may  apply  when  damping  is 
imposed  by  the  boundary  conditions.  The  equations  may  then  lie 
decoupled  only  under  certain  circumstances:  see  Meirovitch  [8]  for  a 
discussion  of  this  topic. 

The  solution  of  each  separate  modal  equation  consists  of  a  comple¬ 
mentary  function  plus  a  particular  integral.  If  only  the  forced-response 
case  is  considered,  the  solution  for  the  7  th  mode  is 

_ flyft2 _  _ fly 0 2  e~l,J _ __ 

^  («y  —  fl2)  +  llfljtojCl  [(<Uy  —  fi2)2  +  4(f4ya>yft)2j1|,J 

and 

J  (wy2-n2) 
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In  nonrotating  coordinates,  the  above  transforms  to 

_ aj(l2eia' _ _ _ 

(«y  -  Cl2)  +  2 IfljOjCl  [(<Uy  -  ft2)2  +  4(My<Uyn)2)>'2 

and 

0  -  xj  +  <yj 

with  the  appropriate  components. 

It  remains  to  evaluate  the  a,  modal  unbalance  terms  in  the  above 
result.  To  do  this  multiply  the  a(z)  series  by  the  k  th  characteristic 
function: 

DO 

fl(z)  0*(z)  -  0fc(z). 

J- 1 

Integrating  over  the  shaft  section  gives 

X  a(z)  4>k(z)  dz  -  Jj  ay  /o  </>j(z)  <t>f- (z)  dz. 

For  j  *  k,  the  orthogonality  principle  gives 

X  <M*)  dz  -  0 


and  for  j  »■ 

X  ^y(z)  0*(z)  dz  -  X  [0y(z)P  dz  -  Z. 


Thus 


aJ 


X  ate)  <Mz> 

X1,  dz 


\  X  a(z)  *■ 


Tables  of  results  for  Oy  for  several  unbalance  distributions  art?  given  by 
Miwa  (7], 

The  unbalance  effects  of  any  concentrated  load  (e.g.,  disk  unbal¬ 
ance,  correction  weights)  can  also  be  resolved  as  a  modal  series.  Fi/st, 
we  write  the  pth  discrete  unbalance  as 


Up  -*  Mpdp 


Up  -  Up6(z  -  Zp ), 


and  then 


I:ntwts  ,prf 
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where  8(z  -  z.)  is  the  Dirac  delta  function,  defined  as  follows: 


,,  >  {  0,  (z  *  z„) 

»w-v-  (I . 


and 


ing 


C\,  v  .  |l,  *  €  [0,L1 

Jo  6(z-z,)  *-j0f  £  ft  (0,1  j- 

The  modal  components  of  such  discrete  forces  are  found  by  writ- 

MpapJ  "  Mp  ^aj  <f»j(z)  -  Up  8(z  -  zp). 


Multiplying  through  by  the  4th  modal  function  <i>v(z)  and  integrating 
over  the  length  of  the  shaft  section  gives 


Ji  L 

__  o  <t>pb)  *  _  Up  *j(zp) 

Mp  l+piz))1  dz  M"Z 


The  aPJ  value  is  the  Jih  component  of  the  pth  discrete  unbalance. 
Similar  relations  will  apply  for  any  other  discrete  force  applied  to  the 
shaft. 

Bishop  and  Oladwell  [3]  state  that  the  two  objectives  of  rigid-rotor 
low-speed  balancing  are,  first,  "to  ensure  that  the  center  of  muss  of  the 
rotor  lies  on  the  centerline  of  the  bearings  so  that  no  net  force  is 
applied  to  the  shaft  due  to  centrifugal  action."  This  condition  requires 
that 

J*0  Ap  o(z)fl2  dz  —  0, 

where  a(z)  is  the  vector  distribution  of  unbalance  along  the  rotor.  If 
this  condition  is  to  be  met,  correction  masses  can  be  added,  and  the 
first  balance  condition  becomes 


l*  2 

fo  Ap  a(z)02  dz  +  ^  Mprp(l2  -  0, 

/>“i 

where  Mp  is  the  mass  and  r„  is  the  radius  of  the  pth  balance  correction. 
For  two-plane  balancing,  p  -  2. 
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The  second  purpose  of  low-speed  balancing  is  to  ensure  "that  the 
rotating  shaft  does  not  transmit  to  its  bearings  a  rotating  couple— due  to 
centrifugal  action."  For  a  balanced  rotor  this  requires  that 

fQ  Apaiz )fl2z  dz  —  0. 

If  balance  corrections  are  required,  the  couple  balance  condition  is 
Apa(z)n2z  dz  +  %  Mfrp(zk)[l2zk  -  0. 

It  should  be  noted  that  the  unbalance  distribution  a  (z)  along  the  rotor 
will  be  changed  to  a  (z)  when  unbalances  Up  act  on  the  rotor.  Like¬ 
wise,  each  modal  component  will  then  have  an  unbalance  acting  on  that 
mode: 

U 

aj(z)  -  aj(z)  + 

Bishop  and  Oladwell  [3]  have  shown  that,  if  the  balanced  mass  dis¬ 
tribution  is  written  as  the  complex  vector  «(z),  the  new  modal  series 
for  the  rotor  unbalance  is 

«<*>  "  %  +  T^Z  +'(zi)  *'(2)’ 

where  aj  and  r\,  r2  are  complex  quantities  as  mentioned  previously. 
This  modification  of  the  unbalance  distribution  will  affect  the  rotor 
response  in  all  modes  because  of  the  addition  of  low-speed  corrections. 
The  previous  balance  conditions  can  now  be  written  as 

£  -  0, 

J- 1 

where 

J»  L 

and 

I  Bjaj(z)  -  0, 
j- 1 

where 

c  ^ 

Bj  -  Jo  z4>j(z)dz. 
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The  quantities  Aj  and  Bj  can  be  evaluated  for  each  rotor  system.  For  a 
pinned-pinned  shaft,  the  characteristic  equation  is 


and  thus 


*■  sin 


Substituting  gives  the  balance  conditions 

«•  j  j 

^  AjOtjiz)  -  a|  -  y  +  J  as  +  . . . 


(odd  modes) 


and 


■J  «2  +  J  «4  + 


(even  modes). 


Bishop  and  Gladwell  [3]  have  commented  that,  where  a  rotor  is 
balanced  as  a  rigid  body  though  it  is  experiencing  flexure,  the  above 
result  shows  that  some  residual  modal  unbalance  may  still  exist,  even 
in  the  rigid-body  modes.  This  unbalance  may  also  be  felt  in  the  higher 
flexural  modes  where  its  effect  may  be  quite  substantial,  unless  some 
appropriate  form  of  flexible-rotor  balancing  is  subsequently  applied  to 
these  modes.  Th'14  point  is  illustrated  ift  Fig.  6,10. 

The  conditions  for  modal  balancing  of  flexible  rotors  can  now  be 
discussed  using  the  above  developments  as  an  introduction. 


Method  of  Bishop,  Gladwell,  and  Parkinson 


The  following  modal  procedure  was  first  developed  by  Bishop  and 
Gladwell  [3].  Additional  aspects  have  since  been  developed  by  Bishop, 
Gladwell,  and  Parkinson  [4,  5,  9-11].  The  literature  on  modal  balanc¬ 
ing  has  been  discussed  by  Bishop  and  Parkinson  [12],  Parkinson  [13], 
and  Rieger  [14].  The  modal  procedure  specified  by  these  authors  is  as 
follows: 

1,  Locate  the  plane  of  the  shaft  radial  deflection  in  the  first  whirl 
mode,  slightly  below  the  first  critical  speed,  This  can  be  done  either  by 
using  x,  y  displacment  sensors  to  measure  shaft  motions,  by  pedestal 
transducers,  or  by  any  suitable  method  of  identifying  the  angular  posi¬ 
tion  of  the  shaft  runout, 


i? 

;] 


j  - 

i 

i 


a 


I 


Mi 


nwltf.-*  ft  -  JW.OHI *  » 
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(a)  Rotor  In  rigid  end  bearings 


(b)  Mass  axis  and  flexural  axis  of  given 
uncorrected  rotor 


MASS  AXIS 


MASS  AXIS 


(c)  Mass  axis  after  low-speed  balancing 


(d)  Deformation  at  speed  approaching 
first  flexural  critic 


(e)  Deformation  at  speed  approaching 
third  flexural  critical  speed 


Fig.  6.10.  Influence  of  rigid-rotor  corrections  on  flexural  modes. 
Aftir  Bishop  and  Gladwell  {3].  Used  by  permission, 


2.  Add  calibrating  weights  to  the  shaft  in  the  plane  of  maximum 
shaft  runout,  to  determine  the  magnitude  of  the  first-mode  unbalance. 
These  weights  should  be  so  located  that  they  cancel  the  effect  of  the 
original  first-mode  unbalance.  They  should  be  placed  close  to  the  max¬ 
imum  modal  amplitude  location  to  minimize  the  size  of  the  calibration 
weight  required. 

3.  Add  correction  masses  that  cancel  the  first-mode  unbalance. 
The  conditions  for  achieving  this  are  given  later  in  this  section.  Since 
the  correction  masses  should  not  excite  other  modes,  they  should  be 
inserted  at  shaft  axial  locations  where  the  amplitudes  of  other  modes 
are  small  or  zero  (e.g.,  at  the  nodes  of  other  modes).  The  flrst  mode 
has  been  completely  balanced  v,'hen  the  unbalance  distribution  lies  on 
the  shaft  flexural  centerlins  for  this  mode  and  no  forces  are  transmitted 
to  the  supports. 

4.  The  second  mode  is  next  balanced  by  the  same  procedure.  The 
angular  position  of  the  plane  of  maximum  runout  in  the  second  mode 
is  determined  by  running  the  rotor  close  to  (but  below)  the  second  crit¬ 
ical  speed.  Second-mode  correction  plane  locations  are  selected  so  that 
the  required  balance  conditions  may  be  satisfied  with  minimal  excitation 
of  other  shaft  modes. 
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5.  Second-mode  calibration  is  then  undertaken  with  a  pair  of  cali¬ 
bration  masses,  subject  to  certain  modal  conditions  mentioned  below. 
The  calibration  masses  are  installed- 180°  apart  around  the  circumfer¬ 
ence  of  the  shaft,  in  two  correction  planes  a  specified  distance  apart. 
Both  calibration  weights  are  positioned  so  that  their  effect  is  to  reduce 
the  modal  unbalance  and  shaft  runout.  The  size  of  each  calibration 
mass  is  again  influenced  by  the  amount  of  modal  participation  occurring 
at  the  prescribed  calibration  location. 

6.  Second-mode  correction  masses  are  added  to  cancel  the 
second-mode  unbalance.  These  corrections  are  added  in  two  planes,  at 
axial  positions  that  are  most  effective  in  canceling  the  second  mode. 
The  second  mode  has  been  completely  balanced  when  its  modal  unbal¬ 
ance  component  lies  on  the  shaft  flexural  centerline,  when  no  forces 
are  transmitted  to  the  bearings,  and  when  no  adjacent  mode  has  been 
excited  by  the  second-mode  corrections. 

7.  The  third  mode  is  then  balanced  in  the  same  manner.  The 
plane  of  maximum  runout  is  determined  for  the  third  mode.  Correc¬ 
tion  planes  are  selected  into  which  balance  masses  can  be  Inserted 
effectively  for  the  third  mode,  and  which  are  least  likely  to  excite  shaft 
response  in  the  other  modes. 

8.  The  third  mode  is  calibrated  with  three  masses  inserted  in  the 
selected  correction  planes.  The  relative  proportions  of  these  masses  are 
given  later  In  this  section.  Each  mass  is  inserted  in  the  correction 
planes  at  180°  to  its  neighbors  and  at  180°  to  the  angular  position  of 
maximum  runout. 

9.  Balance  corrections  are  added  to  cancel  the  effects  of  third- 
mode  unbalance  in  che  selected  correction  planes.  The  third  mode  has 
been  completely  balanced  when  its  unbalance  lies  on  the  shaft  flexural 
axis  for  this  mode,  when  no  forces  are  transmitted  to  the  bearings,  and 
when  no  adjacent  mode  has  been  excited  by  the  chosen  disposition  of 
correction  masses, 

10.  The  fourth  and  higher  modes  now  remain  to  be  balanced  by 
the  same  procedure. 

Analytically,  the  conditions  for  balancing  a  rotor  in  the  above  modal 
sequence  are  outlined  below. 

First  mode 

Force  equilibrium  is  given  by 

0]  +  -r~=  0i (zi>  -  0, 
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where  a \  is  the  first-mode  unbalance,  m i  is  the  first-mode  correction 
mass,  and  <Mz)  is  the  first-mode  participation  factor.  For  the  first 
mode  of  the  simply  supported  shaft  shown  in  Fig.  6.11,  -  1  at 

z  -  L/ 2.  In  practice  at  is  unknown  and  is  found  by  trial  and  error 
using  the  calibration-weight  procedure.  The  quantity  0|(z)  is  also  un¬ 
known;  it  can  be  estimated  from  experience  or  calculated.  To  minimize 
mi,  it  is  desirable  to  maximize  ^i(z). 

The  first-mode  balance  correction  is  therefore 

ApZ 

at  180°  from  the  maximum  runout  amplitude. 


Fig.  6.11,  Values  of  characteristic  functions  In  the 
first  three  modes 


Now  m is  placed  at  the  node  of  the  second  mode,  where 
fla^a(z)  -  0.  The  second  mode  will  then  be  unaffected  by  this  first¬ 
mode  correction. 
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m40i(z4)  +  /h50i(zj)  +  m60i(26)  -  0, 

the  condition  for  the  second  mode  not  to  be  affected  by  third-mode 
balance  is 

m402(z4)  +  mj02(25)  +  m64>i(z<)  -  0, 


and  the  condition  for  no  singularities  to  exist  in  the  balance  details 
selected  is 


0i(z4)  0j  (z$)  <Ai  (r6) 

Aj  “  0?(z4)  02(zs)  02(2#)  ^  0* 

4*3(24)  03(23)  0 3(24) 

The  third- mode  corrections  are  found  in  the  manner  described: 


m4r 

' 

4>i  (zj)  0 2(zg)  +  02(25)  01 

m5r 

ApZ 

01  (z4)  02 (*6)  “  02(24)  01  (2ft) 

m4r 

-  01  (z4)  02(25)  +  02(24)  0|(23) 

Fourth  and  higher  modes  can  be  balanced  by  applying  the  procedures 
demonstrated  above, 

Bishop  and  co-workers,  notably  Parkinson,  have  extended  this  pro¬ 
cedure  to  deal  with  many  additional  aspects  of  flexible-rotor  balancing 
(see,  for  example,  Refs,  10,  il,  IS,  and  16).  The  modal  balancing  pro¬ 
cedure  has  been  applied  to  industrial  practice  by  L,  S.  Moore  and  E.  O, 
Dodd  [18],  At  present,  the  analytical  procedures  described  above  do 
not  form  the  basis  of  any  balancing  algorithm  or  technique  in  use, 
though  with  a  dedicated  minicomputer  it  should  be  possible  to  use  the 
analytical  procedures  of  Bishop  et  ai.  to  balance  industrial  rotors,*  The 
steps  given  therefore  serve  mainly  to  validate  the  mechanics  of  the  pro¬ 
posed  modal  balancing  process  and  to  provide  a  set  of  basic  guidelines 
for  practical  rotor  balancing  (which  Moore  has  utilized).  As  Bishop  et 
ai.  have  indicated,  certain  practical  questions  still  remain  concerning 
definition  of  the  precise  location  of  each  modal  unbalance,  since  meas¬ 
urement  errors  always  exert  a  strong  influence  on  the  quality  of  the  bal¬ 
ance  obtained,1  Knowledge  of  the  shaft  modes,  and  of  the  influence  of 

•Ktndlg  [17]  has  programmed  these  procedures  and  has  investigated  their  use  on  typical 
industrial  rotors  via  computer  studies. 

‘identification  of  maximum  runout  locations  is  now  <t  minor  problem  when  modern 
instrumentation  (sensors,  tracking  filters,  digital  readout)  is  used. 
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damping  on  these  modes,  is  usually  needed  for  selecting  the  correction 
planes,  for  selecting  the  i(z)  values,  and  for  evaluating  the  Z  integral. 
Time-efficient  trial-weight  procedures  and  modal  data  acquisition  pro¬ 
cedures  are  also  needed  for  any  production  balancing  method.  Weight- 
traversing  methods  and  multiprobe  observations  of  modes  are  now  too 
inefficient  for  modern  flexible-rotor  balancing. 

The  section  that  follows  describes  the  practical  procedures  for 
modal  balancing  developed  by  L.  S.  Moore. 

Practical  Modal  Balancing 

The  application  of  modal  balancing  to  large  industrial  rotors  has 
been  described  by  Moore  and  Dodd  [18,19]  and  by  Moore  [20,21], 
The  procedures  developed  by  these  authors  depend  on  modal  principles 
and  are  quite  simple  in  application.  The  methods  described  here  have 
been  applied  to  rotors  with  overhangs  and  couplings,  supported  near 
their  ends  in  bearings  v/lth  both  stiffness  and  damping  properties.  Such 
rotors  may  be  class  2  or  class  3  flexible  rotors.  The  modes  encountered 
during  operation  with  such  rotors  will  be  similar  to  those  shown  in  Fig. 
6.12. 


Fig.  6.12.  Class  2  or  class  3  rotors  In 
bearings:  typical  mode  shapes  consisting 
of  both  rigid-body  and  flexural  effects 
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It  is  important  to  recognize  that  the  modes  shown  in  Fig.  6.12 
apply  with  minor  variations  to  all  two-bearing  rotors.  The  effectiveness 
of  the  modal  methods  described  by  Moore  and  Dodd  depends  on  an 
understanding  of  these  modes  and  on  the  positioning  of  correction 
weights  for  maximum  effectiveness  at  locations  where  other  modes 
have  nodes,  or  may  be  counterbalanced  out. 

Simple  Procedure  for  Flexible-Rotor  Balancing.  Consider  first 
the  modal  balancing  of  the  single-disk  flexible-shaft  rotor  shown  in  Fig. 
6.13.  For  simplicity,  let  the  bearings  be  radially  rigid.  This  rotor  can 
be  balanced  in  its  lowest  flexural  mode,  Fig,  6.13b,  using'  either 
accelerometers  mounted  on  the  bearing  pedestals  or  proximity  sensors 
that  observe  shaft  motions  (e.g.,  near  the  disk).  The  balancing  pro¬ 
cedure  is  as  follows: 

1.  Run  the  rotor  up  to  some  speed  below  but  close  to  the  first 
critical  speed  at  which  safe,  measurable  vibration  amplitudes  occur. 
Record  the  vibration  amplitude  w0  and  its  phase  angle 


(a)  Flexible  single  disk 
rotor 


.  TIMINO  MARK 


EFFECT  OF  DISK  UNBALANCE  FORCES 


SATISFY  MAONITUDE  AND 
ORIENTATION  REQUIREMENTS 


(b)  First  floxurul  mode 


Fig,  6,13.  Practical  modal  balancing  procedure  for  flexible  single-disk  rotor 
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2.  Stop  the  rotor  and  insert  a  small  known  weight  W  (04)  in  the 
disk  at  a  given  radius  t  (in.)  such  that  Wr  «  T  (oz-in.).  This  will  pro¬ 
vide  a  known  calibrating  unbalance. 

3.  Rerun  the  rotor  with  its  calibrating  unbalance  at  the  same 
speed,  and  measure  the  vibration  amplitude  W|  and  phase  angle  <f>  1  rela¬ 
tive  to  the  same  datum. 

4.  Plot  both  unbalance  vectors  to  some  convenient  scale  as  shown 
in  Fig.  6,13c,  Here  OA  represents  the  original  unbalance  and  OB 
represents  the  original  unbalance  plus  the  correction  weight.  The  vec¬ 
tor  AB  then  represents  the  effect  of  the  calibrating  unbalance  in  ampli¬ 
tude  and  phase  at  the  chosen  scale. 

5.  Calibrate  the  original  unbalance  vector  by  the  ratio 

U  -  OA  -  T  oz-in. 

Ad 

6.  The  orientation  of  the  trial  weight  AB  to  the  original  unbalance 
OA  is  angle  OAB. 

7.  The,  magnitude  of  the  required  balance-correction  weight  is 
therefore 

C  -  U  -  ~  T  oz-in. 

AH 

8.  The  angular  position  of  the  required  correction  weight  is  at 

<t>c  “  180  +  ^o  (deg) 

to  the  phase  reference  datum  i.e.,  at  ^  -  180-  angle  OAB  degrees 
ahead  of  its  present  location,  as  shown  in  Fig.  6.13. 

The  rotor  in  this  example  could  therefore  be  balanced  by  the  installa¬ 
tion  of  a  correction  weight  of  C  oz-in.  at  an  angle  OAB  degrees  ahead 
of  the  calibration  weight  location. 

Industrial  Rotor  Without  Modal  Coupling.  Next  consider  the 
balancing  of  the  symmetrical  rotor  shown  in  Fig.  6.14  in  its  lowest  flex¬ 
ural  mode.  For  shop  balancing  the  rotor  should  be  mounted  in  bear¬ 
ings  and  pedestals  that  simulate  onsite  conditions  as  much  as  possible. 
Where  balancing  is  performed  at  the  site,  no  support  problem  arises, 
but  if  the  balance  is  performed  in  a  shop  facility,  the  type  of  bearing 
supports  described  in  Section  3,5  should  be  provided.  The  required 
steps  are  as  follows. 

1.  Run  the  rotor  at  some  convenient  speed  near  its  first  critical 
speed  to  magnify  the  vibrations  in  this  mode.  Record  the  synchronous 
vibration  amplitude  tv0  and  relative  phase  angle  <f> 0,  as  described  previ¬ 
ously.  Assume  for  now  that  identical  readings  are  obtained  at  either 
pedestal. 
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W  *  T' 


111  Corrtctlon  of  ftnt  flxxurx)  nod* 


IM  Corrtctlon  of  mcond  fltxurxl  mod* 

Fig.  6.14.  Correction  of  flexural  modes  for  symmetrical  roto. 


2.  Add  a  single  calibrating  weight  W  oz  at  a  radius  r  in  a  correc¬ 
tion  plane  near  the  rotor  inidspan.  Again  record  the  rotor  synchronous 
vibration  amplitude  W\  and  phase  angle 

3.  Plot  the  original  unbalance  vector  w}  «■  OA  and  the  original- 
plus-calibration  unbalance  vector  wj  —  OB  to  a  convenient  scale  as 
shown  in  Fig.  6.14.  The  effect  of  the  calibration  weight  is  the  vector 
AB  -  P. 

4.  Determine  the  first  mode  balance  correction  weight, 


C1 


0_A 

AB 


W  oz. 


5.  Determine  the  required  angular  adjustment  of  the  first-mode 
correction:  «  angle  OAB  degrees  circumferentially  forward  from 

the  location  of  the  calibration  weight. 

On  inserting  the  required  correction  weight  C  at  the  calibration  radius  r 
at  midspan,  the  rotor  wilt  be  balanced  in  its  first  flexural  mode. 
Approximately  the  same  correction  would  be  determined  from  trans¬ 
ducer  measurements  at  either  pedestal.  Some  small  residual  vibration 
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would  remain  after  balancing,  primarily  from  the  second  mode  and  pos¬ 
sibly  from  higher  modes  also.  The  second  mode  is  now  balanced  by 
running  the  rotor  sufficiently  close  to  its  second  flexural  critical  speed. 
Vibration  and  phase  readings  are  taken  at  both  pedestals.  Again,  if 
these  readings  are  assumed  to  be  symmetrical,  the  second-mode  correc¬ 
tion  is  obtained  as  follows: 

1.  Measure  the  vibration  amplitude  w$  and  phase  <f>$  on  a  bearing 
cap. 

2.  Insert  a  pair  of  calibration  weights  W  in  planes  located  near  the 
ends  of  the  rotor  but  on  opposite  sides  to  form  an  unbalance  calibration 
couple. 

3.  Rerun  the  rotor  near  its  second  critical  speed  and  again  meas¬ 
ure  the  vibration  amplitude  w}  and  phase 

4.  Plot  the  original  unbalance  as  vector  OA  and  the  original-plu.'!- 
calibration  unbalance  as  vector  OB  in  Pig.  6.14  to  a  convenient  scab. 
The  calibration  couple  effect  is  then  the  vector  AB  ■■  7*. 

5.  The  required  correction  weights  are  then 

6.  The  required  orientation  for  this  second  mode  is  <j>2  -  angle 
OAB  degrees  circumferentially  forward  from  each  calibration-weight 
location. 

On  inserting  these  correction  weights  at  the  required  radius  r  and 
angle  <£,  the  rotor  will  be  balanced  in  its  second  flexural  mode. 

The  third  mode  for  this  symmetrical  rotor  can  be  balanced  in  a 
similar  manner,  with  a  combination  of  three  correction  weights  in  three 
planes.  To  avoid  reintroducing  the  first  mode  may  require  use  of  the 
following  relative  third  mode  correction- weight  proportions:  C3  (plane 
1,  0°):  2C3  (plane  2,  180°):  C3  (plane  3,  0°)  (see  Fig.  6.13). 

The  example  demonstrates  the  balance  procedure  for  a  symmetri¬ 
cal  rotor  in  which  the  unbalance  modal  interactions  are  negligible.  Pro¬ 
cedures  for  cases  where  the  modes  are  coupled  are  discussed  in  the  fol¬ 
lowing  section. 

Industrial  Rotor  with  Modal  Coupling  Near  the  First  Critical 
Speed.  Moore  [20]  has  observed  that  "it  invariably  becomes  apparent 
that  the  rotor  is  distorting  in  two  modes  simultaneously"  durirg  any 
flexible-rotor  balancing  operation.  Modre  and  Dodd  [18]  havo  pro¬ 
posed  a  series  of  operations  for  dealing  with  sucli  conditions.  Vibration 
readings  must  now  be  taken  at  both  bearings  as  follows: 
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I.  Run  the  rotor  close  tc  the  first  critical  speed.  Record  the  vibra- 
tibn  amplitude  and  phase  reference  at  both  bearings.* 

3.  Insert  a  calibration  weight  In  the  rotor  midpiaiie. 

3.  Rerun  the  rotor  at  the  Same  speed  and  again  record  the  vibra¬ 
tion  amplitude  and  phase  at  both  bearings. 

4.  Draw  the  original  unbalance  vibration  vectors  OA  and  OB  to 
some  convenient  scale,  as  in  Fig.  6.1 5. 

5.  Draw  the  orlglnpl-plus-caiibration  unbalance  vectors  OA)  and 
OB]  to  the  same  scale,  The  effects  of  the  calibration  weight  are  the 
vectors  AA|  and  BB), 

6.  Join  AB  and  A\B\  Bisect  AA\  in  T  and  BB\  in  T\.  Join  7T|. 
Join  OT 

7.  It  is  now  presumed  that  OT  is  the  unbalance  vector  in  the  first 
mode.  The  required  correction  Is 


at 


C  i 


OT 

TT, 


B'oz. 


-  angle  07T|  degrees, 


C|  lags  the  vector  OT  in  the  configuration  shown.  The  first  mode  is 
then  corrected  by  installing  a  weight  C|  in  the  rotor  midplane  at  angle 
4>i- 

8.  The  second  mode  is  corrected  by  installing  a  pair  of  weights, 
each  with  a  magnitude  of 


r  OA 

Cj"  Tk2 


w 


OB 

AA^ 


OB 

BB; 


W 


A 


Fig.  6.15.  Balancing  construction  for  a  mixed-mode 
condition  near  the  first  critical  speed  [19]  (*  C,  A.  Parsons 
CoM  1970;  used  with  permission) 


•If  the  orbits  are  elliptical,  record  the  major-axis  amplitude  and  orientation  usins  an 
oscilloscope, 
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3S1 


at  angle 

<f> 2  —  angle  OAA2  —  angle  OBBj 

to  the  plane  of  the  calibrating  unbalance  (see  Fig.  6.15). 

Step  8  is  not  Included  in  the  procedure  given  by  Moore  [20] ,  It  can, 
however,  be  used  to  suppress  strong  effects  froni  the  second  mode 
which  occasionally  arise  at  the  first-mode  balancing  speed,  to  enable  the 
rotor  to  safely  approach  the  second  mode  after  first-mode  effects  have 
been  corrected.  With  the  'otor  at  a  speed  close  to  the  second  critical 
speed,  the  second  mode  can  be  corrected  as  described  below.  The 
given  construction  allows  the  second-mode  correction  to  be  determined 
when  there  is  a  mixed-mode  condition  between  the  second  and  third 
modes  at  the  balancing  speed. 

1.  Record  the  original  unbalance  magnitude  and  phase  at  both 
bearings. 

2.  Insert  a  pair  of  f'.nown  calibrating  weights  near  the  ends  of  the 
rotor,  180“  apart  circumferentially. 

3.  Run  the  rotor  at  the  same  balance  speed  and  again  measure  the 
original-plus-calibration  unbalances  and  phase  angles. 

4.  Plot  the  original  unbalance  vectors  as  OA  and  OB  in  Fig.  6.16. 
Plot  the  original-plus-calibration  unbalance  vectors  as  OA2  and  OB2  and 
identify  the  calibration  unbalance  vectors  as  AA2  and  BB2. 

5.  Divide  AB  at  T  so  that  TA/TB  -  AAjjBBv 

6.  The  required  second-mode  correction  weights  are  each 

C  -  -77-  W  oz. 

AA  2 


Fig.  6.16.  Balancing  construction  for  a  mixed-mode 
condtion  near  the  second  critical  spped  (19)  (®  C.  A. 
Parsons  Co.,  1970;  used  by  permission) 
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7.  The  required  circumferential  angle  through  which  the  correc¬ 
tion  weights  must  be  moved  is 

-  angle  TAAj  -  angle  TBBit 

With  these  correction  weights  in  the  rotor  end  planes,  the  rotor  will  be 
balanced  in  its  second  mode. 

Balancing  for  a  Mixed-Mode  Condition  Remote  from  Either  Crit¬ 
ical  Speed.  Consider  the  case  of  a  rotor  that  Is  balanced  in  Its  first 
mode  but  remains  unbalanced  in  the  second  and  third  modes.  Further, 
assume  that  at  full  speed  the  rotor  is  running  well  below  either  its 
second  or  third  critical  speed.  Under  this  condition  there  might  well  be 
a  significant  contribution  from  both  higher  modes.  The  measured  vec¬ 
tors  of  vibration  must  first  be  split  into  modal  components  where  the 
asymmetry  of  the  modes  is  not  known.  Each  component  is  then 
corrected  independently. 

For  balancing  purposes  it  can  be  assumed  that  the  effect  of  cali¬ 
brating  weights  added  mostly  for  the  second  mode  represents  the  asym¬ 
metry  of  the  second  mode  and  that  the  effect  of  such  weights  added 
mostly  for  the  third  mode  represents  mainly  third-mode  asymmetry. 
Thus  it  is  necessary  to  split  the  observed  original  vibration  vectors  into 
second-  and  third-mode  (or  out-of-phase  and  in-phase)  components  of 
the  same  proportions  as  those  deduced  from  the  calibrating  weights. 
The  way  this  is  done  is  shown  In  Fig.  6.17,  taken  from  Ref.  [19]. 


A 


Fig.  6.17.  Balancing  consturctlon  Tor  a  mixed-mode 
condtlon  remote  from  either  critical  speed  119)  (e  C.  A. 
Parsons  Co.,  1970,  used  by  permission) 
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1.  Let  the  vectors  OA  and  OB  represent  the  original  unbalance. 

2.  Let  the  vectors  OA2  and  OB2  represent  the  vibration  measured 
when  a  calibration  pair  of  weights  is  added  to  the  rotor,  mostly  to  affect 
the  second  mode. 

3.  Then  the  vectors  AA2  and  BB2  represent  the  effect  of  the  cali¬ 
brating  weights  for  the  second  mode. 

4.  Let  the  vectors  OA2  and  OB3  represent  the  vibration  when  the 
calibrating  weights  for  the  second  mode  are  removed  and  replaced  by  a 
three-weight  calibrating  configuration  that  will  have  the  greatest  effect 
on  the  third  mode. 

5.  Then  the  vectors  AA3  and  BB3  represent  the  effect  of  the  cali¬ 
brating  weights  for  the  third  mode. 

6.  Divide  AB  at  T  so  that  TA/TB  -  AAj/BB2  and  call  this  m. 
Let  AAj/BBj  ■  it. 

7.  Construction:  Draw  TO  and  lines  parallel  to  it  through  A  and 
B.  Produce  AO  to  meet  the  parallel  line  through  B  in  D.  Divide  DB 
in  B'  so  that  B'D/BB'  -«  n/m.  Join  B'O  and  produce  it  to  meet  the 
parallel  line  through  A  in  A\  Then  the  original  vectors  OA,  OB  are 
equivalent  to  an  out-of-phase  component  OA',  OB’  plus  an  in-phase 
component  A'A,  B'B.  It  can  further  be  shown  that  OA'/OB'  -  m  and 
A'A/B'B  *"  n.  Therefore  the  out-of-phase  component  can  be  corrected 
by  adjusting  the  calibrating  weights  for  the  third  mode. 

8.  Second-mode  correction:  Increase  the  calibrating  weights  for 
the  second  mode  in  the  ratio  OA'tAAj,  and  move  them  circumferen¬ 
tially  through  the  angle  labeled  02. 

9.  Third-mode  correction:  Increase  the  calibrating  weights  for  the 
third  mode  in  the  ratio  of  A'A/AA^  and  move  them  circumferentially 
through  the  angle  labeled 

Note  that  in  both  cases  the  proportions  among  the  individual  weights  in 
each  configuration  must  be  maintained.  As  it  happens,  in  the  example 
illustrated,  the  correction  for  the  second  mode  would  have  to  be  placed 
clockwise  from  the  calibrating  position,  and  the  correction  for  the  third 
mode  would  have  to  be  placed  counterclockwise  from  the  calibrating 
position,  always  regarding  the  rotor  from  one  end  throughout. 

Example  of  Rotor  Balance  Corrected  In  the  Second  and  Third 
Modes.  Moore  and  Dodd  [18]  describe  an  application  of  the  pro¬ 
cedures  discussed  above  to  an  actual  boiler-feed  pump  rotor  that  had 
coupled  (mixed-mode)  unbalance  in  Its  second  and  third  modes.  This 
unbalance  distribution  was  preventing  smooth  operation  of  the  pump 
between  its  first  and  second  critical  speeds:  see  Pig.  6.18.  The  shapes 
of  the  first  three  modes  are  shown  in  Fig.  6.19.  The  best  available 
balancing  planes  for  the  second  mode  are  at  25  in.  and  70  in.  from 
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Fig.  6.18.  Unbalance-response  representation  for  rotor  balanced  In  the 
first  mode  with  residual  unbalance  in  the  second  and  third  modes 


i ,  »  44  IN  FROM  A 


*j  -  26  IN. 


I]  •  70  IN. 


t4 -10  IN.  1*  ■  90  IN, 


it  -  44  IN. 

Fig.  6.19,  Modes  and  correction  planes  for  feed 
pump  turbine  rotor 
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bearing  A ,  respectively,  and  for  the  third  mode  at  10  in.,  44  in.,  and  90 
in.  from  bearing  A.  All  weights  were  added  at  the  same  radius  in  each 
balance  plane. 

A  construction  for  determining  balance  weights  for  the  second  and 
third  modes  is  given  in  Fig.  6.17  as  follows: 

1 .  Let  0 A  be  the  original  unbalance  vector  at  pedestal  A ,  and  OB 
the  original  unbalance  vector  at  pedestal  B, 

2.  Add  a  set  of  calibrating  weights  for  the  second  mode.  Let  the 
ratio  of  effects  at  the  pedestals  be 

effect  on  reading  A  ^ 
effect  on  reading  B  m' 

3.  Add  a  set  of  calibrating  weights  for  the  third  mode.  Let  the 
ratio  of  effects  at  the  pedestals  be 

effect  on  reading  at  A  m 
effect  on  reading  at  B 

4.  Find  the  components  of  OA  and  OB  in  the  second  and  third 
modes  as  follows: 

a.  Join  AB,  Divide  in  fso  that  AT/ TB  —  m. 

b.  Join  OT  Draw  lines  parallel  to  OT  through  A  and  through  B, 
Produce  AO  to  meet  parallel  line  through  B  in  O. 

c.  Divide  DB  in  B'ao  that  DB'/B'B  -  n/m, 

d.  Join  B'O  and  produce  it  to  meet  the  parallel  line  through  A  in 

a: 

e.  Let  B'B  -  Y,  Then  DB'  -  ny/m,  OA'  -  MOB1,  and 
A' A  -  MB'D  -  ny,  Hence  A'A/B'B  -  ny/y  -  n. 

f.  As  OA  +  A' A  *  OA  and  OB'  +  B'B  *■  OB,  the  vibration  read¬ 
ings  OA,  OB  consist  of  the  out-of-phase  components  OA',  OB',  where 
OA'  «■  MOB',  plus  the  in-phase  components  A 'A,  B'B,  where  A' A  - 
nB'B. 

The  above  construction  can  now  be  applied  to  the  boiler-feed  rotor  as 
follows: 

1.  Let  OA  and  OB  be  the  original  unbalance  vectors  at  bearings  A 
and  B,  respectively. 

2.  Let  OA 2,  ORi  be  the  original-plus-calibrating  weight  effect  for 
the  second  mode.  Than  A  Ax,  BB2  arc  the  effects  of  the  second-mode 
calibrating  weights. 

3.  Let  OAx,  OB2  be  the  original-plus-calibrating  weight  effect  for 
the  third  mode.  Then  AAj,  BB3  are  the  effects  of  the  third-mode  cali¬ 
brating  weights. 
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4.  Calibration  for  the  second  mode 

effect  on  end  A  2,30  . 

effect  on  end  B  “  m  "  1.175  "  V 

5.  Calibration  for  the  third  mode 

effect  on  end  A  1.175  ,  -4 

effect  on  end  B  "  0.525  “ 

6.  Join  AB .  Divide  at  T  so  that  AT/TB  -  m. 

7.  Join  OT.  Draw  lines  parallel  to  it  through  A  and  B, 

8.  Produce  AO  to  meet  parallel  lines  through  B  to  Z>. 

9.  Divide  BD  in  B'  so  that  B'D/BB  -  n/m  -  1.145. 

10.  Join  B'D  and  produce  this  to  meet  he  parallel  line  drawn 
through  A  at  A 

11.  The  required  correction  weights  can  now  be  obtained  as 

OA,  OB  -  OA',  OB'  +  A'A,  B'B, 

where  OA,  OB  are  the  original  readings,  OA',  OB'  are  the  out-of-phase 
components,  and  A 'A,  B'B  are  the  In-phase  componnts.  Thus,  for  the 
second  mode, 

X7T  -  -if  - 2  38  <*-63’ 

and  for  the  third  mode, 

jdL.jlL.2.so 

12.  To  make  the  second-mode  correction  add  (5  ><  2.38)  -  11.9 
oz-in.  in  correction  plane  B,  both  63°  clockwise  from  the  position  of 
the  second-mode  calibrating  weights. 

13.  To  make  the  third-mode  correction  add  4  x  2,5  -  10  oz-in.  in 
correction  plane  C,  5  X  2,5  —  12.5  oz-in,  in  correction  plane  D,  and 
6  x  2.5  •"  15  oz-in.  in  correction  plane  E,  all  150°  counterclockwise 
from  the  positions  of  the  third-mode  calibrating  weights. 

Moore  121]  gives  no  details  about  the  final  balance  state  achieved  with 
the  above  construction.  He  has,  however,  given  a  mathematical  pro¬ 
cedure  [21]  for  the  determination  of  the  ratios  m  and  n .  It  is  stated 
that  the  advantage  of  this  modal  technique  lies  in  the  time  saved  in 
balancing  large  rotors.  However,  any  time  spent  calibrating  the  rotor 
for  the  influence  of  the  traverse  weight  and  in  defining  the  mode 
shapes  must  also  be  inoluded  in  the  assessment  of  balancing  efficiency. 
Runup  and  rundown  time  in  such  cases  can  be  substantial.  The  taking 
of  trial  weight  readings  can  be  a  costly  aspect  cf  any  balance  procedure. 


FLEXIBLE-ROTOR  BALANCING 


357 


Comprehensive  Modal  Balancing,  Federn  [6]  began  the  develop¬ 
ment  of  modal  balancing  procedures  for  flexible  rotors  in  which  the 
rigid-body  modes  were  corrected  first  in  a  low-speed  balancing  machine, 
followed  by  balancing  of  the  higher  modes  in  a  systematic  modal 
manner.  Kellenberger  (22]  described  the  application  of  this  procedure 
to  generator  rotors  and  subsequently  [23]  compared  the  modal  JV-plane 
balancing  procedure  with  the  comprehensive  (jY  +  2)-p!ane  balancing 
method.  Miwa  (24—27]  developed  refined  theories  for  comprehensive 
modal  balancing  and  demonstrated  the  effectiveness  of  this  method 
with  a  six-disk  rotor  mounted  on  supports  with  transverse  flexibility. 
Oiers  [28]  compared  comprehensive  modal  balancing  with  modal 
balancing. 

Consider  a  cylindrical  rotor  that  operates  in  linear  elastic  bearings 
located  near  its  ends,  The  rotor  bending  stiffness  is  linear  and  isotro¬ 
pic.  The  influences  of  viscous  and  hysteretic  damping  are  considered  to 
be  negligible,  and  the  rotor  gyroscopic  effect  is  negligible.  Rotor 
stiffness  EI(z)  and  mass  distribution  pA(z)  may  vary  along  the  rotor 
length. 

The  rotor  distributed  unbalance  is  represented  by  the  expression 
M0(z)  “  pA  (z)  o  (z)  i 

where  pi4  (z)  is  the  distribution  of  rotor  mass  per  unit  length  and  a{z) 
is  the  mass  axis  eccentricity.  The  discrete  unbalances  acting  on  the 
rotor  are  written  as 

Up  -  UpSiz  -  Zp), 

where  Up  is  the  vector  unbalance  at  location  zp  and  6  is  the  Dirac  delta 
function.  The  total  axial  unbalance  distribution  is  therefore 

«(z)  -  «o(z)  +  Upiiz  -  Zp). 

The  balance  conditions  for  a  rigid  rotor  require  that  force  equilibrium 
and  moment  equilibrium  must  each  equal  zero,  In  terms  of  the  above 
equations  this  gives 

J0  u(z)  dz  »  J0  u0(z)  dz  +  L  UpHz  -  zp)  —  0 
and 

J0  u(z)z  dz  -  J*0  u0(z)z  dz  +  X  Upbiz  -  ?.p)zp  -  0. 

For  a  flexible  rotor  it  is  also  necessary  to  ensure  that  the  rotor 
deflections  under  the  influence  of  the  unbalance  distribution  are  zero  in 
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addition  to  satisfying  the  above  rigid-rotor  conditions.  To  develop  the 
required  conditions,  first  express  the  unbalance  distribution  as 

M 

u(z)  -  M0(z)  +  £  Uj  tjiz ) 

y-i 


and 


«<>(*)  -  £  U*(z  -  z0). 

p 

Also  express  the  mass  axis  eccentricity  as  the  series 

M 

a(z)  -  <j0(z)  +  £  a}  <(>j(z ), 


and  the  rotor  elastic  axis  deflection  vector  as  the  series 

r(z)  -  £  rj(t)  ^/z), 
j- 1 


If  these  forms  for  a(z)  and  r(z)  are  used  the  modal  unbalance  com¬ 
ponents  dj  and  the  shaft  modal  response  components  rj  can  be 
evaluated.  As  already  shown,  the  complex  rotor  response 

r(z)  -  x(z)  +  (y(z ) 


is  governed  by  the  equation  of  motion  in  nonrotating  coordinates, 

r  +  2(v  +  ti)o>r  +  •  rw  -  I2p(o0r  —  02a  e10'. 

Ap 

For  present  purposes  the  damping  terms  v  and  ^  can  be  omitted.  To 
obtain  a  modal  solution  to  this  equation,  the  rotor  deflection  r(z)  and 
the  unbalance  distribution  a(z)  are  expressed  in  series  form: 

r(z,t)  -  rt(t)  d>i (z)  +  r2{t)  +  . . .  -  £  rj(t)  4>j(z) 

j- 1 

and 

GO 

o(z)  -  a |  4^1  (z)  +  a2  <f>2(z)  +  . . .  -  £  aj  0/z), 

J- 1 

where  the  coefficients  ry(f)  and  aj  are  complex  quantities  and  the 
<t>j(z)  are  characteristic  functions  of  the  rotor.  We  again  recall  that,  for 
shafts  with  distributed  mass  and  stiffness, 

*Jv(z>  -  Oif  f,(z). 
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Substituting  the  above  series  and  the  characteristic  function  condition 
into  the  equation  of  motion  gives  the  infinite  set  of  modal  equations: 

r'j  +  <*}rj  -  n  xaj 

In  each  case  the  solution  for  the  forced  motion  is 

el(l1 

r>  “  ’ 


where 


aj  -  \  J*0  «<*)  * 

It  is  evident  that  the  shaft  displacements  r(z)  depend  on  a(z),  and 
hence  we  may  write 


r(z)  -  X  aJ  <Mz),  with  Aj(u)  - 


Consider  now  the  equations  of  force  equilibrium  and  moment 
equilibrium  for  a  flexible  rotor  in  two  bearings: 

Pa  +  Pb  “  ft2  *llu  Jo  kA  (*)  r(z)  +  u(z)l  dz 


PBL  -  ft3  eini  fQ  IpA(z)  r(z)  +  «(z)]z  </z. 
If  the  unbalance  distribution  is  written  as 

00 

u(z)  -  pA  (z)  a(z)  -  pA  (z)  a0(z)  +  X  a/  <MZ) 

J- 1 

00 

“  (z)  fl0(z)  +  X  (z)  0/  ^>(z), 

7- 1 

the  shaft  centrifugal  force  may  now  be  written  as 

oo 

p-4  (z)  r(z)  -  p-4  (z)  ]£  -4,(<u)  a}  <f>j(z) 

7- 1 


“  X  4ly(«)  P'4  (z)  a,  (j)j(z) 
7-1 
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“  E  A j (a>)  Uj  ^y(z), 
7- 1 


where 


Uy(z)  -  P/4  (z)  fly(z). 

Substituting  into  the  equations  of  equilibrium  gives 


Pa  +  Pd  -  ft2  *'n'  J0" 

-  n2e(fl'  f* 

•'O 


E  /4y(&>)  Uj4>j(z)  +  u(z) 
7-1 


</z 


J,  [/4y(<u)  +  l]  My  ^y(z)  +  UQ(z) 
7-1 


<fc, 


as 


«(z)  -  u0(z)  +  ]£  Uj  4>j{z). 
7-1 


Hence 


and 


^  +  P*  -  n2  e 


PgL  -  ft2  e'n' 


2  jai 


X  BJ  (<«>)  UJ  J0  dz  A-'E  Up 
7-1  p 


X  uj  So  rfz  +  X  ^ 

7-1  w  /» 


where 

J3y(w)  “  .4y(a>)  +  \  "•  — r — T 

'  J  «/  -  n2 

The  conditions  for  flexible-rotor  balance  can  be  deduced  from  these 
equations.  It  is  required  to  make 

Pa  +  Pa  “  0  and  PBL  -  0. 


These  conditions  will  evidently  be  achieved  when 

S0L  «(*)*  —  0 

J>  L 

u(z)zdz-  0 
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and 

J*Q  u(z)  4>j(z)  dz  ">  0  for  j  —  1,  2,  . ..  , 

In  terms  of  the  distributed  unbalance  and  the  discrete  unbalances 
u(z)  -  u0(z)  +  £  Uk, 
the  balance  conditions  become 
/  «0(r)  dz  +  £  £/*  -  0, 

J0  u0(z)z  <k  +  J  £4**  -  0. 

and  * 

f  Uq(z)  <j>j(z)  dz  +  £  l/k  d>j{zk)  -  0,  *  —  1,  2,  ...  . 

k 

It  can  now  be  seen  that  if  p  modes  are  balanced  using  (p  +  2) 
correction  planes,  the  above  expressions  will  form  ( p  +  2)  equations  in 
(/>  +  2)  unknowns;  that  is,  the  balance  conditions  become 

J,L  p+2 

„  u0(z)  dz  +  Jj  £4  "  0, 

J.L  /»+2 

0  «o(z)^  *4%  "  °- 

and 

J»  L  p+2 

o  u0(z)  0/z)  dz  +  j.  uk  <t>j(zk)  -  0, 

H 


1  1  1 

"  £4  " 

—  L  - 

JQ  U0(z)  dz 

Zj  Z2  •  ’  ' 

££i 

/„  Uq(z)z 

£/3 

J0  u0(z)  4j(z)  at 

•h(z\)  •••  ^2(z,+2) 

£/4 

►  - 

i*  L 

J0  fc0(z)  <M*)  * 

_^p(z,)  d>„{z  2/  •••  +,(zfk2)_ 

-Jo  w°(z)  «Mz) 
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These  expressions  were  given  by  Miwa  [24].  Similar  relations  have 
been  presented  by  Kellenberger  [22).  Sample  calculations  developed  to 
demonstrate  the  above  procedure  now  follow. 

Example  1:  Uniform  flexible  rotor  In  simply  supported  end  bearings. 

For  the  rotor  shown  in  Fig.  6.20,  uniform  unbalance  distribution 
u(z)  -  U/L  -  constant,  uniform  flexible  rotor  £7(z)  -  El,  pA(z)  - 
pA  —  constant,  and 

■■  sin  . 

Lt 

UqU)  -  U/L 

J  Fig.  6.20.  Uniform  rotor  In  rigid  end  bearings 
m*  with  distributed  unbalance.  After  Miwa  [7]. 
Used  by  permission. 

»1  -  0.2SL  i2  -  O.tlL  i,  -  0.751. 

The  requirement  is  to  balance  the  first  mode  (J  —  1),  and  this  requires 
k  -  p  +  2  correction  planes.  The  integrals  of  the  forcing  vector 
become 

C  “»(z)  *  -  Ct*  ~ v' 

if-, 

f  u0(z)  <ft\(z)  dz  -  J*  -—sin—  dz  -  £/(— ). 

Jo  L  L  ir 

For  correction  planes  k  —  1,  2,  3  at  z\  -  0.25Z,,  z2  -  0.5L,  and  z3  - 
0.75 L,  sin  ( nzk/L)  —  0.707,  1.000,  0.707,  and  the  balance  equations 
become 


Ill 

£/. 

1 

0,25  0.5  0.75 

Ut 

—  u 

0.5 

0.707  1.0  0.707 

Ui 

2/ IT 

on 


13 


Ui 


Ul 
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which  gives  £/,  -  -0.6203  £/,  U2  -  0.2406  d/,  and  Uj  -  -0.6203  d/. 
This  agrees  with  the  result  for  the  balance  corrections  given  by  Miwa 
[24] ,  who  has  also  plotted  the  corrections  as  functions  of  axial  location. 

Example  2:  Uniform  rotor  Inflexible  end  bearings 

The  rotor  shown  in  Fig.  6.21  is  to  be  balanced  in  its  first  mode. 
Correction  planes  are  located  at  z\  -  0,  z3  -  0.5 L,  and  Z2  —  L.  The 
end  bearings  have  identical  stiffness  properties  k ,  and  the  flexural 
stiffness  of  the  rotor  is  K  -  48£7/L3  (first  mode).  This  indicates  that 
only  symmetrical  modes  need  to  be  considered  in  balancing  this  rotor. 
The  characteristic  equation  is  therefore 

-  at  +  bj  sin  f^—j. 


Uq(x)  ■  U/L  K“  l) 


-  L 

FIRST  MOM  OF 
MOTOR  SYSTEM 

Fig.  6.21.  Uniform  rotor  in  flexible  bearings  with  distributed 
unbalance.  Example  from  Miwa  ct  al.{26],  Used  by  permission. 


To  balance  the  first  mode,  J  “•  1,  and  the  mode  shape  can  be  obtained 
from  the  deflection  diagram,  i.e.,  a\  -  k,  b\  -  48 EI/L*,  and  a  -  b\/a\. 
Normalizing  this  expression  gives 


4>i(z) 


The  balance  conditions  can  now  be  formed.  For  a  uniform  radial  distri¬ 
bution  of  unbalance  along  the  rotor,  w0(z)  -  U/ L  —  constant,  and 


U, 


r  ^ 

I.  u0(z)z  dz  -  0.5 UL, 


ISrtrtwpww 
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and 


M0(z)  ^j(z)  dz  - 


U_ 

L 


1  +  at  sin 


dz 


U 


The  balance  equations  are  therefore 


11  1 

Uy 

1 

0  0.5  1.0 

u2 

--U 

0.5 

1  1+a  1 

U3 

1  +  2  a/n 

The  required  balance  corrections  are  Uy/U  -  -0.18,  U2/U  —  -0.64, 
and  Uj/U  -  -0.18.  It  is  noted  that  the  balance  corrections  are 
independent  of  the  shaft-bearing  stiffness  ratio  a.  Thus  the  above 
corrections  are  valid  irrespective  of  the  stiffness  ratio.  In  an  actual  case 
it  now  remains  to  determine  the  unbalance  U  by  a  trial-weight  pro¬ 
cedure.  The  required  corrections  can  then  be  determined  and  applied. 


Example  3:  Uniform  rotor  In  flexible  end  bearings  with  nonuniform  unbal¬ 
ance  distribution 

Figure  6.22  shows  a  rotor  of  uniform  stiffness  K  -  4SE1/L  and 
mass  distribution  Ap\  it  is  supported  in  end  bearings  of  stiffness  k„  and 
kb.  The  rotor  is  to  be  balanced  for  smooth  operation  at  its  first  critical 
speed,  using  three  correction  planes  symmetrically  situated  about  the 
midspan. 

The  number  of  correction  planes  k  -  p  +  2  -  3  meets  the  stated 
requirements  for  comprehensive  modal  balancing.  The  unbalance  dis¬ 
tribution  varies  linearly  along  the  rotor  length,  that  is, 

u(z)  -  Uy  +  U] 

Let  the  shape  of  the  first  mode  be  described  by  the  characteristic  equa¬ 
tion 


4>j(z)-A  +B-Z-  +  C  sin~. 

Lt  Li 

Let  U i,  Ui,  Ui  be  unbalance  corrections  applied  in  the  three  correction 
planes  at  zy  -  (L,  z2  -  y,  and  z3  -  <1  -  £)L,  respectively,  {  being  a 
chosen  fraction  of  the  rotor  length.  Miwa  [27]  has  given  a  general 


•  i****S***BSe»fe!‘  iWHAeMi, 


- f- - in— .-*>■ 
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i2  ij 


Fig,  6.22,  Uniform  rotor  In  flexible  bearings  with  linearly  varying  unbalance. 
After  Miwa  [27].  Used  by  permission. 


solution  for  this  problem  in  terms  of  measured  forces  UL  and  UR  at  the 
rotor  supports.  If  UL  and  UR  are  measured  close  to  the  first  critical 
speed,  the  required  balance  corrections  will  be 


Ui 


2. 

2’ 


U2  -  Uji  +  Ur(3, 


and 


U%  - 


iL 

2 


Ul  + Ur 


i-2. 

2  ' 


where 

a  _  (2 /it)  -  sin  tt[ 

P  1  -  sin 

It  is  again  noted  that  the  required  balance  corrections  are  independent 
of  the  relative  stiffness  a  of  the  rotor  and  the  bearings.  Furthermore, 
the  balance  corrections  are  independent  of  the  relative  bearing 
stiffnesses.  The  corrections  are  dependent  on  the  location  of  the 
correction  planes  along  the  rotor. 
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Miwa  [27]  has  commented  that,  where  {  -  0  (i.e.  for  correction 
planes  at  the  ends  of  the  rotor),  the  ratio  /3  -  0.64.  He  also  notes  that, 
when  £  -  0,22,  the  central  correction  U2  becomes  zero.  Two-plane 
balancing  with  £  -  0.22  and  £  -  0.78  is  therefore  optimal  for  this 
balancing  case.  Figure  6.23  shows  a  chart  developed  by  Miwa  [27]  for 
determining  the  correction  ratio  as  a  function  of  balance-plane  loca¬ 
tion  £. 


„  _  C«rUr«l  Corrtctlon 
®  Initial  Static  Unbalance 


*1  Balanca  Plana 
i  X  '  Location 


Fig.  6.23.  Variation  of  balance  weight  ratio 
with  location  or  correction  planes  along  rotor. 
After  Miwa  1271.  Used  by  permission. 


3  « 


Example  4:  Alternator  rotor  In  undamped  flexible  bearings 

Kellenberger  [22]  has  described  the  balancing  of  an  alternator 
rotor  supported  in  flexible  bearings  (with  zero  damping).  This  machine 
runs  above  its  second  critical  speed,  and  there  are  therefore  at  least  two 
modes  requit  ing  balance  corrections.  The  minimum  number  of  correc¬ 
tion  planes  by  the  comprehensive  modal  method  is  therefore  p  — 
k  +  2—4.  It  is  further  assumed  that  this  rotor  has  previously  been 
balanced  as  a  rigid  body  in  two  planes.  If  the  origin  of  the  coordinates 
is  set  at  the  left  bearing,  the  chosen  correction  planes  are  at  z\  «*  0, 
z2  -  2535  mm,  zj  -  4935  mm,  and  z*  -  7440  mm  —  L,  as  shown  In 
Fig.  6.24a. 

The  mode  shapes  for  this  rotor  were  calculated  with  a  computer 
and  are  shown  in  Fig.  6.24(b)  and  (c).  Calculated  modal  amplitudes  at 
the  correction  planes  for  both  modes  were  used  for  the  characteristic 
function  values  <£,(z*)  in  the  third  and  fourth  balance  equations. 
Terms  in  the  forcing  vector  were  obtained  by  setting 

J*0  u0(z)  dz  -  f0  Uq(z)z  dz  -  0 

for  the  first  and  second  terms  because  the  rotor  had  been  previously 
balanced  as  a  rigid  body.  The  third  term  is  arbitrarily  set  equal  to 


FLEXIBLE-ROTOR  BALANCING  367 


csa  CP3 


Fig.  6.24.  Alternaior  rotor  in  flexible  bearings: 
first  and  second  mode  shapes 


100 0,,  where  0,  remains  to  be  calibrated  front  first-mode  measure¬ 
ments  (presumably  by  trial-weight  runs).  The  fourth  term  is  also  set 
equal  to  zero,  as  the  first-mode  balance  correction  must  not  influence 
the  second  mode.  The  balance  equations  for  both  modes  are  given  in 
Table  6.1. 


Table  6.1.  Balance  equation  terms* 


Ut 

U2 

V3 

VA 

Mode  1 
balance 

Mode  2 
balance 

1 

1 

1 

1 

0 

0 

0 

0.341 

0.663 

1 

0 

0  1 

3.426 

18.734 

18.569 

3.418 

-1000, 

0 

11.225 

12.241 

-12.457 

-11.453 

0 

— 10002 

From  Ref.  22;  used  by  permission. 
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The  solutions  for  the  unbalance  corrections  are  as  shown  in  Table  6.2. 


Table  6.2.  Unbalance  corrections  for  Alternator  Rotor 


Unbalance 

correction 

Mode  1 

Mode  2 

Absolute 

Normalized 

Absolute 

Normalized 

Vx 

+3.264*i 

+  1.000 

+  1.821*2 

+  1.000 

u2 

-3.264*t 

-1.000 

-5.718*2 

-3.140 

u3 

-3.303*, 

-1.012 

+  5.779*2 

+3.174 

U< 

+  3.303*i 

+0.012 

-1.882*2 

-1.034 

’From  Ref.  22;  uied  by  permluion. 


The  balancing  procedure  requires  the  first  measurements  near  but 
below  the  first  critical  speed.  The  actual  magnitudes  of  the  first-mode 
corrections  are  found  by  a  procedure  similar  to  the  trial-weight  methods 
previously  described.  The  remaining  unbalance  corrections  are  then 
obtained  from  the  ratios  given  in  Table  6.2.  When  the  first  mode  has 
been  corrected,  the  procedure  is  repeated  to  balance  the  second,  third, 
and  fourth  modes. 

Discussion  of  Modal  Methods 

The  three  modal  methods  described  on  the  preceding  pages  are  the 
most  widely  used  modal  balancing  procedures  in  current  practice,  and 
they  merit  some  further  comment.  Two  questions  are  consistently 
raised  about  these  methods;  What  are  the  differences  between  them, 
and  which  method  gives  the  best  results? 

The  modal  balancing  method  of  Bishop,  Gladwell,  and  Parkinson 
is  basically  a  set  of  instructions  given  together  with  a  matrix  equation 
that  can  be  solved  or  satisfied  for  the  modal  correction  weight  values  as 
desired.  As  far  as  is  known,  the  balance  matrix  equation  given  by  these 
authors  has  never  been  implemented  as  an  analytical  procedure  for 
determining  balance  weights  and  locations,  though  it  appears  possible  to 
do  this  if  desired.  Publications  on  the  modal  method  have  been  mainly 
concerned  with  the  definition  of  procedures  based  on  rigorous  princi¬ 
ples  for  the  balancing  of  flexible  rotors.  These  publications  have  exam¬ 
ined  a  wide  range  of  balancing  problems  (flexible  supports,  anisotropic 
supports,  dissimilar  shaft  stiffnesses,  etc.)  with  this  in  mind  and  have 
been  less  concerned  with  the  practical  details  of  flexible-rotor  balancing. 

The  modal  balancing  principles  defined  by  Bishop  et  al.  have  been 
applied  in  practice  by  Moore,  specifically  for  the  correction  of  medium 
to  large,  two-bearing,  electrical  equipment  rotors.  Moore  has  had  good 
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success  for  more  than  20  years,  using  the  modal  guidelines  described  by 
Bishop  and  the  practical  vector  techniques  for  unbalance  determination 
that  he  devised  and  perfected  over  several  decades.  Moore  does  not 
mention  having  made  any  use  of  the  matrix  equations  of  Bishop  and 
Gladwell,  though  he  appears  to  have  satisfied  these  criteria  mode  by 
mode  with  his  diagram  approach. 

The  methods  of  Bishop  and  of  Moore  both  nominally  use  N 
planes,*  where  N  is  the  number  of  modes  to  be  balanced.  Bishop  and 
Parkinson  [5]  have  discussed  methods  for  reducing  effects  from  modes 
that  lie  beyond  the  operating  speed,  and  Moore  [20]  has  described  prac¬ 
tical  techniques  for  dealing  with  such  modes.  Although  Parkinson  [IS] 
has  analyzed  the  influence  of  massive  flexible  supports  on  modal 
balancing,  the  influence  of  bearing  damping  appears  not  to  have  been 
included  in  any  modal  analysis.  Shaft  damping  has  been  included,  and 
this  does  not  invalidate  the  modal  approach.  The  possible  effects  of 
modes  coupled  by  damping  in  the  bearings  on  the  attainable  balance 
should  be  examined  because  the  quality  of  balance  may  indeed  be 
affected  by  such  damping. 

In  contrast  to  the  other  balancing  procedures  described  in  this 
chapter,  it  appears  that  there  have  been  few  experimental  investigations 
of  the  modal  method.  While  there  is  ample  evidence  that  the  method 
is  consistently  successful  in  practice,  questions  concerning  its  effective¬ 
ness  are  inevitable,  especially  in  comparison  with  such  methods  as  the 
comprehensive  modal  method  and  the  influence  coefficient  method, 
both  of  which  have  been  extensively  tested.  There  seems  to  be  little 
doubt  that  claims  advanced  for  the  modal  method  are  weakened  by  the 
lack  of  a  series  of  experimental  studies  that  could  test  the  effectiveness 
and  the  efficiency  of  the  method.  Such  tests  appear  to  be  particularly 
needed,  since  studies  by  Giers  [28]  have  pronounced  the  comprehen¬ 
sive  modal  method  to  be  superior:  see  Chapter  7. 

The  comprehensive  modal  method  has  been  studied  by  Pedern, 
Kellenberger,  Miwa,  and  Giers.  The  most  notable  difference  between 
this  method  and  the  modal  method  of  Bishop  and  Moore  is  the  require¬ 
ment  that  the  rigid-body  modes  be  balanced  before  proceeding  to  the 
flexible  modes.  Claims  that  this  leads  to  a  balance  of  superior  quality 
have  been  made  by  Miwa  et  al.  [26]  because  of  the  removal  of  an  f 1 2 
term  in  the  dynamic  magnifier  equation;  by  Kellenberger  [23]  because 
of  the  satisfaction  of  the  three  balance  equations;  and  by  Giers  [28] 
based  on  comparisons  of  comprehensive  modal  test  results  with  modal 


'Moore  [201  describes  how  the  correction  weights  are  typically  distributed  along  the 
length  of  a  generator  in  practice,  The  principle,  however,  is  valid  and  is  used  widely  In 
field  balancing. 
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result!  obtained  by  Moore’s  method.  These  tests  are  discussed  in 
Chapter  7. 

On  examining  the  shaft  equations  of  motion  written  in  the  most 
general  terms,  it  appears  that  one  must  work  with  the  true  modes,  and 
not  with  pseudomodes  such  as  the  rigid-body  components  of  class  2 
rotor  rigid/flexible  modes.  If  this  is  so,  it  could  be  expected  that  a 
single-plane  balance  of  a  class  2  rotor  would  give  at  least  equivalent  bal¬ 
ance  quality  as  a  low-speed  plus  a  high-speed  balance  of  such  a  rotor 
(see  Fig.  6.25).  It  also  appears  that  all  significant  "rigid-body"  effects 
are  taken  into  account  in  the  modal  method  because  it  deals  with  real 
modes  at  all  times.  Bishop  argues  convincingly  that  it  is  meaningless  to 
balance  rigid  modes  in  a  rotor  that  experiences  only  highly  flexible 
modes.  Kellenberger  and  Federn  reply  that  it  is  frequently  necessary  to 
balance  at  low  speed  in  order  to  be  able  to  run  up  to  higher  speeds. 
This  appears  to  be  a  clear  case  for  the  removal  of  gross  unbalance 
rather  than  a  need  to  remove  modes.  Therefore  the  rigid-mode  argu¬ 
ment  does  not  appear  to  support  the  comprehensive  modal  method. 
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(a)  Flrat  moda  showing 
correction  mass. 


(c)  'Mode'  and  correctlone 
In  low  apaad  balancing 
machine, 


(d)  Flrat  moda  with  dlatrlb 
utlon  of  low  apaad 
correction  and  first 
moda  correction. 


(b)  Rssiduil  rotor  deflec¬ 
tion  naar  flrat  critical 
speed. 


Modal  method:  N-plane  correctlone 


(a)  Corrected  flrat  mode 
near  critical  apeed. 


Compreheneive  Modal  Method. 
(N+2) -plane  correctlone. 


Fig.  6.25.  Rolor  In  flexible  bearings  with  uniform  unbalance:  effectiveness  of 
corrections  by  the  modal  method  (left)  and  the  comprehensive  modal  method 
(right) 
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Miwa’s  elegant  series  of  papers  with  their  experimental  confirma¬ 
tion  clearly  demonstrate  the  effectiveness  of  the  comprehensive  modal 
method.  Kellenberger’s  paper,  [22]  Is  also  interesting  in  the  sense  that 
he  selects  four  planes  to  balance  the  first  two  flexible  modes,  after  hav¬ 
ing  balanced  the  rigid  modes  (i.e.,  gross  unbalance  h-'  i  first  been  effec¬ 
tively  removed).  Even  if  shop  procedures  do  frequently  result  in  rotors 
that  are  slightly  bowed  or  have  slightly  eccentric  disks  requiring  two- 
plane  removal  of  gross  unbalance,  it  is  still  not  clear  why  four  planes 
are  needed  to  achieve  what  the  modal  method  could  presumably 
achieve  with  two  planes,  and  without  gross  unbalance  correction. 
Moore  does  not  discuss  this  situation.  The  fact  that  modal  practice 
commonly  distributes  the  correction  weights  along  the  length  of  the 
rotor  is  irrelevant.  Adherence  to  the  principles  of  the  method  should 
ensure  balance  even  if  only  two  planes  were  used. 

Another  point  that  should  be  mentioned  is  the  plane  of  unbalance 
Kellenberger  refers  to;  in  practice  it  must  be  found  and  calibrated.  This 
in  turn  appears  to  require  a  trial-weight  procedure,  and,  as  the  genera¬ 
tor  rotor  used  in  the  example  is  simitar  to  Moore's  rotors,  it  must  pos¬ 
sess  the  same  transmitted-force  vector  properties.  Therefore  construc¬ 
tions  similar  to  those  developed  by  Moore  are  needed  to  balance  such 
rotors,  dr  else  some  type  of  influence  coefficient  method  must  be  used. 
This  brings  the  entire  procedure  into  question:  could  not  the  same 
result  be  achieved  with  gross  unbalance  correction,  followed  by 
Moore’s  procedure  or  by  a  simple  influence  coefficient  calculation?  It 
would  be  useful  to  have  the  authors  of  comprehensive  modal  balancing 
explain  how  these  aspects  are  dealt  with  in  practice. 

There  appears  to  be  no  meaningful  answer  to  the  question  as  to 
which  method  is  "best."  Best  balance  commonly  means  three  things: 
convenience  in  operation,  high  quality  throughout  the  speed  range,  and 
minimum  time  and  minimum  operations.  A  summary  of  experience 
with  the  N  modal  method  and  with  the  N+2  modal  method  is  given 
below: 

Modal  method 

Sound  in  principle 
Entensively  tested  in  practice 
Simple  to  apply  (vector  constructions) 

Rated  inferior  in  tests  by  competitor 
Efficiency  not  known 

Lacking  in  independent  experimental  verification 

Not  yet  adapted  to  computers 

Experience  restricted  to  turbine-generator  industry 
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Comprehensive  modal  method 

Less  rigorous  theoretical  foundation 
Extensively  tested  in  practice 
Pound  competent  in  tests  by  several  investigators 
Calculations  more  complex 
'  More  operating  steps 
Efficiency  not  known 
Rated  Superior  in  tests  by  proponents 
Well  adapted  to  computers 

Experience  extends  to  all  high-speed-machine  industries 

Further  comments  on  modal  balancing  methods  are  given  in  Section 
6.5. 


6.3  Influence  Coefficient  Methods 

The  influence  coefficient  method  is  o  formalized  correction  pro¬ 
cedure  whereby 

1.  Trial  weights  are  inserted  at  selected  locations  along  a  rotor  in  a 
specified  sequence  of  locations  and  speeds. 

2.  Rotor  amplitudes  and  phase  angles  are  read  at  convenient  loca¬ 
tions  along  the  rotor  at  selected  speeds  where  large  amplitude  vibrations 
may  occur. 

3.  Required  balance  corrections  are  determined  from  the  ampli¬ 
tude  and  phase  data,  using  a  computer  program. 

4.  Balance  weights  are  installed  in  the  rotor  correction  planes. 
The  process  may  be  repeated  until  the  rotor  runs  smoothly. 

This  method  requires  no  advance  knowledge  of  the  system  dynamic 
response  characteristics,  though  such  information  may  be  helpful  in 
selecting  the  most  effective  balance-plane  and  readout  locations  for  a 
given  system.  The  influence  coefficient  method  has  been  applied  with 
equal  effectiveness  to  class  1,  2,  and  3  rotors  with  the  properties  listed 
below. 

Unbalance 

Distributed 

Concentrated 

Bent  rotor  (geometric  or  thermal) 
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Bearings 

Rigid 

Flexible  undamped  (support  springs,  roiling  element) 
Flexible,  damped  (fluid  him,  rolling  element  with 
backup  squeeze  film  damper) 

No  bearing  effects  (free-free  modes) 

Aligned  bearings,  poorly  aligned  bearings,  and  catenary-string 
rotor  sets  (e.g.,  turbine-generator) 

Symmetrical  and  nonsymmetrical  bearing  properties 


Foundation 

Rigid 

Discrete  flexible,  with  and  without  mass  effects 

Continuously  flexible  (rotor  in  flexible  outer  casing— e.g., 
jet  engine) 

Damped  flexible  foundation 

Axisymmetrical  and  asymmetrical  foundation 

The  influence  coefficient  method  is  not  a  modal  balancing  pro¬ 
cedure  per  se,  but  in  view  of  the  modal  nature  of  rotor  unbalance 
response,  it  is  evident  that  a  similar  overall  effect  is  being  achieved  to 
balance  the  rotor.  The  emphasis  here  is  on  procedure  and  formalized 
convenience  rather  than  on  physical  understanding  of  the  mode  shapes. 
Because  of  the  size  of  the  matrix  calculations  in  most  instances,  it  is 
desirable  to  use  a  computer  program  or  a  dedicated  minicomputer  when 
applying  the  influence  coefficient  method,  The  use  of  a  computer  pro¬ 
gram  is  now  essential  for  balancing  all  but  the  simplest  rotors,  because 
of  the  complexity  of  the  mode  shapes  which  arise  due  to  bearing 
stiffness  and  damping,  support  asymmetry,  and  multiple  and  concentric 
shaft  and  foundation  effects. 

The  earliest  theoretical  studies  on  the  influence  coefficient  method 
appear  to  have  been  made  by  Goodman  [29]  and  Lund  [30],  Brief 
comments  on  this  method  have  also  been  made  by  Thearle  [31],  Groe- 
bel  [32],  Den  Hartog  [33],  and  others. 


Basic  Steps  of  the  Influence  Coefficient  Method 

Let  the  flexible  rotor  in  undamped  bearings  shown  in  Fig.  6.26 
have  p  planes  along  the  axial  length  of  the  rotor  where  measurements 
of  whirl  radius  and  phase  angle  (referred  to  some  angulur  datum  on  the 
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Fig.  6.26.  Flexible  rotor  In  undamped  bearings  with 
identical  stiffnesses  In  coordinate  directions 


rotor)  may  be  taken.  Alao  assume  that  there  are  q  prescribed  correc¬ 
tion  planes  in  which  balance  weights  can  be  added  and  oriented  as 
required.  The  influence  coefficient  balancing  sequence  is  as  follows: 


1.  Run  the  rotor  up  to  some  suitable  initial  balancing  speed  wt. 
Measure  rotor  whirl  amplitudes  and  phase  angles  at  each  of  the  p 
measuring  planes  for  this  speed.  Record  the  acquired  data  for  subse¬ 
quent  processing. 

2.  Place  a  trial  weight  of  known  magnitude  and  radius  in  correc¬ 
tion  plane  1  at  a  phase  angle  equal  to  zero. 

3.  Again  run  the  rotor  at  speed  a>  1  and  take  measurements  of 
whirl  amplitude  and  phase  angle  in  the  p  measuring  planes.  Record  the 
data. 

4.  Remove  the  trial  weight  from  plane  1  and  place  it  in  correction 
plane  2  at  phase  angle  zero. 

5.  Run  the  rotor  at  speed  a>i,  measure  the  whirl  amplitude  and 
phase  angle,  and  record  the  data. 

6.  Repeat  steps  4  and  5  for  the  remaining  correction  planes. 

7.  Compute  the  coefficients: 


an 


whirl  amplitude)  _  whirl  amplitude 
with  unbalance  without  unbalance 
trial  unbalance  weight 

w>w  -■  . 


r 
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Note  that  both  the  wrs  (and  w,§)  and  the  a„  are  complex: 

K  -  (<)R  +  /(<),;  ati  -  (a„)R  +  /(a„),  0  -  VM). 

8.  Form  the  influence  coefficient  matrix  [A]  that  relates  the  origi¬ 
nal  rotor  whirl  amplitudes  {w0}  (a  p- row  vector)  to  the  original  "discre¬ 
tized"  unbalance  {U0}  (a  ^-column  vector),  which  unbalance  is  assumed 
to  be  concentrated  in  q  correction  planes,  as  follows: 

{w°}  -  [A]{U°). 

9.  Determine  the  original  discretized  rotor  unbalance  |U°)  by 
premultiplying  the  original  whirl-amplitude  vector  by  the  inverse  of  the 
[A]  matrix: 

{U°}  -  [A-'Hw0}. 

10.  Determine  the  required  correction  weights  and  phase  angles 
from  the  negative  of  the  original  discretized  unbalance; 


{U«}  - 


The  U  terms  are  also  complex, 


C/,°-  (£/,%+  HUX  /- V-l, 


and  hence 


tan 


(^p>i 

WX' 


Theory  of  the  Influence  Coefficient  Method 

Consider  the  elastic  rotor  in  damped  flexible  bearings  shown  in 
Fig.  6,27.  The  rotor  system  is  axisymmetrical  and  may  include  any 
practical  variation  of  its  axial  geometry.  At  speed,  it  experiences  circu¬ 
lar  synchronous  whirling  under  the  influence  of  residual  unbalance  and 
mode  distortion.  The  influence  coefficient  procedure  requires  only  that 
the  whirl  amplitude  >  and  phase  angles  be  accessible  to  measurement  at 
the  specified  locations.  In  essence,  the  method  is  a  formalized  pro¬ 
cedure  for  determining  the  influence  coefficients  a^w),  which  are 
speed  dependent  and  relate  the  rotor  whirl  amplitudes  tv,  to  the  un¬ 
known  rotor  unbalances  U,  by  the  matrix  expression 
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Fig,  6.27,  Elastic  rotor  in  bearings  with  Identical  damping 
and  stillnesses  in  coordinate  directions 


Wo 

fljl  aAl  ...  aL 

Ui 

Wo 

Wi  Wa  ...  W* 

U* 

Wo 

Wi  aP\  •••  < 

v* 

This  expression  is  equivalent  to  modeling  the  unknown  rotor  unbalance 
distribution  by  a  set  of  equivalent  unbalance  forces  in  the  q  correction 
p\anes.  If  the  rotor  unbalance  is  concentrated  in  the  correction  planes, 
the  balancing  procedure  is  to  first  run  the  unbalanced  rotor  at  speed  <ui, 
and  at  this  speed  to  measure  the  maximum  rotor  whirl  amplitudes  w0 
and  phase  angles  4>0  at  p  locations  along  the  rotor  due  to  this  original 
unbalance.  This  gives 

(Wl-  UWHtfol-MIt/o), 

where 

w  -  h»  (cos  +  l  sin  4»)  -  wc  +  iws , 
as  shown  in  Fig.  6.28. 
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Fig.  6.28.  System  of  fixed  (x,y  )  and 
rotating  coordinate? 
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Next  insert  a  trial  weight  f  in  correction  plane  1  and  rerun  the 
rotor  at  speed  Again  read  w  and  <£,  which  correspond  to 
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Subtracting  the  trial  weight  response  (w1)  from  the  original  response 
[w°)  gives 
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The  trial  weight  T  is  then  removed  from  correction  plane  1  and  is 
inserted  into  the  remaining  (q  —  1)  correction  planes  as  required,  to 
acquire  additional  data.  Successively  rerunning  the  rotor  at  at]  and 
measuring  w  and  <f>  for  each  trial  gives,  in  general, 


This  procedure  must  be  repeated  q  "  (n/ 2)  times  (n-even),  and  q 
■  (n+D/2  times  (n-odd),  where  n  is  the  number  of  modes  to  be  bal¬ 
anced.  This  results  in  the  following  set  of  simultaneous  equations 
which  are  then  solved  to  obtain  the  rotor  residual  unbalance,  referred 
to  the  correction  planes: 
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i.e. 

(w)  -  [AMU), 

where  [A]  is  a  square  matrix  of  coefficients  as  defined  above.  Inverting 
lAJ  gives 

(U)  -  [A]-‘(w). 
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Once  the  effective  unbalance  vector  U  has  been  determined,  the 
placement  in  the  correction  planes  of  n  weights  equal  in  magnitude  but 
opposite  in  sense  to  {U}  has  the  effect  of  canceling  the  original  unbal¬ 
ance  of  the  rotor. 

Verification  of  the  Influence  Coefficient  Method 

In  1934,  the  application  of  an  influence  coefficient  method  was 
described  by  Thearle  [31]  with  reference  to  the  balancing  of  a  two- 
rotor,  three-bearing  turbine  generator.  Between  1940  and  1955,  Groe- 
bel  [32]  used  practical  influence  coefficient  methods  to  balance  large 
generator  rotors  mode  by  mode.  Den  Hartog  [33]  has  commented  cn 
the  influence  coefficient  principle  (for  two-plane  correction)  in  his 
book.  It  appears  that  influence  coefficient  methods  were  used  effec¬ 
tively  for  several  decades  before  development  of  the  computer. 

An  analytical  study  of  the  effectiveness  of  influence  coefficient 
balancing  was  made  by  Rieger  [34],  who  examined  three  practical 
rotor-bearing  systems:  (a)  rigid  rotor  in  gas  bearings,  (b)  a  supercritical, 
flexible,  three-disk  overhung  rotor  in  fluid-film  bearings,  and  (c)  a 
supercritical,  flexible  rotor  with  one  disk  overhung  in  three  fluid-film 
bearings.  Rieger  studied  the  effect  of  measurement  errors  and  of 
correction- weight  installation  errors  on  the  resulting  balance,  as  well  as 
the  relative  balance  improvement  obtained  with  two,  three,  and  four 
correction  planus.  The  number  of  bearing  supports  involved  was  shown 
to  exert  no  direct  influence  on  the  quality  of  balance  attainable.  Bear¬ 
ing  misalignment  may  affect  the  critical  speed  location  and  shaft  bend¬ 
ing  stresses,  but  it  has  no  effect  on  the  quality  of  balance  attained 
unless  the  whirl  ellipses  are  excessively  elongated  or  the  ellipse  axes  are 
oriented  at  different  angles  by  the  misalignment. 

The  effectiveness  of  the  influence  coefficient  method  was 
evaluated  by  Tessarzik  et  al.  [35]  with  a  flexible  three-disk  rotor  operat¬ 
ing  through  its  lowest  bending  critical  speed.  Tessarzik  calculated  the 
balance  weights  by  a  computerized  influence  coefficient  procedure. 
The  flexible  rotor-bearing  system  used  was  designed  to  contribute 
negligible  damping  to  the  rotor  whirl  mode  at  the  bending  critical 
speed.  Under  such  circumstances,  large  resonant  amplitudes  could  be 
expected  unless  the  balancing  procedure  was  effective.  After  the  bal¬ 
ance  corrections  were  made,  maximum  peak-to-peak  critical  whirl 
amplitudes  of  1.6  x  10~3  in.  were  measured.  Tessarzik  and  Badgley 
[36]  also  developed  a  least-squares  influence  coefficient  procedure 
along  the  lines  proposed  by  Goodman  [37]  to  obtain  a  best-fit  balance 
for  a  rotor  operating  over  a  speed  range  containing  several  critical 
speeds. 
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Other  experimental  studies  using  a  least-squares  approach, 
djscribed  by  Lund  and  Tonnesen  [38],  further  verified  the  effective¬ 
ness  of  this  method.  Another  interesting  least-squares  development 
has  been  reported  by  Little  [39],  who  used  a  linear  programming  tech¬ 
nique  to  optimize  the  balance  of  rotors  operating  through  several  bend¬ 
ing  critical  speeds.  Baler  and  Mack  [40]  describe  the  balancing  of  long 
helicopter  drive  shafts  through  six  critical  speeds,  to  speeds  beyc  .d 
7000  rpm.  They  report  having  achieved  smooth  shaft  operation  by 
developing  their  own  influence  coefficient  balancing,  after  having  tried 
modal  methods  and  other  flexible-rotor  balancing  techniques. 

The  influence  coefficient  method  has  the  advantage  of  simplicity 
in  application  and  is  readily  adapted  to  computer-aided  balancing. 
These  features  make  it  suitable  for  balancing  a  wide  range  of  complex 
turbomachinery  (helicopter  shafts,  multispool  aircraft  engines,  ultracen¬ 
trifuges,  etc.)  and  for  computerized  unbalance  weight  calculations.  Its 
effectiveness  is  not  influenced  by  the  presence  of  damping  in  the  sys¬ 
tem,  or  by  vibratory  motions  of  the  locations  at  which  readings  are 
taken.  Initially  bent  rotors  can  be  balanced  as  readily  as  straight  rotors, 
and  no  assumptions  concerning  perfect  balancing  conditions  are 
involved  to  detract  from  the  quality  of  balance  attained.  It  shares  cer¬ 
tain  disadvantages  with  the  other  balancing  methods:  the  number  of 
readings  required  to  acquire  the  input  data  can  become  large,  and  must 
be  minimized.  The  accuracy  with  which  these  amplitude  and  phase 
readings  must  be  made  requires  care  in  the  data-taking.  This  has  been 
simplified  by  recent  equipment  developments.  Existing  computer  pro¬ 
grams  for  this  method  assume  circular  whirl  orbits.  Where  elliptical 
orbits  occur  (e.g.,  from  certain  fluid-film  bearing  conditions  or  from 
some  dissimilar  pedestal  stiffness  condition),  the  dissimilar  amplitudes 
can  be  averaged  to  achieve  an  average  balance,  or  a  technique  similar  to 
that  proposed  by  Parkinson  [11]  can  be  used.  Changes  in  bearing 
operating  eccentrioity  induced  by  load  changes  will  not  affect  the  bal¬ 
ance  of  the  rotor  or  its  operation  unless  the  mode  shape  is  substantially 
changed.  Such  effects  are  independent  of  the  method,  as  are  the 
effects  of  drive  torque  fluctuations,  bearing  stiffness  changes,  system 
nonlinear  influences,  and  parametric  resonances. 

The  major  experiments  that  have  been  conducted  on  the  influence 
coefficient  method  are  described  in  Chapter  7. 

Least-Squares  Optimisation  of  Correction  Weights 

Goodman  [37]  developed  a  theoretical  balancing  procedure  that 
uses  a  least-squares  technique  to  minimize  the  rms  residual  whirl 
amplitudes  at  selected  locations  along  the  rotor.  This  procedure  allows 
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optimum  balance  corrections  to  be  obtained.  The  least-squares  pro¬ 
cedure  can  also  be  used  as  a  data-conditioning  tool  where  large 
numbers  of  readings  are  utilized  (time-monitoring)  or  a  rectangular 
matrix  array  must  be  adapted  before  being  inverted  in  the  influence- 
coefficient  program. 

Consider  a  rotor  that  has  q  correction  planes  and  on  which  m 
vibration  readings  (m  >  q)  have  been  obtained  for  K  different  speed 
conditions,  at  /  different  locations;  then  m  -  H.  The  least-squares 
balancing  procedure  finds  the  optimum  size  and  angular  orientation  of 
the  required  q  balance  weights  by  minimizing  the  sum  of  the  squares  of 
the  m  vibration  readings.  The  initial  unbalance  data  w0  and  the  trial 
weight  unbalance  data  wt  at  the  m  measuring  locations  are  first 
obtained.  Influence  coefficients  %  are  then  calculated  by  the  pro¬ 
cedure  described  previously.  However,  the  previous  case  is  for  m  -  q, 
in  which  the  required  values  of  the  correction  weights  were  computed 
directly  by  matrix  inversion.  This  reduces  the  whirl  amplitudes  to  zero 
at  q  locations  at  the  selected  speeds  and  generally  reduces  the  ampli¬ 
tude  whirl  rotor  throughout  the  speed  range  (see  Fig.  6.29).  At  speeds 
other  than  the  balancing  speeds,  a  small  residual  unbalance  e,  remains 
such  that  at  the  r  th  location  and  speed 

90 

-  K  +  -  »Vo  +  a,\U\  +  •••  +  a„U,  -  w,o  +  £  an  £/,. 

J"1 


Fig.  6,29,  Typical  result  of  influence  coefficient  balance  at 
correction  plane:  correction  of  the  first  and  second  modes  and 
overall  decrease  In  rotor  whirl  amplitude 


The  response  amplitudes  wtf  and  wmo,  the  influence  coefficients  arl, 
and  the  unbalances  U,  are  complex  quantities.  Dividing  this  expression 
into  its  real  and  imaginary  components  gives 
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H>;r-  <0  +  ar\U{  -  a^Ul  + 


-  <0  +  £  U£U'  -  ai'Uj) 

It- 1 


<•  -  w,jo  +  a}\U\  +  af\U{  +  ••  •  -  w,o  +  £  (a,1,!/,1  +  a’,U,T). 

Let 

5- £<w,,)2- £[(^)2  +  (h^)2i. 

f  “J 

The  objective  is  now  to  select  the  balance  weights  Wr  -  Wf  +  IW}  so 
that  5  is  a  minimum.  This  requires  that 

95  JS_ _  95  _  95  _  0 

BW[  “  9^1  BWi,  "  BWl  “ 

This  leads  to  IN  linear  equations  of  the  form 

l{a/3  »L+2(ar',U,'-a!sU}) 

r  1 


+  a«  >4i  + 


The  unknowns  in  these  equations  are  the  components  of  the  balance 
weights  UJ  and  Uj  required  to  minimize  the  rotor  response.  These 
terms  can  be  found  Using  standard  equation-solving  routines  when  the 
above  procedure  is  programmed. 

Goodman  [37]  has  described  the  first  iteration  that  is  performed 
with  this  procedure,  followed  by  a  weighted  least-squares  procedure  to 
be  applied  in  several  successive  iterations.  This  will  minimize  the  resi¬ 
dual  unbalance  remaining  aftur  each  iteration  until  a  satisfactory  final 
balance  is  achieved.  The  final  set  of  balance  weights  and  orientations 
can  be  obtained  automatically  by  continuing  the  iterations  until  a 


I  (aj,U‘ +  aj,Uj)  -0. 
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prespecified  balance  criterion  is  achieved.  See  Refs.  41  through  44  for 
more  on  computerized  balancing. 

Linear  Programming  Optimization  of  Influence  Coefficient  Method 

The  influence  coefficient  method  involves  the  solution  of  the 
matrix  equation 

{w}  -  [A]{U),  (6.1) 

where  (w)  is  a  column  vector  of  observed  displacements,  [A]  is  the 
matrix  of  influence  coefficients  and  (U)  is  an  unknown  column  vector 
of  the  effective  rotor  unbalance  related  to  the  corrections  planes,  to  be 
determined  from  trial-weight  tests.  Little  and  Pilkey  [45]  have  sought 
an  optimum  solution  to  this  problem  through  the  use  of  linear  pro¬ 
gramming  techniques,  as  follows.  Let  it  be  required  to  minimize  the 
above  matrix  expression,  and  to  determine  values  for  the  unbalance 
column  vector  (U)  -  {Ui,Uj,  . . . ,  U„)r  ( T  ■  transpose)  subject  to  this 
minimum  condition.  Suppose  the  number  of  observations  is  less  than 
the  number  of  unbalances  wa  sought  (i.e.,  m  <  ?);  then  Eq.  (6.1) 
becomes  a  system  constraint,  which  is  expressed  as 


ws-[C]{U}.  (6.2) 

Equation  6.2  is  called  the  system  constraint  equation,  It  represents  the 
response  of  the  rotor  at  a  particular  speed  and  axial  location,  where  C  is 
a  row  vector  representing  suitable  combinations  of  Influence  coeffi¬ 
cients.  Equation  (6.2)  can  be  taken  to  represent  what  in  linear  termi¬ 
nology  is  known  as  the  objective  junction.  If  ws  is  chosen  at  a  particular 
axial  location— such  as  at  a  bearing,  where  large  deflections  would  pro¬ 
duce  large  forces— or  at  a  particular  speed— for  example,  at  a  high 
speed  that  cannot  be  successfully  negotiated  with  the  unt  dance 
rotor— then  maximization  of  ws  leads  to  the  identification  and  subse¬ 
quent  removal  of  a  potentially  troublesome  unbalance  distribution 
related  to  that  particular  mode. 

The  size  of  the  unbalance  moments  in  this  procedure  is  controlled 
through  constraints  of  the  type 

UPL  «  Up  «  U“,  p-  1,2 . «,  (6.3) 

where  £//■,  Ujf  are  lower  and  upper  bounds  chosen  for  the  parameter 
Ur  In  terms  of  linear  programming,  this  inequality  constraint  is  con¬ 
verted  to  the  equality  form  of  Eq,  (6.2),  which  is  thereby  Increased  in 
its  permissible  size.  In  practice,  with  most  major  linear  programming 
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software  systems  this  conversion  is  fully  automatic  and  is  simple  to 
apply  in  practice  with  standard  routines. 

In  applying  a  linear  programming  formulation  to  a  rotor,  the  vec¬ 
tors  (U),  (w)  are  considered  to  contain  the  components  of  the  unbal¬ 
ance  moments  and  observed  deflections.  If  there  are  q  correction 
planes,  and  m  observations,  (U)  and  (w)  are  2 q~  and  2m -dimensional 
column  vectors  and  (A]  is  2 q  x  2 n.  Since  the  unbalance  moment  com¬ 
ponents  may  be  negative,  a  change  in  variables  is  required  to  satisfy  Eq. 
(6.2).  This  adjustment  is  accommodated  automatically  in  most  major 
linear  programming  systems. 

For  a  given  rotor  in  supports,  the  influence  coefficients  au  can  be 
obtained  either  experimentally  or  theoretically.  If  the  objective  func¬ 
tion  is  taken  at  a  speed  or  location  that  cannot  be  dealt  with  experimen¬ 
tally,  then  it  is  necessary  to  compute  the  influence  coefficients  for  the 
objective  function  theoretically.  This  is  normally  done  with  a  rotor- 
response  computer  program.  Where  possible  it  is  also  desirable  to  ver¬ 
ify  the  accuracy  of  the  rotor-system  model  at  speeds  that  can  be 
observed  experimentally. 

The  linear  programming  formulation  requires  the  maximization  of 
the  objective  function,  Eq.  (6.2).  It  is  also  desirable  to  maximize  the 
response  amplitude  ws  at  a  given  speed  and  location,  given  by 

I  h>sI  -  (W,  +  (6.3) 

In  this  form  |ws|  is  a  linear  but  inconvenient  function  of  the  response 
components  and  therefore  of  the  unbalance  components.  The  use  of 
Eq.  (6.3)  as  an  objective  function  requires  that  the  problem  be  under¬ 
taken  in  a  quadratic  programming  form.  This  is  not  as  desirable  as 
linear  programming  from  the  standpoint  of  available  computer  software. 
However,  it  is  also  possible  to  maximize  the  linear  combination 
Iw'sx  +  B'sJ  1,115  *  ttnd  y  componcnl.3  of  the  objective-function 
response.  It  should  be  noted  that  the  set  of  unbalance  components 
thus  identified  might  not,  in  uU  cases,  correspond  to  the  set  that  pro¬ 
duces  the  maximum  objective-function  response,  although  the 
corresponding  response  should  be  large.  Thus,  instead  of  identifying 
the  unbalance  that  satisfies  all  observations  and  is  potentially  most 
harmful  to  objective-function  response,  one  obtains  an  unbalance  distri¬ 
bution  that  is  simply  potentially  large.  This  formulation,  which  max¬ 
imizes  the  linear  combination  of  the  objective-function  response  com¬ 
ponents  instead  of  the  actual  magnitude  of  the  response,  produces 
excellent  results  while  allowing  for  a  linear  programming  solution. 
Using  linear  and  quadratic  programming,  Little  and  Pllkcy  145]  have 
computed  several  sets  of  unbalance  moments  with  virtually  identical 
results. 
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As  an  example,  consider  the  rotor  system  shown  in  Fig.  6,30.  The 
rotor  consists  of  an  aluminum  shaft  180  in.  long,  3.0  in.  in  diameter, 
and  with  a  maximum  speed  of  6000  rpm.  It  operates  in  damped  flexi¬ 
ble  bearings  both  with  identical  isotropic  stiffnesses  K  «■  5000  lb/in., 
and  with  damping  B  —  3.0  lb  s/in.  The  mode  shapes  at  the  three  critical 
speeds  within  the  operating  range  are  shown  in  Fig.  6,31.  Details  of  the 
assumed  initial  unbalance  distribution  are  given  in  Table  6,3. 


k  »  5000  Ib/ln.  1875  kN/m)  l„  «  0,728  lb  In,1  (212.41  kg  mmJl  tor  1  ind  25 

o  -  3.0  lb-*/ In,  (0.625  kN-*/ml  1,453  lb  ln,!  (425.11  kg  mmJl  for  2  through  24 

E- 10.4x10*  p.l  (72.8  GN/m’l 

I  -  0.08  In,4  (39.98  om4l  DISK  MASS  -  0.346  lb  (0.158  kg!  lor  1  and  25 

0.090  lb  (0,313  kg)  for  2  through  24 

Fig.  6.30,  Model  of  uniform  shaft  on  two  end  supports. 

From  Little  and  Pilkey  (45] .  Used  by  permission. 


I  3  5  7  9  11  13  15  17  IV  7]  73  75 
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Fig.  6.31,  Critical  speeds  and  mode  shapes  for  Little  and 
Pilkey  rotor  (45).  Used  by  permission. 
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Table  6.3,  Arbitrary  initial  unbalance 
distribution  for  rotor  in  Fig.  6.30* 


Rotor  ^-Component  ^Component 


station 

oz-in, 

mN  m 

oz-ln. 

mN  m 

1 

0.56 

4.0 

0.74 

5.2 

2 

0.84 

5,9 

0.37 

2.6 

3 

0.47 

3.3 

0,74 

5.2 

4 

0.74 

5.2 

0.46 

3.3 

5 

-0.20 

-1.4 

0,28 

2.0 

6 

0.46 

3.3 

-0,59 

-4.2 

7 

0.37 

2,6 

-0.44 

-3.1 

8 

-0.58 

-4,1 

-0.25 

-1.8 

9 

-0.14 

-0,99 

0.50 

3.5 

10 

0.58 

4.1 

0.26 

1.8 

11 

0.24 

1.7 

0,46 

3.3 

12 

-0,42 

-3.0 

-0,29 

-2.1 

13 

0.46 

3.3 

-0.44 

-3.1 

14 

0.10 

0.8 

-0.29 

-2,1 

15 

0.68 

4.8 

0,27 

1.9 

16 

0.27 

1.9 

0,41 

2,9 

17 

0.66 

4.7 

—0.52 

-3.7 

18 

-0.23 

-1.6 

0.36 

2,5 

19 

-0,52 

-3.7 

0,09 

0.6 

20 

0.49 

3.5 

0,31 

2.2 

21 

0.42 

3.0 

-0,77 

-5,4 

22 

-0.18 

-1.3 

0,69 

4,9 

23 

-0.36 

-2.5 

-0.96 

-6.8 

24 

0.18 

1.3 

0,25 

1,8 

25 

-0.30 

-2.1 

-0.50 

-3.5 

*A'''er  Little  and  Pilkey  [451 


Modal  response  curves  corresponding  to  the  initial  unbalance  con¬ 
dition  are  shown  in  Fig,  6.32;  examples  of  rotor  amplitude  response 
curves  are  given  in  Fig.  6,33.  Eight  balance  planes  were  chosen  along 
the  length  of  the  rotor,  Data  from  seven  sets  of  observations  at 
selected  rotor  stations  and  speeds  were  used  in  conjunction  with  the 
selected  balance  planes.  A  standard  linear  programming  code  was  used 
to  satisfy  this  optimization  problem.  The  results  are  shown  in  Tables 
6.4  and  6,5.  In  each  instance  the  original  response  amplitudes  were 
potentially  high  and  an  amplitude  reduction  of  about  99  percent  was 
achieved  by  linear  programming  optimization  of  the  balance  correction 
vector.  Thus  the  optimization  method  has  been  shown  to  work  satis¬ 
factorily,  and  the  required  number  of  steps  and  balance  planes  required 
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Fig.  6.32.  Response  of  Little  and  Pllkey  rotor  to 
original  unbalance  [451 .  Used  by  permission. 

46  fcSARWO  1,  STATION  1 


Fig.  6.33.  Response  of  rotor  to  unbalance,  belbre  and  after 
correction  [45] .  Used  by  permission. 
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Table  6.4.  Comparison  of  balance  weight  distiibutions  used* 


Rotor 

station 

Linear  programming' 
x-Component  ^-Component 

Direct  inversion' 
x-Component 

^■Component 

oz-in. 

mN  m 

oz-in. 

mN  m 

oz-in. 

mN  m 

oz-in. 

mN  m 

5 

-2.11 

-14.90 

-1.33 

-9.39 

-2.03 

-14.3 

-1.49 

-10.5 

7 

0.24 

1.70 

0.81 

5,7 

0.22 

1.6 

1.04 

7.35 

11 

-1.20 

-8.48 

-1.50 

-10.6 

-2.45 

-17.3 

-3.44 

-24.3 

12 

3.00 

21.2 

2.14 

15.1 

7.23 

51.1 

6.71 

47.4 

13 

-1.93 

-13.6 

-0,87 

-4.7 

-6.32 

-44.6 

-3.79 

-26.8 

16 

-2.89 

-20.4 

-0.31 

-2.2 

— 

— 

— 

— 

19 

3.00 

21.2 

-0.03 

-0.2 

-0.17 

-1.2 

0.46 

3.3 

21 

-2.04 

-14.4 

0,41 

2.9 

-0.19 

-1.3 

-0.04 

-0.3 

‘After  Little  and  Pllkey  [45]  (C  1976,  ASME;  used  by  permission). 
'Seven  observations,  eight  planes. 

'Seven  observations,  seven  planes. 


Table  6.S.  Comparison  of  unbalanced  and  balanced  response  of 
rotor  shown  in  Fig.  6.30* 


Rotor 

station 

Speed 

(rpm) 

Initial  unbalanced 
response 

Balanced 

response 

Percent 

reduction 

(mils) 

(mm) 

(mils) 

(pin) 

13 

mm 

654 

16.4 

5.37 

134 

99.2 

7 

mSm 

109 

2.73 

2.52 

63.0 

97.6 

19 

2400 

91.6 

2.29 

2.28 

57.0 

97.4 

5 

4800 

56.1 

1.40 

1.14 

28.5 

98.0 

11 

4800 

75.5 

1.89 

0.33 

8.3 

99.5 

12 

4800 

82.4 

2.06 

0.56 

14 

99,1 

21 

4800 

52.0 

1,30 

1.08 

27.0 

98.1 

16 

6000 

23.9 

0.598 

0.29 

7.3* 

98.8 

‘From  Little  and  Pllkey  145).  Seven  observations,  eight  planes. 
'Objective  function,  no  observation. 
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to  achieve  this  amplitude  reduction  has  been  demonstrated.  A  compar¬ 
ison  between  the  linear  programming  approach  and  the  influence 
coefficient  method  is  shown  in  Table  6.6.  The  results  obtained  with 
both  methods  are  comparable  through  three  critical  speeds.  At  the  end 
of  the  speed  range  (i.e.,  6000  rpm)  the  linear  programming  amplitude 
is  significantly  smaller  than  the  influence  coefficient  result  for  the 
example  and  procedures  applied. 

Table  6.6.  Comparison  of  rotor  response  obtained  by  different  balanc¬ 
ing  techniques* 


Balanced  response 


Unbalanced  Linear  programmingtDirect  inversion* 
Rotor  Speed  RcsP°nsc  “ 


station 

(rpm) 

mils 

mm 

mils 

mm 

mils 

/xm 

13 

600 

654 

16.4 

5.37 

134 

7 

109 

2.73 

2.52 

63.0 

0.45 

19 

2400 

91.6 

2.29 

2.28 

57.0 

0.16 

4.0 

5 

4800 

56.1 

1.40 

1.14 

28.5 

0.87 

22 

11 

4800 

75.5 

1.89 

0.33 

8.3 

0.72 

18 

12 

4800 

82.4 

2.06 

0.56 

14 

0.58 

14 

21 

4800 

52.0 

1.30 

1.08 

27.0 

0.63 

16 

16 

23.9 

0.598 

0.29" 

7.3 

5.908 

148 

’After  Little  and  Pllkey  [451  (©  1976,  ASME;  used  by  permission).  Rotor  from  Fig. 
6.30. 

’Eight  observations,  seven  planes. 

‘Seven  observations,  seven  planes. 

"No  observation,  objective  function. 

®No  observation,  no  balance  plane. 

'"S 

Difficulties  experienced  by  Little  and  Pilkey  [45]  in  applying  this 
method  are  described  in  their  paper.  A  relatively  la[|d  number  of  bal¬ 
ance  planes  has  been  used  in  the  example,  and  froiitt’a  practical  stand¬ 
point  the  volume  of  data  reduction  and  time  involved  might  not  be 
justified,  except  in  special  applications.  However,  in  emerging  versions 
of  the  influence  coefficient  method  such  data-taking  is  performed 
automatically.  A  comparison  calculation  using,  say,  three  or  four  bal¬ 
ance  planes  to  remove  the  effects  of  two  bending  critical  speeds  (e.g., 
of  the  rotors  analyzed  by  Kendig  [17])  would  provide  an  indication  of 
the  accuracy  of  the  method  under  more  usual  circumstances. 


Discussion  of  the  Influence  Coefficient  Method 

Successful  applications  of  the  influence  coefficient  technique 
appear  to  include  a  wider  range  of  rotating  machinery  types  than  those 
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reported  for  other  flexible-rotor  balancing  methods,  although  there  are 
substantially  fewer  publications  on  influence  coefficient  balancing  than 
on  the  other  methods.  Known  applications  include  a  high-speed 
(24,000  rpm)  pump  simulator;  a  long  helicopter  drive  shaft  (28  ft,  six 
critical  speeds);  Certain  ultracentrifuge  applications;  and  several  small 
steam  turbines  and  small  aircraft  gas-turbine  applications.  Notable 
features  reported  in  these  applications  are  summarized  below. 

Convenience  of  Application.  The  method  is  simple  to  apply  but 
usually  requires  the  acquisition  of  a  large  amount  of  data:  2 N  sets  of 
amplitude  and  phase-angle  data  are  required  for  the  exact-point-speed 
version  of  this  method  and  preferably  several  more  than  2Nsets  for  the 
least-squares  version.  The  data  acquisition  is  fairly  straightforward,  but 
the  amount  of  data  required  may  become  very  large  in  cases  where  the 
operating  speed  range  involves  many  critical  speeds  (e.g.,  helicopter 
drive  shafts).  Some  automated  form  of  data  taking  and  recording  on 
tape  or  minicomputer  is  needed,  preferably  arranged  in  a  form  suitable 
for  direct  use  as  input  for  the  balance  weight  and  angle  calculations  that 
follow.  Such  equipment  is  available,  and  with  such  an  arrangement, 
this  method  provides  a  rapid  and  efficient  balancing  procedure. 

Accuracy  of  Balance  Attainable.  The  factors  that  limit  the 
present  form  of  the  influence  coefficient  method  are  (a)  the  precision 
to  which  measurements  of  amplitude  and  phase  can  be  taken,  (b)  the 
repeatability  of  the  readings  taken  during  a  balance  operation,  and  (c) 
the  assumption  of  a  circular  rotor  whirl  orbit. 

To  remove  the  first  two  shortcomings  involves  the  use  of  a  preci¬ 
sion  electronic  data-sampling  system  capable  of  reading  and  storing 
amplitude  and  phase  data  at  all  readout  locations  simultaneously,  cou¬ 
pled  with  a  programmed  statistical  technique  for  evaluating  the  sampled 
amplitude,  phase,  and  speed  data,  Experience  shows  that  these  input 
data  may  vary  substantially,  even  over  a  short  time  period.  The  varia¬ 
tion  comes  mainly  from  speed  fluctuations,  and  is  especially  serious  in 
the  vicinity  of  a  critical  speed.  With  precise  speed  control  each  reading 
can  be  electronically  sampled  many  times  over  a  fairly  short  time  period 
(1000  revolutions,  1000  readings).  The  statistically  analyzed  results 
may  then  be  used  to  compute  the  required  balance  weights  and  angles 
to  give  a  refined  statistical  balance.  An  indication  of  the  accuracies 
attainable  In  practice  with  present  methods  is  shown  in  the  results  of 
Bishop  et  al.,  Hundal  and  Harker  [46],  and  Church  and  Plunkett  [47], 
The  effect  of  errors  In  measurement  and  in  balance-weight  installation 
on  the  quality  of  balance  obtained  has  been  studied  by  Rieger  [34], 

The  third  shortcoming  mentioned  occurs  when  the  whirl  orbit  is 
elliptical  because  of  the  asymmetrical  stiffness  properties  of  the  bearings 
or  their  supports.  To  date,  no  analytical  balancing  techniques  that 
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account  for  such  elliptical  whirling  have  been  published.  Anisotropic 
rotor  stiffness  effects  on  the  rotor  orbit  can  be  accounted  for  by  split¬ 
ting  the  rotor  unbalance  £/°,  deflections  Wj,  and  influence  coefficients 
atj  into  components  corresponding  to  the  principal  stiffness  directions 
of  the  rotor: 

V?  -  Hf  +  iVf-  wj-Sj  +  ITj 

aikx  “  a J*  +  >P)k\  aJky  "  6jk  +  fojk- 


The  resulting  influence  coefficient  matrix  is  then 
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To  obtain  the  above  expression  requires  that  trial  weights  be  added  in 
both  principal  directions  in  each  of  the  n  balancing  planes.  In  general, 
two  correction  weights  must  be  added  in  each  balancing  plane, 
corresponding  to  the  Hf  and  Vf  unbalances.  It  may  be  possible  In 
some  correction  planes  to  insert  a  single  correction  weight  whose  mag¬ 
nitude  and  angular  orientation  are  determined  by  the  vector  addition  of 
the  //°  and  I'0  unbalance  vectors. 

6.4  Other  Flexible-Rotor  Balancing  Procedures  and  Experiences 

Many  other  methods  for  balancing  flexible  rotors  have  been  pro¬ 
posed,  and  several  are  discussed  in  this  section.  In  general,  the 
methods  described  have  not  received  the  widespread  acceptance 
accorded  the  methods  of  Sections  6.2  and  6.3,  usually  due  to  some  lack 
of  generality  in  the  proposed  approach. 
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Church  and  Plunkett  [47]  applied  the  mobility  method  to  the 
balancing  of  a  simple,  uniform,  flexible  rotor.  This  method  depends  on 
the  known  relationship  between  a  point  force  F  applied  at  location  k  on 
a  uniform  shaft  in  rigid  supports,  and  the  transverse  deflection  of  the 
shaft  at  location  f. 


2 1?  1  sin  (wrrc/Z.)  sin  ( nirz/L ) 
J  dp  nt\  -  w2L2 


where  L  is  shaft  length,  Ap  is  the  mass  per  unit  length,  n  is  the  mode 
number,  c  is  the  location  of  Fkt  and  z  is  the  location  of  rj.  Evidently,  r} 
depends  on  the  location  of  Fk  as  well  as  its  value.  Also,  for  several 
forces  applied  simultaneously, 

fj  ■■  ot[jF\  +  ctijFj  +  otijFj,  etc. 

Letting  each  force  correspond  to  an  unknown  rotating  unbalance  gives  a 
specific  relation  at  each  speed  between  the  whirl  radius  r}  and  the 
effective  distribution  of  unbalance  at  the  measurement  locations. 

The  method  was  tested  experimentally  with  a  long,  uniform,  flexi¬ 
ble  shaft  in  end  ball  bearings  with  critical  speeds  at  500,  2000,  and  4500 
rpm.  Maximum  shaft  speed  was  2000  rpm.  Measurement  locations 
were  at  0.4L  and  0.7 L.  Correction  planes  were  at  0.2L,  0.5L,  and  0.9 L, 
to  balance  first-,  second-,  and  third-mode  effects.  "Mobility"  values 
a  —  r/F  were  calculated  for  the  test  rotor  using  the  above  expression. 
Simultaneous  equations  relating  measured  displacement  to  unknown 
unbalance  were  then  formed; 
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These  expressions  relate  whirl  amplitude  at  locations  J  —  1,  2,  3  to 
unbalance  at  locations  k  -  1,  2,  3.  The  shaft  balancing  procedure  was 
as  follows; 

1.  Shaft  runout  was  measured  at  each  location  j  by  hand  rotation 
in  30°  steps.  Runout  size  and  orientation  were  measured. 

2.  The  shaft  was  then  rotated  at  three  selected  speeds,  in  turn. 
The  whirl  maximum  amplitude  and  its  orientation  were  determined  at 
each  capacitance  displacement  sensor  location. 


FLEXIBLE-ROTOR  BALANCING 


393 


i 


Since  considerable  difficulty  was  experienced  in  confirming  the  a- 
mobility  values,  the  shaft  was  shaken  with  a  vibrator.  The  critical 
speeds  were  measured  at  530,  2000,  and  4180  rpm.  Resonant  frequen¬ 
cies  were  about  15  percent  below  calculated  values.  Nodes  did  not 
occur  precisely  at  the  ideal  locations  (e.g.,  second  mode  0.49L,  third 
mode  0.353L,  and  0.676 L).  The  effective  unbalance  at  each  measure¬ 
ment  location  was  calculated,  and  correction  masses  were  added  to  bal¬ 
ance  the  shaft.  The  shaft  was  tested  through  the  speed  range  after 
balancing.  It  continued  to  show  amplitudes  on  the  order  of  60  x  10~* 
in.  at  the  first  and  second  critical  speeds.  Church  and  Plunkett  con¬ 
cluded  that  the  method  represented  a  practical  procedure  for  flexible 
rotors  and  that  it  is  not  feasible  to  balance  a  shaft  for  operation  at  high 
speeds  when  the  data  taking  must  be  performed  near  the  required 
operating  speeds.  Recent  practice  has  now  overcome  this  restriction, 
using  other  methods. 

The  procedure  described  is  an  influence  coefficient  method  that  is 
without  the  trial-weight  steps,  which  has  been  optimized  using  modal 
concepts.  Such  a  procedure  should  be  very  efficient,  but  the  test  re¬ 
sults  showed  that  excessive  amplitudes  remained.  Since  other  studies 
have  shown  that  the  influence  coefficient  method  is  workable,  the 
problem  appears  to  reside  in  the  influence  (mobility)  coefficients  them¬ 
selves.  With  small  very  flexible  rotors,  high-precision  measurement  is 
essential  and  very  precise  speed  control  is  needed.  The  control  over 
these  factors  may  have  been  insufficient  in  the  test  described  [47]. 
Similar  problems  were  reported  by  Voorhees  et  al.  [48]  in  model  tests 
on  long,  flexible,  helicopter  drive  shafts.  The  substitution  of  calcula¬ 
tion  procedures  for  teats  to  determine  the  influence  coefficients  is  po¬ 
tentially  a  time-saving  alternative,  but  it  remains  to  be  seen  whether 
calculation  can  give  sufficiently  accurate  influence  coefficients  in  prac¬ 
tice. 

Hundal  and  Harker  [46]  developed  a  modal  procedure  for  balanc¬ 
ing  flexible  rotors  having  an  arbitrary  distribution  of  mass  and  stiffness 
along  their  length,  with  or  without  lumped  masses,  and  without  rotor 
damping  or  gyroscopic  effects.  The  unbalance  distribution  is  not  known 
initially  and  is  also  assumed  to  be  arbitrary.  The  unbalance  "function" 
is  determined  by  calculating  a  limited  number  of  natural  frequencies 
and  normal  modes,  which  are  subsequently  calibrated  using  measured 
dynamic  amplitudes  at  selected  axial  locations,  at  suitable  speeds. 
Much  of  the  work  described  is  similar  to  the  analysis  of  Oladwell  and 


Bishop  [4],  of  which  these  authors  appear  to  have  been  unaware.  Hun¬ 
dal  and  Harker  begin  with  the  basic  dynamic  equation  of  shaft  dynam¬ 
ic  l£/(z)  ■“r|-"2'"(*)r, 
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where  the  symbols  have  their  previous  meaning.  Rigid  bearings  are 
next  assumed,  and  a  solution  is  sought  for  the  boundary  conditions 

r (0)  —  r"(0)  ">  r(L)  —  r"(L)  —  0. 

The  expression  for  the  complex  unbalance  whirl  radius  r(z)  -  x(z)  + 
ly(z)  is  again  used  to  specify  the  shaft  whirl  radius  in  terms  of  modal 
coefficients  7)(z)  and  shaft  Characteristic  functions  <A;(z): 

r(z)  -  £  K,(z)^(z). 

J~  i 

The  transfer  matrix  approach  is  next  introduced  as  a  procedure  for  cou¬ 
pling  the  critical  frequencies  and  characteristic  functions  (modal 
equations)  of  the  rotor: 

U,}  -  (T^IU,), 

where 

U,)r  -  iv  rp,  r“,r“'} 

and  (fy),  UJ  are  state  vectors  of  the  transfer  matrix  (  /’„],  which  can 
be  solved  for  critical  frequencies  «>  and  mode  shapes  ^(z)  of  the  rotor 
in  the  usual  manner  (see  Ref.  49). 

To  define  the  rotor  balance  conditions,  the  rotor  eccentricity  is 
expressed  as  a  modal  series: 

DO 

fl(z)  -  £  aj  <^j(z), 

j- 1 


and  the  orthogonality  relations 


m(z)  tftjiz)  $k(z)  dz 


0  (J*  k) 

Mj  U  -  k) 


and 


El(z)  (jtjiz)  ( bk{,z)  dz 


0  {J*  k) 

Kj  ( J  -  k) 


are  used  to  define  the  generalized  mass  Mt  and  the  generalized  stiff¬ 
ness  Ki . 
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The  coefficients  in  the  rotor  amplitude  equation  are  then  obtained 
by  writing 

J*0  m(z)  r(z)  4>j{z)  dz  -  m(z)  $}(z)  dz  -  tyMj 

or  L 

d> j (z)  -  ~  JQ  m(z)  r(z)  <t>j(z)  dz , 

where  M corresponds  to  Zj  in  the  modal  analysis  of  Bishop  and 
Gladwell  14].  The  principle  of  virtual  work  is  then  used  to  find  that  the 
7  th  modal  amplitude  is  given  by 

fj  (•)  -  -r* — j-  aj(z). 

Consideration  is  then  given  to  expressing  the  modal  components  of  any 
concentrated  unbalance  (eccentric  disk,  correction  mass)  as  a  modal 
series.  A  concentrated  correction  P  at  z  -  c  is  thereby  expressed  as 

p  «  V  Pm('c)  ^(<?) 


Hundal  and  Harker  [46]  state  that,  in  order  for  the  rotor  to  be  balanced 
in  the  7th  mode,  the  7th  component  of  the  unbalance  must  vanish. 
Writing  the  unbalance  as 

m(z)  r(z)  -  m(z)  aj  $;(*) 

J- 1 

means  that,  for  a  rotor  with  inherent  unbalance,  a  correction  P  must  be 
located  at  a  point  z  -  c  such  that 

dj  4>jU)  +  bj  <^y(z)  *■  0; 

that  is,  0)  -  -bj,  Substituting  allows  the  balance  equation  for  the  7th 
mode  to  be  written  as 

P  m(c)  <ftj(c)  -  -- J*Q  m*(z)  a(z)  <f>j(z)  dz  -  -  aj. 

This  determines  that  a  single  correction  P  applied  at  any  point  along 
the  rotor  other  than  at  a  node  will  cancel  the  component  of  distributed 
unbalance  associated  with  any  selected  normal  mode.  The  optimum 
location  of  the  correction  plane  Is  such  that  the  least  amount  of  correc¬ 
tion  is  required.  This  requires  that  m(c)  4>j(c)  be  maximum  in  the 
above  expression  (that  is,  at  a  local  maximum  In  the  characteristic 
function  for  the  mode), 
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Balancing  may  be  undertaken  in  several  modes  simultaneously. 
The  component  of  unbalance  in  the  J  th  mode  is 

and  therefore,  for  the  rotor  to  be  balanced  in  the  Jtti  mode  as  a  result 
of  the  combined  effect  of  corrections  Pk  (k  —  1,  2,  the  sum  of 

the  balance  equations  should  vanish,  or 

h  m(ck)  +  ■—  aj  4>j(z)  -  0 

and 

T  Pk  m(ck)  <t»j(ck)  -  -  aj . 

Therefore,  selecting  the  number  of  modes  k  to  be  balanced  and  assign¬ 
ing  values  results  in  a  set  of  simultaneous  equations  of  the  form 

-  -  (fly), 

which  can  be  developed  and  solved  for  the  required  values  of  the  Pj. 

Hundal  and  Harker  specify  the  following  rotor- balancing  pro¬ 
cedure: 

1 ,  Determine  the  required  critical  speeds  and  modbs  of  the  rotor. 

2,  Measure  dynamic  deflections  at  speed  close  to  each  critical 
speed. 

3,  Determine  each  modal  unbalance  fly(z), 

4,  Evaluate  the  Integrals  for  Mj  and  ^;(z). 

5,  Select  the  most  suitable  correction  planes  z*. 

6,  Calculate  the  required  modal  coefficients  at  the  correction 
planes. 

7,  Formulate  the  simultaneous  equations  required  to  balance  the 
rotor  and  solve  for  the  required  corrections  Pj . 

Note  that  the  determinant  must  not  vanish.  Also,  the  number  of 
correction  planes  must  equal  the  number  of  modes  to  be  balanced. 
Numerically,  a  well-defined  solution  for  P  will  exist  when  the  elements 
on  the  main  diagonal  of  the  matrix  are  the  dominant  elements  of  the 
matrix.  This  emphasizes  that  the  balancing  planes  should  be  located 
(a)  at  the  maxima  of  the  successive  mode  shapes,  and  (b)  at  the  max¬ 
ima  of  the  mass-distribution  curve  of  the  rotor. 

Hundal  and  Harker  [46]  conducted  experiments  on  a  model  rotor 
of  general  shape  to  verify  the  above  analysis.  The  first  three  natural 
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frequencies  were  computed  by  the  mitrix  method  and  confirmed  by  a 
vibration  test.  The  dynamic  response  of  the  rotor  was  measured  by 
sweeping  the  length  of  the  rotor  at  given  speeds  with  a  special  ampli¬ 
tude  transducer  head.  Balancing  was  canted  out  in  the  first  and  second 
modes,  and  a  4:1  reduction  In  amplitude  was  obtained.  An  important 
observation  made  by  the  authors  is  that  no  trial  weights  are  required. 
Their  subsequent  comment  that  successive  approximations  are  needed 
does  not  appear  valid  (as  far  as  the  balanoe  obtained  is  concerned), 
though  it  may  be  correct  in  the  sense  that  a  closed-form  exact  solution 
can  be  achieved  without  iteration, 

This  method  closely  resembles  the  Bishop  and  Gladwell  method  in 
its  analytical  approach  and  in  the  final  balance  equations.  The  balancing 
experiment,  though  simple,  demonstrates  the  effectiveness  of  the 
modal  balancing  method  using  a  computer  approach. 

Findlay  (301  made  a  useful  review  of  the  modal  balancing  method 
with  special  reference  to  the  analysis  and  experimenta  of  Hundal  and 
Harker  [46].  Findlay  first  reviewed  the  modal  approach  and  its  assump¬ 
tions,  and  than  discussed  the  practical  limitations  of  modal  methods.  It 
is  noted  that  the  rotor  must  bo  run  close  to  each  normal  mode  when 
obtaining  modal  data  in  order  to  achieve  the  accuracy  required  for 
effective  balancing  calculations.  Also,  in  practice,  residual  unbalance 
makes  mode-by-mode  balancing  essential  in  almost  every  case.  Several 
questions  are  left  unanswered  by  Hundal  and  Harker.  How  should  the 
balance  planes  be  selected?  Which  combination  of  correction  weights 
and  angles  will  optimise  the  balanoe?  How  to  deal  with  the  problem  of 
two  critical  speeds  dose  together?  Details  of  the  number  of  balance 
runs  and  measurementa  required  to  obtain  suitable  balance  data  were 
omitted.  Findlay  has  not  commented  on  questions  of  satisfying  the 
orthogonality  conditions  for  a  rotor  in  flexible  damped  (real)  bearings, 
though  this  is  covered  by  implication  in  the  Hundal-Harker  analysis. 
He  commented  in  general  terms  on  several  other  balancing  procedures, 
such  as  the  Influence  coefficient  method,  and  briefly  compared  these 
with  the  modal  balancing  method.  Findlay's  conclusion  was  that  pure 
modal  balancing  is  not  a  generally  applicable  balancing  technique 
because  of  serious  practical  difficulties  involved  in  Requiring  useful 
rotor  response  data  and  because  the  method  described  relies  on  calcu¬ 
lated  normal  modes  and  frequencies,  Subsequent  experience  has 
demonstrated  that,  while  these  comments  may  perhaps  apply  to  "pure* 
modal  balancing,  such  methods  as  modal  averaging  have  indeed  proved 
effective  in  practice. 

Den  Hartog  [331  discussed  the  requirements  for  shaft  balancing 
and  reduced  his  results  to  the  following  theorem: 
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A  rotor  consisting  of  a  straight  weightless  shaft  with  N  concentrated 
masses  along  Its  length,,  supported  In  B  bearings  along  Its  length,  and  having 
an  arbitrary  unbalance  distribution  along  the  shaft  but  not  restricted  to  the 
locations  of  the  concentrated  masses  can  be  perjkctfy  balance at  all  speeds 
by  placing  appropriate  small  correction  masses  In  (N  -  B)  different  planes 
along  the  length  of  the  shaft • 

By  perfect  balance  Den  Hartog  means  that,  The  bearings  have  no 
motion  at  rotational  frequency,  and  feel  no  force  at  rotational  fre¬ 
quency."  He  claims  that  nearly  perfect  balances  can  be  obtained  at  all 
speeds  by  balancing  in  N  -  B  planes,  where  N  now  means  the  number 
of  rigid-bearing  rotor  critical  speeds  in  the  range  from  zero  to  four 
times  the  maximum  service  speed  of  the  machine.  The  objective  of  the 
balancing  process  is  to  achieve  the  following  conditions: 

1 .  Cause  the  shaft  deflection  to  be  zero  at  all  concentrated  masses 
and  at  all  intermediate  bearings;  these  conditions  can  be  expressed  as 
(N  -  B  -  2)  equations. 

2.  Cause  the  sum  of  all  centrifugal  forces  acting  on  the  shaft  to  be 
zero  (one  equation). 

3.  Cause  the  sum  of  all  the  moments  of  the  centrifugal  forces  to 
be  zero  about  some  Axed  point  (ono  equation). 

When  this  is  achieved,  the  deflection  at  the  disks  is  zero  and  their  cen¬ 
trifugal  forces  are  zero,  and  the  only  remaining  forces  are  due  to  small 
unbalances  and  the  correction  masses  themselves.  Since  the  rotor  then 
has  no  significant  centrifugal  force,  no  force  is  transmitted  to  any  bear¬ 
ing.  Whether  the  bearings  are  rigid  or  flexible  then  becomes  irrelevant 
because  no  force  is  transmitted.  The  basic  requirement  is  to  force 
nodes  to  occur  at  the  disks  and  at  the  bearings.  The  above  is  expressed 
by  the  balance  equations 

£  mkaK  -  0  (one  equation), 

£  if, mk ak  «*  0  (one  equation), 

£  akmkak  -  0  ((W  -  B  -  2)  equations). 

Den  Hartog  next  demonstrates  this  procedure  with  four  numerical 
examples:  (a)  uniform  shaft  in  two  rigid  end  bearings,  (b)  three-span 
shaft  in  rigid  bearings,  (c)  two-span  rotor  in  rigid  bearings,  and  (d) 
two-span  rotor  with  midspan  hinge.  These  examples  are  all  for  uniform 
beam  rotors  for  which  the  influence  coefficients  are  easily  obtained;  the 
rotors  are  mounted  in  rigid  bearings.  The  requirement  that  all  rigid- 
bearing  whirl  modes  should  lie  within  the  range  of  four  times  the 
operating  speed  is  based  on  practical  considerations. 
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For  practical  purposes  the  procedure  for  Den  Hartog’s  method  is 
as  follows: 

1.  Determine  the  required  number  of  correction  planes  based  on 
the  rules  given  above. 

2.  Select  suitable  locations  for  the  correction  planes. 

3.  Determine  the  influence  functions  for  the  proposed  correction 
planes.  The  rotor  is  to  be  tested  for  these  functions  throughout  the 
operating  speed  range,  using  the  trial-weight  method.  At  each  balance 
speed,  an  influence  function  is  required  for  each  correction  plane  with  a 
trial  weight  in  the  other  correction  planes. 

4.  Set  up  the  required  ( N  -  B )  balance  equations. 

5.  Solve  the  balance  equations  for  the  required  correction  masses. 

Theory  and  examples  are  given  to  demonstrate  this  method,  which  is 
quite  general  in  application.  The  balance  conditions  are  vector  equa¬ 
tions  in  the  general  case.  The  method  appears  to  prescribe  reasonable 
balance  conditions  and  gives  clear  guidelines  for  required  correction 
planes  and  balance  speeds,  In  general,  the  requirement  to  run  through 
the  speed  range  to  determine  the  influence  functions  would  seldom  be 
possible  initially:  a  mode-by-mode  procedure  would  be  required  until 
an  approximate  balance  was  achieved.  Then  the  full-speed-range  bal¬ 
ance  could  be  undertaken,  checked,  and  repeated  where  necessary. 
This  procedure  should  give  excellent  results. 

Tang  and  Trumpler  [51]  described  a  balancing  procedure  for  rotors 
with  shrunk-on  disks  in  which  the  angular  orientation  of  the  disks  on 
the  shaft  would  be  arranged  to  reduce  or  eliminate  the  rotor  residual 
unbalance  effect.  A  "disk  sensitivity"  criterion  Is  described  for  deter¬ 
mining  which  disk  locations  would  exert  the  greatest  balancing  effect  on 
rotor  performance.  The  bearing  transmitted  force  is  used  to  assess  the 
quality  of  balance  attained,  and,  as  described  previously,  this  involves 
rigid-rotor  equilibrium  and  modal  equilibrium  considerations.  A  nu¬ 
merical  example  of  the  proposed  procedure  is  presented.  Calibrated  ro¬ 
tor  mode  shapes,  obtained  both  before  and  after  balancing  by  the  disk 
reorientation  theory,  are  shown.  The  calculated  transmitted  force  at  the 
overhung  bearing  is  reduced  from  3024.6  lb  (unbalanced)  to  24.6  lb 
(balanced).  It  is  the  authors’  recommendation  that  built-up  rotors 
should  be  assembled  qfter  the  optimum  orientation  of  disk  unbalances 
has  been  determined  by  calculation,  as  opposed  to  the  current  pro¬ 
cedure  of  assembling  the  disks  in  a  random  sequence,  followed  by  as¬ 
sembly  balancing.  However,  assembly  eccentricity,  warping  misorienta- 
tion,  misalignment,  high-temperature  operation,  etc.,  would  still  require 
trim  balancing  after  rotor  assembly.  It  appears  that  this  procedure 
remains  to  be  tested  on  an  actual  rotor.  Also,  overspeed  testing  of  all 
high-speed  rotors  is  now  accepted  practice,  and  with  a  rotor  set  up  in  a 
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spin  pit,  the  balance  operations  are  readily  undertaken,  A  possible 
compromise  is  to  assemble  blade-carrying  rotors  in  the  usual  manner 
and  to  distribute  the  blade  masses  around  the  circumference  so  that  any 
differences  in  blade  masses  are  used  to  optimize  the  rotor  balance.  It 
appears  that  the  Tang-Trumpler  procedure  will  satisfy  the  condition 


£w(z)r(z)-0. 

It  may  also  be  possible  to  satisfy  the  second  rigid-body  condition 

^m(z)r(z)zk  -  0, 

but  with  evidently  greater  inconvenience.  This  condition  could  require 
require  axial  disk  movement,  which  clearly  is  less  possible  for  most  tur¬ 
bomachines.  Further,  this  condition  must  be  satisfied  with  (at  least) 
the  first  modal  condition 

]£rw(z)  a(z)  <f>,(z)  —  0 

if  the  Tang-Trumpler  procedure  is  to  apply  to  a  flexible  rotor.  Thus 
the  proposed  procedure  becomes  more  difficult  to  implement  in  practi¬ 
cal  flexible  rotors. 

Lindsay  [52]  has  described  certain  practical  balancing  procedures 
used  in  the  turbine-generator  industry.  A  vibration  reduction  of  up  to 
75  percent  in  one  balance  "move"  is  claimed.  The  method  relies  on 
reasonably  circular  journal  whirl  orbits  and  assumes  that  vibration 
responses  are  independent  from  span  to  span  in  a  unit.  These  pro¬ 
cedures  rely  on  extensive  previous  experience  with  similar  size  units  in 
similar  bearings.  Also,  the  size  ranges  of  the  various  influence 
coefficients  that  relate  rotor  response  to  correction  weights  must  be  well 
understood.  The  steps  involved  are 

1.  Vibration  vectors  at  both  ends  of  the  rotor  are  separated  into 
modal  components. 

2.  Location  of  the  "high  spot"  for  each  mode  is  determined. 

3.  Location  of  the  phase  angle  of  the  high  spot  is  determined  for 
each  mode.  This  is  done  by  observing  a  high-spot  traverse  of  180° 
through  the  speed  range  for  each  mode. 

4.  Calculation  by  computer  of  the  amount  of  the  required  correc¬ 
tion  for  each  mode. 

The  shaft  vibration  vectors  can  be  divided  into  modal  components  by  a 
■\  graphical  method,  related  to  the  construction  given  by  Moore  [20]  but 
™*without  any  trial-weight  procedure.  Lindsay  [52]  indicates  that  if  the 
three-loop  mode  is  to  be  corrected,  its  components  are  separated  from 


FLEXIBLE-ROTOR  BALANCING 


401 


the  single-loop  components  bv  an  analysis  of  relative  journal  displace¬ 
ments  at  the  respective  critical  speeds.  Details  are  given  of  how  the 
dynamic  high-spot  phase  angle  can  be  found  for  each  mode.  A  refer¬ 
ence  bolt  in  the  turbine  coupling  is  used  as  a  phase  datum.  This 
method  requires  no  trial-weight  runs,  and  accurate  placement  of  the 
correction  weight  in  the  first  trial  tequires  an  understanding  of  the 
high-spot  traverse  mechanics  associated  with  the  relevant  critical  speed. 
Details  of  a  sample  balance  for  a  200-MW  unit  are  gl  en,  including  the 
use  of  the  "balance  shot  calculator”  used  by  Lindsay.  It  is  stated  that 
more  than  one  hundred  rotors  have  been  balanced  In  this  manner,  with 
good  (SO  to  7 5  percent)  vibration  reductions  achieved  in  most  instances 
in  one  balance  move. 

LeGrow  (53]  has  discussed  multiplane  balancing  of  flexible  rotors 
and  has  described  a  matrix  method  for  the  direct  solution  of  the  equa¬ 
tions  of  motion,  in  which  the  disk  unbalance  is  the  unknown.  Reliable 
solutions  by  this  procedure  depend  on  accurate  measurement  of  the 
whirl  amplitude  and  especially  the  phase  angle.  The  direct  method  has 
the  practical  advantage  of  not  requiring  many  costly  trial  runs  to  estab¬ 
lish  a  matrix  of  influence  coefficients.  In  this  procedure  the  rotor 
influence  coefficients  are  obtained  by  calculation,  not  by  trial-weight 
tests.  The  resulting  coefficients  were  verified  by  a  critical  speed  test  on 
a  model  rotor.  The  observed  critical  and  calculated  critical  speeds  were 
3200  and  3125  rpm,  respectively  (2.4  percent  accuracy  based  on  fre¬ 
quency  or  5.8  percent  accuracy  in  the  coefficients  themselves). 
Unbalance-response  data  were  taken  at  2800  rpm,  and  the  balance 
weights  were  calculated.  The  balance  corrections  obtained  were  found 
to  be  insufficiently  precise  to  balance  the  rotor,  and  a  trial-weight  pro¬ 
cedure  was  used  to  obtain  an  average  amplitude  reduction  of  8:1.  Sub¬ 
sequent  experience  with  medium-size  generator  rotors  appears  to  have 
been  more  encouraging:  amplitude  reductions  of  between  9:1  and  43:1 
have  been  observed  at  various  locations  using  the  direct  method. 

Kushul’  and  Shlyakhtin  (541  have  given  a  detailed  review  of  modal 
balancing  theory,  together  with  descriptions  of  certain  modal  balancing 
techniques  used  in  the  Soviet  Union.  The  theory  and  procedures  apply 
to  complex  multidisk  rotors  with  both  concentrated  and  distributed 
mass-elastic  properties.  Two  or  more  radially  rigid  bearings  are 
included.  The  authors  give  a  number  of  theorems  for  balancing  flexible 
rotors  and  discuss  the  determination  of  balancing  planes  for  the  most 
effective  suppression  of  certain  modes  for  four  given  rotor 
configurations.  Three  numerical  examples  are  given  to  demonstrate 
practical  applications.  Although  complicated,  the  mathematical  pro¬ 
cedures  are  described  in  sufficient  detail  to  make  this  a  valuable  paper. 
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The  influence  of  gyroscopic  and  rotatory  inertia  on  the  balancing 
process  is  recognized  as  a  defect  in  the  theory  that  affects  the  critical 
frequency  and  the  associated  mode  shapes  on  which  the  balancing 
theorems  depend.  The  methods  presented  are  farther  restricted  to 
rigid-bearing  concepts.  The  authors  comment  on  the  procedure  given 
by  Den  Hartog  in  this  regard-perfect  balance  requires  rero  journal 
motion— and  they  express  reservations  about  the  degree  to  which  this 
Condition  can  be  met  with  a  continuous  mass-electric  rotor  for  which 
only  the  lower  modes  are  corrected.  Furthermore,  they  have  observed 
slow  convergence  of  the  modal  series,  which  again  suggests  to  them 
that  the  higher  modes  will  in  general  require  some  degree  of  correction. 
They  again  concur  with  Den  Hartog's  recommendation  that  rotors 
should  be  corrected  for  all  modes  below  four  (or  five)  times  their 
lowest  rigid-bearing  critical  speed.  The  influence  of  damping  is  omit¬ 
ted,  and  the  modal  forms  are  plane  curves.  These  assumptions  are 
necessary  to  make  the  analysis  tractable.  No  correlation  with  experi¬ 
mental  or  test  results  is  mentioned. 

The  modal  theory  developed  by  Kushul’  and  Shlyakhtin  results  in 
the  following  theorem  for  flexible-rotor  balancing: 

In  order  to  remove  vibrations  to  the  k-order  under  any  angular  rate  of 
rotation  with  the  use  of  n  balance  weights  distributed  In  the  given  rotor  sec¬ 
tions,  without  causing  vibrations  of  order  1,  2,  ...  ,  (k~l),  (k+1),  ... .  n, 
the  balance  weights  must  first  of  all  be  placed  In  axial  plane  k  and  Inclined 
at  a  specified  angle.  Secondly,  n  static  moments  Uy  of  mass  My  (j"l.  2, 
....  n)  for  the  balance  weights  must  be  determined  from  the  system  of 
equations: 

£  My  ^*(*7)  +  ak  m  0 
7-1 

and 

7-1 

where  s  —  1,  2,  ...,(*—  1),  (k  +  1),  ... ,  n.  The  first  equation  is 
identical  with  the  modal  balance  condition  expressed  by  Bishop  and 
Gladwell  (4],  The  second  equation  is  the  condition  for  suppressing  the 
higher  modes.  Kushul’  and  Shlyakhtin  [54]  comment  on  this  pro¬ 
cedure  as  follows: 

In  thii  manner,  for  each  order  of  vibrations  s  strictly  determined 
relationship  of  static  moments  Afw  Is  established;  they  do  not  depend 
on  the  distribution  of  inbalance  isle]  of  the  rotor,  bu:  are  determined 
by  its  calculated  diagram  (mode  shape)  and  the  selection  of  places  of 
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distribution  of  the  balance  weights  alone.  Tne  proportion  of  Mk\, 

Mk},  ... ,  Mkn  can  be  calculated  In  advance  for  each  mode.  Their 
knowledge  simplifies  the  process  of  rotor  balancing,  By  keeping  these 
ratios  fitted  it  Is  sufficient  to  vary  only  one  parameter,  independent  of 
the  number  of  balance  weights,  to  completely  eliminate  the  k  har¬ 
monic,  as  long  as  its  plane  of  action  Is  known, 

The  requisite  theory  for  these  operations  is  included  in  the  paper. 
Higher  orders  than  n  remain  unbalanced. 

Kushul’  and  Shlyakhtin  discuss  several  other  topics,  using  the 
theoretical  developments  as  a  basis  for  the  explanations,  in  a  general 
attempt  to  formulate  guidelines.  For  example,  they  consider  the  most 
effective  location  of  the  correction  planes,  together  with  certain  practi¬ 
cal  factors  that  influence  plane  selection  (e.g.  maximum  error  toler¬ 
ance). 

The  authors  next  present  a  tneoretical  treatment  for  the  balancing 
of  multibearing  rotors,  stating  that,  irrespective  of  the  number  of  bear¬ 
ings,  k  balance  planes  are  able  to  correct  the  k  lowest  modes  of  a  rotor. 
Again,  k  is  to  be  selected  so  that  the  Ath  mode  is  Four  to  five  times 
greater  than  the  lowest  critical  frequency  of  the  system.  A  "combined" 
method  of  balancing  is  described  in  which  ( n  -  k)  additional  correc¬ 
tions  planes  are  used  (w  >  k)  to  correct  through  the  «th  mode. 

In  this  manner,  the  lower  modes  are  to  be  completely  suppressed 
and  the  higher  mode  effects  are  reduced.  Mathematically,  convergence 
of  the  modal  series  to  zero  is  hastened.  A  sample  application  for  a 
rotor  in  b  bearings  with  a  single  concentrated  mass  per  span  is  given. 
The  authors  also  give  a  procedure  for  estimating  the  unbalance  force  at 
the  sth  bearing  from  unbalance  in  a  given  plane  for  unbalance.  The 
reaction  at  the  bearing  distance  z,  from  the  origin  is 

2 

p,(ui)  -  --r-  P,(u o)  +  T  fljVjldi/i  <t>L), 

where 

&>  -  circular  frequency  for  which  force  P,M  is  required 

<oq  ■»  circular  frequency  for  which  bearing  force  F/(o»0)  is  known 

-  modal  unbalance  for  the  sth  mode 

0*,  -  characteristic  equation  value  to  left  of  the  sth  bearing 

-  characteristic  equation  value  to  right  of  the  sth  bearing. 


The  quantity  vs  is  defined  as 
El 


pAm2  4 


w_ 

(0, 


0(A,z), 
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with 

1.+  S2.I  |t2~ 

(O  |  (0), 

v  -  £^L 

a,  £/  * 

Wj  “  critical  frequency  for  the  sth  inode, 

—  value  of  the  modal  function  for  argument  \,z, 

and  p(-  w/g).  The  terms  E  and  /  have  their  usual  meaning  for  a  uni¬ 
form  rotor.  The  authors  recommend  the  above  formula  for  evaluating 
the  quality  of  balance. 

Dimentberg  [55]  has  discussed  the  theory  of  flexi ole-rotor  balanc¬ 
ing,  a  topic  which  is  not  covered  In  his  book  [5fl]  on  rotor  dynamics. 
This  paper  is  a  review  of  balancing  papers  that  includes  selected  results. 
The  stated  intention  is  to  describe  most  of  the  recent  developments. 
The  basic  criterion  for  balance  is  that  the  bearing  reaction  forces  shall 
be  reduced  to  negligible  proportions.  This  question  resolves  itself  into 
(a)  determining  the  axial  locations  where  the  correction  weights  are  to 
be  placed,  (b)  how  many  axial  planes  are  required,  and  (c)  measuring 
the  effect  of  the  rotor  residual  unbalance  on  response  magnitude  and 
phase  with  the  rotor  revolving. 

Several  charts  are  presented  for  the  effect  of  balance  weights  at 
various  locations  on  a  two-bearing  rotor.  Brief  discussions  of  several 
methods  with  applications  from  Soviet  authors  are  given.  The  paper  by 
Den  Hartog  (33]  is  briefly  discussed. 

In  addition  to  the  balancing  of  deformed  shafts  and  other  rotating 
components  that  have  not  yet  been  fully  studied,  Dimentberg  indicates 
several  important  problems: 

1.  The  balancing  of  rotors  carrying  large  disks  subjected  to  angular 
precession  of  a  velocity  different  from  the  velocity  of  the  rotor, 

2.  Methods  for  correcting  unbalances  induced  by  differences  in 
the  elastic  properties  of  both  the  rotor  and  the  bearings  In  two  mutually 
perpendicular  directions  and  Induced  by  the  torsion  of  a  long  shaft  sub¬ 
jected  to  constant  torque  (turbogenerator  rotors). 

3.  Temperature  effects  and  complex  conditions  in  bearings. 

4.  Methods  for  balancing  rotors  of  varying  masses  In  process 
machinery. 

5.  Developments  in  automatic  balancing  of  flexible  rotors. 

Dimentberg  discusses  t  ie  work  of  Hubner  [57]  in  some  detail.  He 
makes  no  reference  to  the  influence  coefficient  method  as  an  important 
recent  development.  (Both  paners  may  have  been  in  press  at  the  same 
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time.)  He  makes  no  reference  to  any  application  of  computers  to 
balancing. 

Several  other  interesting  papers  by  Czechoslovakian  and  Russian 
authors  are  discussed  below.  In  general,  the  Russian  papers  appear  to 
be  oriented  more  toward  theoretical  procedures,  whereas  the 
Czechoslovakian  papers  deal  more  with  the  practical  aspects  of  the 
problem. 

Simek  [58]  proposed  an  early  balancing  method  that  uses  two  sets 
of  balancing  masses  in  several  (four  to  six)  balancing  planes.  Three 
trial  runs  are  needed  to  determine  balancing  masses.  The  first  run  is 
made  with  the  first  set  of  three  balancing  masses  chosen  in  such  a  way 
that  the  balance  of  the  rigid  rotor  would  not  be  influenced.  The  third 
run  is  made  with  the  second  set  of  three  balancing  masses.  The  test 
results  are  used  in  the  following  equations: 


V„ 

Pal  Pal 

D, 

am 

v, 

Pbl  Pbl 

D, 

where  (V)  is  the  forced-response  vector  measured  at  the  rotor  supports, 
Ifi 1  i»  a  matrix  of  influence  coefficients  to  be  determined,  and  (D)  is 
the  unbalance  mass  vector.  The  method  has  been  used  in  practice  and 
is  suitable  for  rotors  whose  operating  speed  does  not  exceed  the  first 
critical  speed  by  too  great  a  margin.  This  paper  was  one  of  the  first 
publications  to  deal  with  flexible-rotor  balancing  and  is  a  condensed 
research  report  written  in  1953  at  the  National  Research  Institute  for 
Machine  Design,  Prague,  Czechoslovakia. 

Fryml  and  Boruvka  [59]  have  proposed  a  method  for  balancing 
rigid  and  flexible  rotors  that  have  unequal  shaft  stiffnesses.  This 
method  is  suitable  for  an  operating  speed  approaching  the  first  critical 
speed.  In  the  case  of  a  rotor  with  equal  stiffnesses,  at  least  three 
balancing  runs  are  necessary;  in  the  case  of  unequal  shaft  stiffnesses,  at 
least  five  runs  are  necessary.  This  paper  and  that  by  Parkinson  [16] 
appear  to  contain  the  only  methods  specifically  proposed  for  such 
shafts.  A  paper  by  Julis  and  Boruvka  [60]  describes  a  procedure  for  the 
optimal  placement  of  balancing  planes  (two  planes  are  considered  In  the 
example).  The  influence  of  the  balance  plane  locations  on  the  response 
curves  is  shown  for  different  cases.  In  each  case  the  rotor  was  balanced 
for  its  operating  speed.  The  second  part  of  the  paper  discusses  the 
effect  of  unbalance  distribution  on  response  curves. 

Julis  [61]  has  discussed  the  problems  of  balancing  a  rotor  that 
operates  in  several  bearings.  The  paper  covers  both  rigid  and  flexible 
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rotors.  First,  a  theoretical  discussion  of  a  rotor  mounted  in  three  sup¬ 
ports  suggests  that  the  balancing  of  such  rotors  may  be  very  difficult, 
and  then  a  balancing  method  for  these  rotors  is  described.  After  low- 
speed  balancing,  a  set  of  three  balancing  masses  is  used  to  eliminate  the 
deflection  due  to  the  internal  moment.  The  balancing  masses  should  be 
chosen  in  such  a  way  that  the  resulting  static  and  dynamic  effect  of  the 
set  of  balancing  masses  equals  zero.  The  location  of  the  necessary 
three  balancing  planes  should  be  based  on  the  mode  shape  of  the  shaft 
at  speeds  close  to  the  critical  speed. 

Gusarov  and  Dimentberg  [62]  studied  the  dynamic  effect  of  distri¬ 
buted  and  concentrated  unbalance  forces  on  the  balancing  of  rotors, 
including  the  problem  of  balancing  flexible  rotors  with  a  limited 
number  of  correction  planes.  The  absence  of  dynamic  reactions  at  the 
supports  and  optimal  reduction  of  bending  stress  is  required,  and  the 
influence  of  dumping  is  considered. 

Mikunis  [63]  has  investigated  the  forced  vibrations  of  a  flexible 
shaft  mounted  in  two  rigid  supports.  A  constant  cross-section  and  a 
uniform  mass  distribution  of  the  shaft  are  considered.  The  effect  of 
external  damping  Is  incorporated  into  the  solution  for  forced  vibrations 
of  the  shaft. 

Gusarov  [64]  has  investigated  the  problem  of  eliminating  the  first 
and  second  unbalance  modes  for  speeds  below  the  second  critical  speed. 
The  balancing  is  provided  in  two  balancing  planes  by  two  correction 
masses.  It  is  assumed  that  the  influence  of  higher  modes  on  the  low- 
speed  balance  can  be  neglected.  The  question  of  the  optimum  locations 
of  the  balancing  masses  is  also  discussed.  A  shaft  of  constant  cross  sec¬ 
tion  without  disks  is  considered.  The  paper  indicates  that,  unless  the 
rigid-rotor  modes  have  been  previously  removed,  there  may  be 
insufficient  balancing  planes  available  to  significantly  improve  the  rotor 
balance  condition. 

Yanabc  and  Tomara  [65]  have  presented  an  analytical  study  of 
multiplane  balancing  for  a  general  two-disk  rotor  with  end  bearings. 
Their  method  makes  the  usual  assumptions:  bearing  amplitudes  are  to 
be  reduced  to  zero  by  correct  balancing;  damping  is  negligible;  gyro¬ 
scopic  and  rotatory  inertia  are  negligible;  and  pedestal— foundation 
resonances  do  not  affect  rotor  operation.  The  method  is  a  matrix  solu¬ 
tion  for  the  amplitudes  at  both  bearings  and  at  the  correction  plane  lo¬ 
cations:  that  is, 


where 


[»</]  {x}  -  wJ[m]  [x]  -  <a2{U] 
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[av]  -  matrix  of  influence  coefficients  (6  x  6) 

[m]  -  system  mass  matrix  <6  x  6) 

<i>  -  rotor  circular  frequency 
(U)  -  unbalance  vector  (6x1) 

(x)  -  displacement  amplitude  vector.  (6  x  1) 

This  expression  is  then  inverted,  and  a  solution  for  (x)  is  obtained: 

(x)  -  [[a „]  -  coMm,]]-'  (U);  {U)r  -  {Ue,U,}r. 

Next  (x)  is  set  equal  to  zero,  and  the  above  expression  is  partitioned  to 
solve  for  the  four  unknown  balance  corrections  (Uc)  by  substituting 
measured  values  of  the  disk  amplitudes,  from  which  the  disk  unbal¬ 
ances  {I!,*}  are  determined.  The  required  solution  is 

*<)l)  "  wJni,  ■51)1  jU</|  (0 1 

•HkrW; 

that  is, 

{Uc}  m  la^M"1  l(»^>  -  «Jn»()l  {U,|. 

The  method  should  be  generally  applicable  for  an  W-disk  rotor 
with  W  +  2)  arbitrarily  selected  balancing  planes.  As  presented,  the 
method  requires  that  a  matrix  of  influence  coefficients  be  calculated 
from  the  rotor  geometry  to  establish  the  balance  conditions.  The  use 
of  a  computer  is  required,  and  while  the  method  works  quite  well  for 
the  simple  examples  given,  the  analytical  approach  could  lead  to 
numerical  difficulty  and  error  with  rotors  of  complex  geometry  or  with 
multibearing  rotors.  The  calculated  rotor  stiffness  may  be  significantly 
in  error  where  disk  shrink-fit  construction  contributes  any  stiffening  to 
a  built-up  shaft  assembly. 

The  procedure  is  a  discrete  mass  version  of  the  ( N  +  2)  modal 
method  in  which  the  balance  corrections  are  to  be  developed  directly 
from  the  whirl  amplitudes,  similar  to  the  procedure  described  by  Hun- 
dal  and  Harker  [46].  Two  shaft  measurement  locations  adjacent  to  the 
bearings  were  used.  Amplitude  reductions  of  about  4:1  were  observed 
from  the  test  results,  and  the  resonant  amplitudes  appear  to  have  been 
eliminated  in  each  instance.  It  remains  to  be  seen  whether  repeated 
application  of  such  "direct"  methods  will  lead  to  improved  balance. 
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Present  Indications  are  that  residual  amplitudes  are  high.  Experiments 
with  modern  instrumentation  are  needed  to  resolve  this  important 
question.  Lindsay's  [52]  successes  should  provide  strong  encourage¬ 
ment  for  additional  work  with  direct  methods. 

6.5  Comparison  of  Flexible-Rotor  Balancing  Methods 

The  baste  requirements  for  all  rotor  balancing  methods  are 

1.  Functionality,  The  method  must  work  in  a  reliable,  consistent, 
and  predictable  manner. 

2.  Efficiency  and  economy.  All  aspects  of  the  balancing  process 
must  be  undertaken  in  an  efficient,  cost-effective  manner,  with  a 
minimum  number  of  Intermediate  steps. 

3.  Quality  of  final  balance.  The  method  must  be  capable  of  bring¬ 
ing  the  rotor  to  a  prescribed  balance  quality  consistent  with  its  function. 

These  basic  requirements  can  be  used  as  criteria  to  evaluate  the  various 
methods  and  procedures  described  in  this  chapter.  In  making  this  com¬ 
parison,  Information  on  each  method  was  obtained  primarily  from  the 
available  literature,  though  personal  experience  and  discussions  with 
various  authors  have  also  contributed.  It  should  also  be  recognized  that 
not  all  methods  need  be  general  techniques.  The  eventual  criterion  is 
the  extent  to  which  a  given  method  meets  the  above  requirements  in  a 
particular  circumstance,  which  clearly  may  involve  the  facilities  avail¬ 
able  to  the  balancing  engineer  as  well  as  his  skill  and  experience.  The 
comments  presented  here  therefore  attempt  to  compare  the  various 
balancing  methods  on  the  basis  of  the  above  criteria. 

tf-Modal  Method:  Bishop,  Gladwell,  and  Others 

This  method  is  a  set  of  guidelines  and  criteria  for  AT-modal  balanc¬ 
ing.  No  specific  hardware  or  algorithm  is  associated  with  this  method, 
though  Kendig  [17]  has  programmed  the  results  and  computer-balanced 
two  rotors  by  the  procedures  described. 

functionality.  The  method  works  in  that  a  capable  engineer  can 
balance  a  given  rotor  by  adhering  to  the  guidelines  provided.  Parkinson 
et  al.  [66]  have  verified  this  method  in  the  laboratory.  Lindley  and 
Bishop  [67]  and  Morton  [68]  have  applied  it  to  turbine-generator  rotors. 

Efficiency  and  economy.  The  required  steps  are  concise  and 
efficient.  The  time  needed  to  balance  any  rotor  depends  on  operator 
skill  and  the  equipment  available. 

Qualify  affinal  balance.  Not  documented.  Kendig  found  balance 
quality  comparable  with  that  obtained  by  other  methods  in  most 
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instance*.  This  method  was  generally  superior  to  the  (N  +  2)  modal 
method  and  inferior  to  the  influence  coefficient  method.  Miwa  [25] 
found  the  W-modal  method  to  be  inferior  to  the  ( N  4-  2)  modal 
method  in  a  theoretical  comparison. 

Commentt  The  Bishop— Gladwell  method  will  continue  to  be  a 
valid  set  of  guidelines,  which  Are  now  welt  accepted.  The  method  is 
generally  applicable  to  highspeed  rotating  machinery.  Baier  and  Mack 
[40]  found  difficulty  in  applying  these  principles  to  long  slender  shafts. 
Published  work  suggests  that  the  method  becomes  increasingly  difficult 
to  apply  as  the  number  of  modes  involved  becomes  more  than  three. 

Practical  AT-Modal  Method:  Moon  and  Dodd 

This  method  is  a  set  of  empirical  procedures  based  on  ./V- modal 
principles.  The  techniques  involved  are  simple  and  well  documented. 
Several  vector  constructions  are  available  for  specific  balancing  prob¬ 
lems  encountered  in  practice.  The  method  has  been  proved  on  high¬ 
speed  electrical  equipment  and  turbine  rotors. 

Functionality.  Moore  has  applied  this  method  for  20  years  to 
medium  and  large  flexible  rotors.  Olers  has  tested  the  method  against 
the  ( N  +  2)  comprehensive  modal  method.  Kendig  has  tested  the 
method  for  two  rotors.  There  is  ample  evidence  that  the  method  works 
well. 

Efficiency  and  economy.  No  documented  information  is  available 
on  how  long  this  method  typically  requires  to  give  a  balance  of  the 
prescribed  quality.  Few  trial  runs  seem  necessary,  but  this  could  result 
in  less  quality  improvement  per  operation.  In  practice  the  hand  opera¬ 
tions  oan  easily  be  performed  on  a  programmable  calculator.  The  bal¬ 
ance  moves  are  time  consuming,  and  a  moderate  level  of  operator  skill 
appears  to  be  necessary. 

Quality  qf final  balance.  Acceptable  balance  quality  may  be  inferred 
from  the  number  of  rotors  (hundreds)  that  Moore  has  successfully  bal¬ 
anced  for  shipment,  No  additional  documentation  appears  to  be  avail¬ 
able  on  quality  for  this  method,  though  Bishop  (private  communica¬ 
tion,  1971)  has  commented  that  superior  results  were  being  achieved 
with  this  method  compared  to  other  flexible  rotor  balancing  procedures 
then  in  use. 

Commend  Data  published  by  Moore  and  Dodd,  Giere,  and  Ken¬ 
dig  establish  this  method  as  a  primary  one  for  flexible-rotor  balancing. 
It  requires  a  well-trained  operator  and  apparently  has  not  yet  been  com¬ 
puterized  in  general  usage. 


410 


BALANCING  OP  RIGID  AND  FLEXIBLE  ROTORS 


(N  +  2)  Comprehensive  Model  Balancing:  Federn  and  Others 

this  method  is  a  set  of  procedures  widely  used  under  a  variety  of 
names.  Rotors  are  first  low-speed  balanced  and  then  modal  balanced. 
The  low-speed  balance  step  is  controversial  but  is  practiced  extensively. 
Certain  users  have  recently  computerized  this  method. 

Functionality.  The  method  has  been  widely  applied,  and  its  abilities 
have  been  well  documented  by  Federn,  Glcrs*  Keilenberger,  Miwa 
Kehdig,  and  others.  Widespread  use  demonstrates  that  it  works  well. 
Effectiveness  may  depend  on  the  class  of  rotor  involved,  and  on  the 
quality  of  rotor  manufacture. 

Efficiency  and  econotny.  No  information  appears  to  be  available  on 
the  efficiency  of  this  method.  The  low-speed  step  requires  additional 
time. 

Quality  of  final  balance.  Acceptable  quality  may  again  be  inferred 
from  the  number  of  rotors  that  have  been  balanced  by  this  method. 
This  method  Also  requires  a  trained  operator. 

Comments.  Most  applications  appear  to  proceed  with  a  trial-weight 
technique.  Commonly,  this  is  done  in  a  balancing  machine  or  balance 
facility  where  low-speed  balancing  Can  be  undertaken.  Kellenbergor  has 
computerized  the  ( N  +  2)  procedure,  and  he  does  not  specify  the  use 
of  trial  Weights  [22].  If  iN  +  2)  balancing  were  to  be  computerized 
and  effectively  converted  to  a  direct  procedure  (no  trial  weights,  just 
mode  shapes  and  rotor  measurements),  it  would  be  far  more  time- 
efficient  than  the  other  modal  methods. 

Influence  Coefficient  Method:  Goodman  and  Many  Others 

A  specified  sequence  of  measurements  is  made  involving  the  origi¬ 
nal  unbalance  condition  and  for  trial-weight  runs.  Neither  modal 
knowledge  nor  precalculation  is  necessary,  but  such  information  is  use¬ 
ful  for  guidance. 

Functionality.  A  wide  variety  of  different  rotors  has  now  been 
documented  as  having  been  successfully  balanced  by  this  method.  The 
method  has  been  extensively  documented  in  the  literature. 

Efficiency  and  economy.  Even  though  the  method  has  been  compu¬ 
terized,  the  trial-weight  procedure  is  time-consuming;  this  reduces 
efficiency.  In  use,  the  method  may  be  comparatively  costly  because  of 
the  equipment  now  available  for  data  acquisition,  signal  conditioning, 
and  data  reduction.  Conversely,  machine  operating  costs  should  be 
lower  because  the  resulting  balance  can  easily  be  made  superior  by 
repeated  application:  see  Chapter  7. 

Quality  of  final  balance.  The  high  quality  of  the  resulting  balance  is 
well  documented  (see  Badgley,  Tonnesen,  and  others).  The  influence 
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of  errors  on  balance  quality  has  been  thoroughly  studied  (see  Chapter 
7).  This  method  probably  has  the  most  comprehensive  documentation 
of  any  balance  procedure  in  use.  The  literature  indicates  that  the 
highest  quality  balances  have  been  achieved  by  this  method.  No 
decrease  in  effectiveness  appears  to  occur  as  the  higher  modes  are  bal¬ 
anced  (more  planes  are  used). 

Comments.  The  method  is  computerized  and  very  effective.  It 
may  be  time  consuming  and  is  beat  used  with  instrumentation  which  at 
present  is  somewhat  cosily.  The  method  contains  many  features  (e.g., 
computerization)  that  should  make  it  well  adapted  to  the  balancing 
requirements  of  the  future— for  example,  in  jet  engines,  generators, 
and  production  balancing. 

Direct  Methods:  Hundal,  LeGrow,  Yanabe 

Direct  methods  bypass  the  time-consuming  trial-weight  procedure 
and  solve  the  balance  equations  directly.  Apart  from  the  authors  men¬ 
tioned  above,  thore  do  not  appear  to  have  been  many  attempts  to 
develop  the  direct  method  into  a  workable  technique.  Hundal  and 
Harker  balanced  their  rotor  using  this  method,  but  substantial  ampli¬ 
tudes  remained  at  both  critical  speeds.  Yanabe  et  al.  balanced  their 
two-disk  rotor  In  four  planes  (the  (N  +  2)  concept)  and  achieved 
small,  constant  residual  amplitudes  throughout  the  speed  range  (no 
resonant  buildup  was  apparent).  LeGrow  has  reported  encouragingly 
on  the  direct  balancing  of  generators,  but  no  recent  develoments  have 
been  published. 

Functionality.  The  method  appears  to  work,  but  further  develop¬ 
ment  is  needed.  Problems  may  arise  from  poor  speed  control  causing 
amplitude  fluctuations.  Signal  Altering  should  no  longer  be  a  problem 
with  modern  electronics.  There  is  no  known  information  on  whether 
the  direct  method  is  viable  with  bearing  probes  or  bearing  accelerome¬ 
ters.  No  direct  fleld  balancing  has  been  reported  as  yet. 

Efficiency  and  economy,  if  a  workable  direct  method  in  which  the 
trial-weight  operations  can  be  bypassed  is  developed,  an  important  step 
forward  in  efficient  balancing  and  in  economy  in  operation  will  be 
achieved.  Equipment  costs  should  not  be  significantly  reduced  over 
those  of  existing  methods.  The  same  facility  and  operator  costs  wilt 
apply. 

Quality  of  final  balance,  This  must  be  rated  fair  to  good  at  present, 
judging  from  the  few  reports  available. 

Comments.  Computer  programs  for  calculating  the  rotor  deflection 
coefficient  matrices  are  fully  developed,  and  the  accuracy  reported  by 
LeGrow  (to  within  5.8  percent)  could  be  much  Improved  with  more 
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development  and  experience.  The  possibility  of  direct  balancing  using 
inputs  from  the  bearing  pedestals  merits  further  investigation. 

Empirical  Methods:  Lindsey,  Howard,  and  Others 

The  "one-shot"  method  developed  by  Lindsey  [521  is  apparently 
reliable  and  very  efficient  in  most  applications.  The  quality  of  final  bal¬ 
ance  appears  to  be  acceptable  within  the  utilities  industry.  Similar 
methods  have  been  described  by  Howard  [69]  and  by  others.  These 
methods  have  been  developed  through  years  of  experience  with  similar 
rotors.  A  large  backlog  of  related  data  now  exists  in  certain  industries 
and  is  available  in  computer  memory  for  easy  reference. 

Functionality .  The  method  worked  well  for  Lindsey.  LeOrow  also 
reported  good  success.  Howard  [69]  reported  a  similar  successful 
method. 

Economy  and  efficiency.  Simple  equipment  and  a  minimum  of  trial 
run  effort  makes  such  methods  very  time-efficient.  However,  the 
related  empirical  technology  may  involve  years  of  stow  development. 

Quality  affinal  balance .  This  is  apparently  sufficiently  acceptable 
for  the  methods  reported  to  be  used  as  official  practice  with  reputable 
companies. 

Comments.'  Little  data  or  reporting  exist  on  such  methods.  They 
are  simple  and  efficient,  and  thus  are  highly  desirable  techniques. 
Skilled  personnel  are  usually  needed  to  use  the  methods  in  a  reliable 
manner, 

6.6  Criteria  for  Flexible-Rotor  Balancing 
Sources  of  Balance  Criteria  Values 

Flexible-rotor  balancing  criteria  are  in  a  formative  stage.  A  variety 
of  criteria  are  used  to  evaluate  the  balance  quality  of  flexible  rot  s. 
These  criteria  are  mostly  industry-related  standards  based  on  accu  nu¬ 
tated  experience,  However,  it  remains  common  practice  to  specify  the 
balancing  of  flexible  rotors  using  rigid-rotor  criteria  values,  as  until 
recently  there  was  no  criteria  document  devoted  to  flexible  rotors. 
Recently,  the  International  Organization  for  Standardization  published 
Draft  Technical  Document  ISO/TC  108/SCI  N16  (1976),  "The 
Mechanical  Balancing  of  Flexible  Rotors."  Numerical  criteria  given  in 
this  document  are  based  on  Standard  Document  ISO  2372  [70]  for 
tolerable  limits  of  balance  criteria  for  flexible  rotors  in  any  mode. 
Several  numerical  examples  given  in  the  text  of  this  document  describe 
the  application  of  these  criteria  to  flexible  rotors.  An  International 
Standard  Document  on  balance  quality  criteria  for  flexible  rotors  is 
being  developed. 
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Section  4.4  of  this  monograph  discusses  the  various  categories  and 
balance  quality  grades  for  rigid  rotors  and  describes  how  numerical  bal¬ 
ance  quality  criteria  can  be  selected  for  specific  rotors  of  a  given  rotor 
class.  Rigid-rotor  balance  criteria  are  now  fully  developed  and  have 
been  accepted  internationally  as  the  formal  basis  for  rigid-rotor  balanc¬ 
ing.  These  criteria  values  have  been  shown  to  be  reasonable  and  are 
well  within  normal  balancing  practice.  There  criteria  were  obtained 
from  a  broad  statistical  survey  of  balancing  practice  for  a  variety  of 
rigid-rotor  types,  conducted  by  Muster  and  Flores  [71],  This  survey, 
along  with  other  related  data,  formed  the  basis  for  the  rigid-rotor 
balancing  document  ISO  1940- 1973(E),  which  was  discussed  in  Chapter 
4. 

No  similar  survey  appears  to  have  been  made  on  the  balance  qual¬ 
ity  of  industrial  flexible  rotors,  probably  because  the  need  for  generally 
applicable  balance  criteria  for  flexible  rotors  has  not  been  sufficiently 
widespread  until  recently,  except  for  certain  key  industries  (e.g.,  tur¬ 
bine  generators  and  centrifugal  compressors).  Furthermore,  it  was  only 
in  the  past  decade  or  so  that  efficient  techniques  for  general  flexible- 
rotor  balancing  developed  from  an  art  into  a  science. 

The  problem  of  establishing  flexible-rotor  balance  criteria  for  use 
by  industiy  is  complicated  by  such  factors  as  the  following: 

1.  Attention  must  be  given  to  the  class  of  flexible  rotor  which  is 
Involved,  when  specifying  the  quality  of  balance  required. 

2.  It  may  be  a  requirement  to  apply  criteria  for  several  flexible 
modes  of  the  rotor  simultaneously. 

3.  Unresolved  questions  still  exist  concerning  the  need  to  balance 
the  rigid-body  modes  of  class  3  flexible  rotors. 

4.  Development  of  criteria  is  still  under  consideration  for  cases 
where  several  modes  must  be  balanced. 

To  be  acceptable  for  use  in  industry,  the  flexible-rotor  criteria  must  be 
simple  to  use  and  of  a  reasonable  standard  such  that  a  good  rotor  bal¬ 
ance  is  obtained  in  all  modes  within  the  operating  range.  Moreover, 
the  criteria  should  be  simply  related  to  the  measured  unbalance  readout 
results,  irrespective  of  the  measuring  technique  (proximity  probe, 
accelerometer,  etc.)  and  of  readout  location  (pedestal,  midplane  on 
casing,  etc.).  Flexible-rotor  balance  quality  criteria  that  incorporate 
these  considerations  are  given  in  the  above-mentioned  ISO  draft  techni¬ 
cal  report  ISO/TC  108/SCI  N16. 

Interim  ISO  Procedure  lor  the  Selection  of  Acceptance  Criteria 


The  following  procedure  has  been  developed  by  the  ISO  Balancing 
Committee  as  an  interim  measure  to  guide  the  selection  of  acceptance 
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criteria  for  the  residual  unbalance  level  after  the  balancing  of  flexible 
rotors  (Class  2— 5)  in  bearing  supports:* 

Step  1.  Determine  the  class  of  the  rotor  in  question  (see  Table  1.2 
for  guidance).  Using  the  table  from  ISO  194G-1973(E)  in  Chapter  4, 
establish  the  required  machine  balance  quality  grade. 

Step  2.  Determine  the  recommended  residual  unbalance  from 
Fig.  4  of  ISO  DR  1940.  Find  the  applicable  rigid-body  unbalance  cri¬ 
terion  Uk  lb-in./lb  for  the  maximum  speed  of  operation  (rpm)  and 
machine  balance  quality  grade. 

Step  3.  Determine  the  balance  quality  criteria  values.  If  low-speed 
balancing  is  intended,  select  the  maximum  recommended  unbalance  U 
(oz-in.)  for  low-speed  balancing  in  two  planes  plus  the  residual 
equivalent  of  the  first-mode  unbalance  from 

Un  [-^p]  x  rotor  weight  (lb)  x  16 


oz 

lb 


—  U  oz-ln. 


If  low-speed  balancing  is  not  intended,  determine  the  recom¬ 
mended  residual  unbalance  from  the  following  formulas: 


First  mode:  U\  -0.50  x  recommended  residual  unbalance, 

Second  mode:  C/2  —  1.00  ><  recommended  residual  unbalance, 

Third  mode:  t/3  —  1.50  x  recommended  residual  unbalance, 

where  the  recommended  residual  unbalance  is  from  ISO  1940-1973(E), 
The  following  example  illustrates  the  above  procedure. 

Determine  the  appropriate  balance  criteria  for  a  medium  steam- 
turbine  rotor  weighing  22,000  lb  and  operating  at  4400  rpm.  From 
design  calculations  the  first  three  critical  speeds  occur  at  2750,  5600, 
and  11,700  rpm. 

Step  1.  According  to  Table  1,  in  ISO  1940- 1973(E),  the  required 
balance  quality  grade  is  2.5, 

Step  2.  From  Fig,  4a  of  ISO  1940-1973(E),  the  rigid-body  balance 
quality  criterion  is 

UR  -  0.16  x  10"3 

lb 

Step  3.  The  balance  quality  criterion  is  found  to  be 

U  -  (0.16  x  10“3) (22, 000)  -  3.52  lb-in.  -  56.32  oz-in. 


*CI«m  1  rotor  acceptance  criteria  are  dituuued  in  ISO  1940- 1973(E),  See  Chapter  4, 
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This  criterion  will  be  adequate  if  the  rotor  is  to  be  balanced  at  low 
speed.  The  criterion  then  represents  the  total  permissible  residual 
unbalance  at  any  speed. 

For  high-speed  balancing,  the  recommended  residual  unbalance  for 
the  first,  second,  and  third  modes  is  respectively 

U\  -  0.50(3.52)  -  1.76  lb-in.  (28.16  oz-in.), 

U2  -  1.00(3.52)  -  3.52  lb-in.  (56.32  oz-in.)( 
and 

U3  -  1.50(3.52)  -  5.28  lb-in.  (84.48  oz-in.). 

These  criteria  apply  in  the  case  where  no  rigid-rotor  balance  is  to 
be  undertaken.  At  the  first  critical  speed  a  residual  unbalance  of  28.16 
oz  in.  is  the  maximum  acceptable  value.  As  the  turbine  operating 
speed  of  4400  rpm  is  78.6  percent  of  its  second  critical  speed,  the  full 
second-mode  unbalance  limit  of  56.32  oz  in.  is  applicable.  Since  the 
rotor  operating  speed  is  only  37.6  percent  of  its  third  critical  speed,  no 
restrictions  relating  to  the  third-mode  amplitudes  apply  in  this  case. 

Balance  Quality  Criteria  Based  on  Acceptable  Vibration  Limits 

Guidelines  are  provided  in  ISO  document  ISO/TC  108/SCI  N16 
for  evaluating  the  balance  quality  of  rotating  machinery  based  on  the 
rms  value  of  the  synchronous  pedestal  vibration  velocity.  Table  2  in 
Appendix  A  of  the  document  gives  balance  quality  bands  for  various 
rotor  categories.  A  draft  version  of  this  table  is  given  in  Table  6.7. 
The  quality  bands  A,  B,  C,  and  D  are  related  to  the  machine  balance 
condition  as  follows: 

A:  acceptable  when  the  machine  is  new 

B:  commercially  acceptable 

C:  in  need  of  attention  at  the  next  overhaul 

D:  in  need  of  immediate  attention. 

Three  correction  factors  Cb  C2,  and  C3  are  also  listed  in  Table  6.7,  to 
permit  correlation  of  vibration  measurements  made  in  situ  with  those 
obtained  during  shop  balancing.  The  meaning  of  these  factors  are: 

C[:  measurement  in  a  high-speed  balancing  machine  where  bear¬ 
ing  conditions  differ  from  service  conditions 

C2:  shaft  vibrations  measured  in  or  adjacent  to  the  bearings  of  the 
machine 

C3:  shaft  vibrations  measured  at  the  location  of  maximum  shaft 
lateral  deflection. 
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Table  6.3.  Balance  criteria  for  flexible  rotors 


Rotor 
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The  acceptable  residual  synchronous  vibration  for  a  given  machine 
is  the  product  of  the  rms  vibration  velocity  K,  and  the  appropriate 
correction  factor  as  determined  from  Table  6.7.  The  quantity  V\  can  be 
obtained  from  the  measured  peak-to-peak  vibration  amplitude  a\  as  fol¬ 
lows: 

vx  -  0.707  a  N 

where  N  is  the  rotational  speed  of  the  rotor  in  rpm. 

The  following  example  demonstrates  the  use  of  this  data  for  deter¬ 
mination  of  vibration  acceptability  criteria. 

Consider  the  steam-turbine  unit  described  in  the  preceding  exam¬ 
ple.  The  measured  peak-to-peak  vibration  level  of  the  rotor  in  a  hard- 
pedestal  balancing  machine  is  0.5  x  10~3  in.  at  2400  rpm  and  0.25 
x  10“ 3  in.  at  4400  rpm.  Comment  on  the  balance  quality  of  the  rotor. 

The  steam-turbine  unit  under  consideration  is  a  class  3  machine. 
A  correction  factor  of  C\  -  0.63  should  be  used  for  the  balancing 
machine  test  measurements. 
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The  hard-support  balancing  machine  test  gives  the  following  values 
of  K,: 

At  2400  rpm, 


V,  -  0.707  ~  N  ~ 

r\  v.ivi  j  30 


-  0.074  (0.25  x  lO"3)  (2400)  -  0.0444  in./s 

-  1.128  mm/s. 

At  4400  rpm, 

V\  -  0.074(0.125  X  ir3)(4400)  -  0.0407  in./s 

-  1.034  mm/s. 

The  maximum  acceptable  vibration  velocities  by  quality  band  are 
-  1.12C’i  -  (1.12)0.63  -  0.706  mm/s 

V^x  -  2.8Cn  -  (2.8)0.63  -  1.764  mm/s. 

From  the  balancing  machine  measurements  it  is  evident  that  the 
rotor  falls  in  quality  band  B.  The  balance  quality  must  be  improved  for 
a  new  machine  application;  that  is,  the  synchronous  vibration  velocity 
must  be  reduced  by  37  percent  for  the  rotor  to  be  acceptable  as  a  qual¬ 
ity  grade  A  rotor  (see  listing  on  page  415), 

As  a  further  example,  consider  the  same  turbine  after  installation. 
The  measured  peak-to-peak  vibration  amplitude  at  the  bearing  caps  is 
5.6  x  10“3  in.  at  the  operating  speed  of  4400  rpm.  A  correction  factor 
of  Cj  -  5.0  should  be  used  for  measurements  taken  in  or  adjacent  to 
bearings.  The  machine  vibration  velocity  at  4400  rpm  is 

K,  -  0.074(2.8  x  10-3)  (4400)  -  0.912  ift./s 

-  23.2  mm/s, 

and  the  maximum  acceptable  vibration  velocities  by  quality  band  are 

Band  A:  -  1.12 C2  -  (1.12)5.0  -  5.6  mm/s. 

Band  B:  KiniX  -  2.8Cj  -  (2.8)5.0  -  14.0  mm/s. 

Band  C:  -  7.1C,  «  (7.D5.0  -  35,5  mm/s. 
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The  rotor  is  functioning  in  quality  grade  C  based  on  the  field 
measurements;  it  therefore  requires  attention  at  the  next  overhaul. 

Influence  of  Flexible-Rotor  Type  on  Balance  Quality 

Much  of  the  inherent  difficulty  in  the  selection  of  flexible-rotor 
balancing  criteria  arises  from  the  breadth  of  the  problem  itself.  Such 
criteria  must  be  general  enough  to  account  for  machine  operation  over 
broad  ranges  of  rotor  speed  and  flexibility.  Many  rotors  of  classes  2 
through  S  behuve  as  rigid  rotors  in  their  tower  modes;  that  is,  the  sys¬ 
tem  mode  shape  involves  more  bearing  amplitudes  than  rotor  bending 
amplitudes  because  of  the  dynamic  flexibility  of  the  bearing  and  sup¬ 
port  system.  For  these  lower  modes  rigid-rotor  balancing  criteria  are 
adequate.  When  such  a  rotor  system  experiences  higher  modes,  the 
rotor  bending  amplitude  will  be  larger  than  in  the  lower  modes  and 
rigid-rotor  criteria  will  no  longer  suffice. 

Class  3  rotors  are  characterized  by  modes  in  which  significant 
bending  deflections  predominate.  Fiexible-rotor  balancing  criteria  are 
required  in  order  to  provide  a  range  of  numerical  values  that  will  con¬ 
stitute  a  realistic,  effective  criterion  for  all  the  modes  a  given  rotor  will 
experience  during  its  operation.  Until  comprehensive  criteria  arc 
developed  for  such  rotors,  effective  criteria  can  be  developed  (a)  by 
specifying  rigid-rotor  standards  where  the  lower  modes  are  known  by 
calculation  or  previous  tests  to  be  "rigid"  modes,  and  by  using  the  flexi¬ 
ble  rotor  balancing  guidelines  presented  in  ISO/TC  108/SCI  N16 
(1976);  and  (b)  by  using  the  proposed  criteria  and  procedures  in  the 
same  reference  to  check  the  rotor  vibration  levels  for  acceptability. 
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normalized  amplitude  of  r  th  mode  at  2/  location 
modal  function 

radial  component  of  shaft  displacement  on  r  th  mode 
maximum  radial  displacement  in  r  th  mode 
unbalance  mass 

eccentricity  of  unbalance  mass  from  shaft  axis 

bearing  axial  length 

bearing  diameter 

bearing  radial  clearance 

microinch  , 

number  of  modes  to  be  balanced  within  range  of 
operating  speeds 

number  of  additional  modes  to  be  balanced;  also  used  as  a 
weighting  factor 

unbalance  vector,  function  of  s  and  « 
axial  position  coordinate 
angular  velocity,  rad/s 
number  of  correction  planes 
balancing  coefficient 
phase  angle 

balancing  coefficient,  (actual/ideal)  correction 
critical  speed,  rad/sec 
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CHAPTER  7 

PRACTICAL  EXPERIMENTS  WITH 
FLEXIBLE-ROTOR  BALANCING 


7.1  Intonitlim  Swikw  on  R«tn  Bi1ib«Id| 

Tests  and  Experiments 

Practical  rotor  balancing  ii  changing  in  reaponae  to  new  technology 
and  procedurea  developed  In  the  paat  twenty  years:  minicomputers, 
solid-state  electronics,  influence  coefficient  balancing  procedurea,  modal 
balancing  procedures,  and  the  rapid  evolution  of  highly  flexible  rotors. 
New  methods  of  balancing  have  been  evolved  in  response  to  develop¬ 
ments  in  rotating  machinery:  speed,  size,  weight,  flexible  supports,  and 
so  on.  New  developments  in  instrumentation  have  made  possible  the 
application  of  these  new  methods. 

This  chapter  describes  several  important  practical  investigations 
which  were  undertaken  to  evaluate  the  effectiveness  of  certain  balanc¬ 
ing  procedures.  Listed  below  are  the  primary  methods  now  used  for 
flexible-rotor  balancing;  all  but  modal  averaging  require  the  use  of  * 
computer. 


Mithod  OftelMinw 

Modal  Blihop,  Parklnaon, 

Oladwall,  at  al. 

Modal  a va ratio*  Moon,  Dodd  (Blahop) 


Country 

Elm 

England 

Uni  vanity  Colin* 

Hngfanri 

O.E.C.  (England) 

Cumprahanaiv*  Padarn,  Olan 
modal 

Kallanbarsar 


FadaraJ  RapuMIe  Sehanck  Trabal 
ofOarmany 

Switxarland  Blown  Bovarl  at  Cle. 


Influanoe  Ooodmaa,  Lund, 

eoaAelant  Rla*ar,  Badglay 


Uni  tad  Sutai  Qanaral  Elactrk, 

Uni  tad  Stalai  Maehanim!  Taohnoloty  Inc. 


In  addition,  there  are  several  specialized  Influence  coefficient  methods 
used  for  rotors  whose  balancing  properties  are  well  known  and  which 
con  often  be  balanced  by  applying  data  from  experience  with  similar 
machines  (size,  rotor  weight,  speed,  etc.).  Several  turbine  manufactur¬ 
ers  balance  their  rotors  in  this  way,  employing  data  stored  in  the  com¬ 
puter  for  easy  access  and  guidance. 

The  published  information  on  rotor  balancing  and  rotor  test 
experience  deals  with 

e  Verification  of  speciflc  methods 

•  Investigation  of  aspects  of  methods  for  efficient  balancing 

•  Investigation  of  method  effectiveness  under  nonroutine  cir¬ 
cumstances. 
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Few  publications  concerned  with  rotor  belancinf  have  diacuaaed  the 
very  significant  developments  in  electronics  that  hove  been  introduced, 
especially  recently.  Few  publications  aside  from  patent  documents 
describe  die  range  of  mechanical  and  electrical  innovations  that  have 
been  introduced  oyer  the  past  thirty  years  to  make  modern  balancing 
machines  and  equipment  the  sophisticated  and  efficient  device!  they 
now  are. 

The  sources  of  Information  on  the  rotor- balancing  tests  and  experi¬ 
ments  repotted  in  this  chapter  are  summarised  below. 

Modal  balancing,  This  method  was  developed  by  Bishop  and  asso¬ 
ciates  at  University  College,  London,  England.  Comprehensive  listings 
of  published  work  on  this  method  have  been  given  by  Bishop  and  Par¬ 
kinson  Ill,  by  Parkinson  (2],  and  by  Rieger  [3].  The  work  itself  is  pub¬ 
lished  mainly  in  the  Journal  of  Mechanical  Engineering  Science,  the 
Proceedings  of  the  Institution  of  Mechanical  Engineers,  and  the  Proceedings 
of  the  Royal  Society  of  London,  Publications  date  from  1959. 

Modal  averaging  method.  This  method  is  based  on  the  modal 
method  of  Bishop,  et  al.  It  was  formalized  by  Moore.  The  early  work 
is  referenced  by  Bishop  and  Parkinson  II]  and  by  Rieger  [3j.  The  jour¬ 
nals  in  which  it  has  been  reported  are  the  Transactions  efthe  Institution 
of  Marine  Engineers,  Parsons’  Turbine  Works  Journal,  and  the  Proceedings 
Of  the  Institution  of  Mechanical  Engineers.  Publications  date  from  1964. 

Influence  coefficient  method.  Initial  work  is  attributed  to  Goodman, 
with  Lund,  Rieger,  and  Badgley,  et  al.  following  later.  Experimental 
verification  has  been  reported  by  Tessarzik,  Badgley,  Anderson  and 
Fleming,  and  Tonnesen.  A  literature  listing  has  been  compiled  by 
Rieger  [3].  The  work  itself  has  been  published  mainly  in  the  Transact 
tlons  of  the  American  Society  of  Mechanical  Engineers  from  1971  onward. 

Comprehensive  modal  method,  Initial  work  was  done  in  1956  by 
Federn,  who  was  followed  by  Giers  14]  and  Kelienberger  [5].  Little 
published  information  appears  to  be  available  beyond  that  reported  by 
Giers,  Kelienberger,  and  Drechsler,  as  discussed  in  this  chapter. 

7.2  Laboratory  Verification  of  Modal  Balancing:  Parkinson, 

Jackson,  and  Bishop 

Parkinson,  Jackson,  and  Bishop  [6,7]  conducted  several  laboratory 
experiments  to  validate  the  modal  balancing  method  in  the  laboratory 
before  attempting  large-scale  verification  and  application  in  practice. 
For  the  amall-u.ameter  shafts  studied,  the  initial  bend  of  the  shaft  was 
observed  to  exert  an  important  effect  on  the  balancing  process,  and 
therefore  a  preliminary  study  was  made  to  evaluate  the  relative 
significance  of  initial  bend  and  residual  unbalance.  This  work  Is 
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reported  in  Ref.  6.  The  experimental  investigation  of  the  validity  and 
some  characteristics  of  the  modal  balancing  method  are  discussed  in 
Ref.  7. 

The  rotots  used  in  this  study  (Table  7.1)  consisted  of  a  number  of 
steel  shafts,  0,625  in,  and  larger  in  diameter  and  ranging  in  length  from 
25  to  50  in-;  two  stepped  shafts  were  also  used.  Each  shaft  was 
mounted  in  single-row  self-aligning  bearings,  The  shaft  was  driven  by  a 
double  Hooke's  joint  coupling  from  a  2,5-hp  dc  motor  in  the  speed 
range  1200  through  2000  rpm, 


Table  7.1.  Details  of  shafts  used  in  modal  balancing  verification  tests* 


Shift 

Idonlllfeitton 

Uniform  or 
nonUnlform 

Critical  ipMdi 
(ill) 

Shift  dlmortiioni  (in.) 

ApofOilmiW  lupport 
condition! 

Thiontlcil*  erliloii 
■poodi  kh) 

Ittur 

ihlft  Motion 

“1 

“1 

Oltmllir 

Linith 

“l 

"1 

A 

Uniform 

16 

lit 

0,619 

19,0 

CUmpod-ftoo 

11.1 

177 

B 

Uniform 

11.1 

94 

0,619 

90.0 

Ckmpod-plnntd 

30.9 

100 

C 

Uniform 

39 

til 

0,619 

49,1 

Climpid-ckmpod 

43.3 

119 

D 

Uniform 

10 

ID 

0.419 

90,0 

Flnntd.pInMd 

19,7 

79 

B 

<u  D,  but 
•ddlilonilaj) 

Uniform 

10 

10 

0,419 

90,0 

Flnnod-plnnod 

19,7 

79 

F 

Uniform 

16 

104 

0,619 

44.0 

Plnnid.plnnid 

19,5 

101 

a 


Nonunlfotm 

(•ymmtlrlwl) 


H 


Nonuniform 
(uniymmttrlal)  66.9 


•Ref.  7,  ©1961,  Institution  of  Mechinictl  Eniliwers;  used  by  permission. 
tBiied  on  the  esiumptinn  of  (deal  supports. 

The  tost  shafts  carried  small  aluminum  collars  attached  by  grub 
screws.  Balancing  masses  were  added  by  inserting  these  into  holes  in 
the  cottar.  Typically,  these  correction  masses  were  between  0,125  and 
0.50  oz  in  weight,  0.25  or  0.50  in,  In  diameter,  and  up  to  0,50  in,  tong. 

Inductive  pickups  were  used  to  measure  the  vertical  component  of 
shaft  displacement.  Signals  were  transmitted  to  a  radio-frequency  oscil¬ 
lator  operating  at  2  MHz.  The  frequency-modulated  signals  were  then 
preamplified  and  displayed  on  a  two-channel  oscilloscope,  Displace¬ 
ment  calibration  was  achieved  with  a  0.0001 -in.  dial  indicator, 
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As  the  modal  balancing  method  depends  on  a  knowledge  of  the 
characteristic  functions  (mode  shapes)  of  the  rotor  to  be  balanced, 
some  prior  knowledge  of  the  characteristic  functions  of  the  shafts  in 
their  bearings  was  obtained  by  exciting  the  nonrotating  shafts.  Excita¬ 
tion  was  provided  by  an  electromagnet  and  a  variable-frequency  oscilla¬ 
tor.  The  form  of  each  characteristic  function  was  defined  using  nine 
inductive  pickups  stationed  along  the  shaft,  with  their  traces  displayed 
on  the  oscllloticope.  In  this  manner  the  r  th  modal  shape  of  vibration 
was  determined  in  the  normalized  form 

where  u'  is  the  radial  component  of  shaft  displacement.  Tests  were  car¬ 
ried  out,  for  the  first  and  second  modes  of  vibration  for  shafts  B,  C,  and 
D.  Figure  7.1  shows  typical  correlation  achieved  between  these  tests 
and  the  corresponding  theoretical  predictions  of  the  modal  shapes. 

With  a  shaft  in  the  test  rig,  the  lowest  natural  frequency  was  first 
obtained  in  the  nonrotating  condition.  The  orientation  of  the  plane 
containing  the  first  component  of  unbalance  was  then  found  by  running 
the  shaft  slightly  above  (or  below)  its  first  critical  speed  and  identifying 
the  "heavy*  (or  "light")  side.  A  correction  mass  was  then  placed  in  the 
aluminum  balance  weight  ring,  directly  opposite  the  unbalance.  The 
shaft  waveform  was  displayed  and  monitored  to  observe  any  changes, 
and  the  shaft  was  rotated  at  about  the  same  speed  as  before.  Observa¬ 
tion  of  the  waveform  determined  whether  the  correction  weight  was  too 
small  or  too  large.  The  correction  mass  was  adjusted  so  that  a  low- 
amplitude  passage  through  the  critical  speed  was  possible,  after  a 
number  of  sensitive  adjustments.  In  addition,  the  variation  of  the 
balancing  mass  with  distance  along  the  shaft  it  was  also  investi¬ 
gated.  The  resulting  values  of 

ftyQ  0i(z<) 

m  ,r,  0i  (zo) 

where  obtained  and  compared  with  the  stationary  mode  shapes.  The 
results  are  in  agreement  with  the  modal  balancing  theory.  The  second 
mode  was  balanced  in  a  similar  manner. 

Elastic  unbalance  (i.e.,  bent  shaft)  was  also  investigated  in  a  series 
of  tests.  Variation  of  distortion  with  speed  and  variation  of  angle  with 
speed  were  observed  for  the  lowest  two  shaft  modes.  As  both  elastic 
unbalance  and  residual  unbalance  exist  in  the  shaft  concurrently,  the 
shaft  was  first  balanced  as  accurately  as  possible.  Phase-vs-speed  curves 
were  obtained  from  which  the  variation  of  the  phase  angle  with  the 
speed  of  elastic  unbalance  was  determined  for  a  variety  of  conditions. 
Typical  phase-vs-speed  curves  are  shown  in  Fig.  7.2. 
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(«)  Shaft  E,  vicinity  of  second 
critical  speed 


_  SHAFT  UNDMBAIANCSD  7*  PSSCSHT  In  »  0 M. 

- SHAFT  UNOMSALANCaO  «  FSHCSNT  In  -  0.S4I, 

- SHAFT  OVWBAIAHCW  II PWCSNT  In  -  T.«. 


(b)  Shaft  H,  vicinity  of  first 
critical  speed 


Fig.  7,2.  Typical  phase-vs-speed  curves  for  shafts  E  and  H  (see  'fable  7.1)  plotted  by  Par¬ 
kinson  et  al.  17]  (*1963,  Mechmlca!  Engineering  Publications,  Ltd;  used  by  permission) 
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Additional  tests  were  carried  out  to  determine  the  effects  of  inac¬ 
curate  balancing  (i.e.,  overbalancing  and  underbalancing).  Curves  of 
variation  in  phase  angle  and  distortion  as  a  function  of  speed  were 
obtained  for  these  conditions  with  elastic  unbalance  and  residual  unbal¬ 
ance.  A  comparison  of  these  results  with  those  predicted  by  the  modal 
theory  is  shown  in  Fig.  7.3. 


Fig.  7.3.  Experimenully  observed  amplitude  near  the 
antinode  shah  H  in  the  vicinity  of  the  first  critical  speed 
and  amplitude  predicted  from  theory  (curves).  From 
Parkinson  et  al.  (7]  (el 963,  Mechanical  Engineering 
Publications,  Ltd;  used  by  permission). 

The  following  general  comments  are  made  by  Parkinson  et  al.  [7] 
on  their  results. 

1.  Experimental  results  indicate  a  need  for  a  theory  for  balancing 
shafts  with  an  initial  bend.  This  theory  is  given  in  Ref.  6. 

2.  There  appears  to  be  little  doubt  as  to  the  validity  of  the  modal 
balancing  process.  The  practical  value  of  this  process  remains  to  be 
determined.  Such  tests  have  subsequently  been  conducted  by  Lindley 
and  Bishop  [8]  and  are  discussed  in  Section  7.4. 
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3.  Preliminary  industrial  teats  indicate  that  the  use  of  fluid-film 
bearings  and,  measurements  made  on  bearing  pedestals  do  not  materi¬ 
ally  affect  the  usefulness  of  the  modal  balancing  method. 

The  tests  were  conducted  with  simple  undamped  two-bearing 
rotors.  They  offer  encouraging  results,  but  more  exhaustive  testing  is 
required  to  define  the  limitations,  if  any,  of  this  .techiiiqub  It  shouici 
be  added  that  the  degree  of  complexity  involved  in  carrying  out  the 
balancing  operations  has  not  been  discussed,  and  many  additional .-'fac¬ 
tors  remain  to  be  investigated,  e.g.  the  number  of  balancing  pianso 
required  for  full  effectiveness;  effect  of  errors  in  positioning  the  correc¬ 
tion  weights,  etc. 

7.3  Experiences  in  Balancing  Rotors  with  Mixed  Modes: 

Moor*  and  Dodd 

The  modal  averaging  method  of  rotor  balancing  is  described  with 
details  of  practical  examples  in  a  paper  by  Moore  and  Dodd  [101  and  in 
subsequent  papers  by  Moore  [11,12],  The  several  techniques,  of  this 
method  are  described  in  Chapter  6.  The  method  utilizes  a  knowledge 
of  the  rotor  modes  obtained  from  experience,  or  calculation,  or  intui¬ 
tion  to  guide  the  balancing  process.  The  paper  by  Moore  and  Dodd 
[10]  describes  the  basic  steps  of  the  balancing  process  with  application 
to  a  typical  two-bearing  flexible  rotor  operating  under  the  influence  of 
its  first  three  flexible  modes.  Moore  and  Dodd  describe  how  they  have 
applied  the  modal  balancing  procedure  proposed  by  Bishop,  Gladwell, 
and  Parkinson  in  which  the  rotor  modes  are  balanced  out  in  turn  a* 
they  are  encountered  in  such  a  manner  as  to  not  reintroduce  (re-excite) 
the  lower  modes  by  unsuitable  positioning  of  the  correction  weights. 

The  main  purpose  of  the  paper  by  Moore  and  Dodd  is  to  discuss 
the  application  of  the  modal  method  when  mixed  modes  are  present.  It 
mentions  an  initial  application  to  an  unslottod  rotor  forging  that  gave 
"  very  promising  results."  It  was  possible  to  run  the  rotor  near  the  first 
critical  speed,  balance  this  mode  out,  then  run  near  the  second  critical 
speed  and  balance  the  second  mode  without  reintroducing  the  first 
mode. 

The  (imitations  of  this  procedure  became  apparent  when  balancing 
of  the  complete  rotor  was  attempted.  After  the  first  mode  was  bal¬ 
anced,  the  rotor  experienced  strong  vibrations  when  operated  st  full 
speed.  The  second  mode  was  beyond  the  operating  speed,  and  it  wss 
not  possible  to  run  at  a  suitable  higher  speed  to  balance  it  out.  Balanc¬ 
ing  was  attempted  at  the  operating  speed,  assuming  that  the  rotor  mode 
shu»*  was  predominantly  that  of  the  second  mode,  though  not 
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resonant.  Correction  weights  were  added  on  opposite  sides  of  the 
rctcr,  near  the  estimated  points  of  maximum  deflection. 

Moore  and  Dodd  describe  the  balancing  as  follows: 

If  the  corrections  for  the  second  mode  ware  adjusted  to  nullify  the 
vibration  of  one  bearing,  the  vibration  at  the  other  bearing  Increased. 

The  best  compromise  left  uqual  in-phase  vibrations  on  the  two  pede¬ 
stals.  It  was  first  thought  that  as  the  vibrations  were  In  phase  at  the 
two  ends,  they  might  have  been  caused  by  an  error  In  tne  first  mode, 
which  could  have  been  Introduced  by  a  mlsRropottlonlng  of  the 
weights  added  for  second  mode.  The  problem  turned  out  to  he 
much  more  complex.  In  fact,  no  progress  was  made  until  It  was 
appreciated  that  the  rotor  was  responding  to  second  and  third  modes 
[unbalances]  simultaneously,  even  though  It  was  running  well  below  second 
critical  speed 

The  remaining  problem  is  one  of  mode  separation.  Under  the  effect  of 
unbalance  forces  from  the  second  and  third  modes,  the  bearing  pede¬ 
stals  will  receive  simultaneously  an  out-of-phase  component  from  the 
second  mode  and  an  in-phase  component  from  the  third  mode.  These 
t.wo  components  can  occur  at  any  angle  to  one  another.  It  is  necessary 
to  resolve  the  resultant  vectors  back  Into  their  r  iodal  components. 
Moore  and  Dodd  have  devised  the  vector  diagram  shown  in  Fig.  7.4  to 
accomplish  this  modal  separation.  Their  procedure  is  as  follows: 

Step  1.  Let  the  vibration  readings  at  pedestals  A  and  D  be 
represented  by  the  vectors  OA  and  OB  in  Fig.  7.4. 

Step  2.  Add  calibrating  weights  in  the  correction  planes  for  the 
second  mode,  Let  their  relationship  be 

eff«i  on  cnii lAjasflMsje.  .  „  (ratio) 
effect  on  end  B  amplitudes 

Step  3.  Add  calibrating  weights  in  the  correction  planes  for  the 
third  mode.  Let  their  relationship  be 

effect  on  end  A  amplitudes  m  ,  \ 

effect  on  end  B  amplitudes  " 

Step  4.  Join  A  and  B.  Divide  AB  so  that  AC/CB  «  m, 

Step  5.  Join  O  and  C.  Draw  lines  parallel  to  OC  through  A  and  B, 

Step  6.  Produce  AO  to  meet  the  line  parallel  to  OC  through  B  at 
point  D. 

Step  7.  Divide  DB  so  that  DB'/BH  -  n/m . 

Step  8.  Join  B'O.  Produce  this  line  to  meet  the  line  parallel  to 
OC  through  A  at  point  A\ 

Step  9.  Any  line  through  0  will  meet  the  parallel  lines  through  A 
and  B  in  .4 'and  B' so  that  OA'/OB'  -  m. 
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Fir.  7.4.  Simultaneous  correction  of  eecond  end  third  modes:  example  riven  by  Moore 
and  Dodd  (101  for  a  boiler-feedpump  rotor  (01964,  General  Electric  Company  Ltd;  used 
by  permiuion) 
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step  10.  If 


and 


OA  -  OA'  +  A'A 


OB-OB+BB 

then  the  vectors  OA'  and  OB'  are  the  out-of-phase  components  of  the 
vibration  readings  OA  and  OB,  in  which  OA'  -  m  (OB') ,  and  the  vec¬ 
tors  A'A  and  B'B  are  the  in-phase  components  of  the  vibration  read¬ 
ings  OA  and  OB  in  which  A'A  ■*  n(B'B). 

Note  that  the  out-of-phase  components  apply  to  the  second-mode 
unbalance,  in  which  the  pedestal  forces  are  in  the  ratio  m,  and  that  the 
in-phase  components  apply  to  the  third-mode  unbalance,  in  which  the 
pedestal  forces  are  in  the  ratio  n. 

A  detailed  example  that  describes  the  application  of  the  above  con¬ 
struction  to  a  7900-hp  boiler-feed  pump  rotor  is  reproduced  in  Fig.  7.4. 
Moore  and  Dodd  (10)  gave  a  further  construction  for  the  case  where 
mixed-mode  effects  are  present  near  the  critical  speed  of  one  of  the 
modes  involved.  Under  such  conditions  the  phase  angle  of  the  vibra¬ 
tion  is  subject  to  rapid  changes  with  respect  to  the  angular  location  of 
the  rotor  in  space,  for  the  criticai  mode.  A  graphical  procedure  for 
mode  separation  in  such  balancing  is  also  given.  In  this  instance,  as 
with  the  previous  case  of  modal  separation,  no  finite  solution  to  the 
problem  may  be  possible  if  the  balancing  planes  are  situated  in  unsuit¬ 
able  positions  along  the  length  of  the  rotor. 

Moore  and  Dodd  commented  that  the  best  drive  connection  is 
through  a  double  Hooke's  joint  and  that  when  balancing  near  a  critical 
speed,  fine  speed  control  is  required  for  accurate  determination  of 
amplitude  and  phase  angle,  which  may  vary  significantly  with  small 
speed  Increments  under  such  conditions.  Seismic  transducers  should  be 
mounted  to  operate  at  frequencies  away  from  their  own  resonances. 
The  authors  comment  in  conclusion  that  the  quality  of  balance  achieved 
both  when  running  up  and  when  at  full  speed  is  far  higher  than  had 
been  previously  considered  possible.  That  good  balance  can  be 
achieved  by  the  modal  averaging  method  is  supported  by  the  balance 
figures  quoted  by  Moore  and  Dodd.  It  should  be  noted  that  the  bal¬ 
ance  quality  obtained  in  this  case  was  achieved  without  correcting  the 
rigid  rotor  modes. 


7.4  Industrial  Rotor  Balancing  by  Modal  Methods 

Certain  points  raised  by  Moore  and  Dodd  [10]  are  discussed  in 
greater  detail  by  Moore  [12],  This  second  paper  begins  with  a  discus¬ 
sion  of  the  modal  behavior  of  flexible  rotors  in  flexible  supports  and 
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the  significance  of  rigid-rotor  modes  in  comparison  with  flexible-rotor 
modes.  Transducer  signals  are  presented  as  vectors,  and  the  properties 
of  the  rotor  modes  are  then  discussed  in  terms  of  the  related  vector 
diagrams  from  the  pedestal  signals.  The  problems  of  "mixed"  modes 
(two  dose  modes,  or  two  strong  modal  responses  in  the  same  signal) 
are  then  reexamined,  first  using  the  vector-diagram  approach  and  then 
with  the  use  of  complex  algebra.  Application  of  these  techniques  to 
flexible  rotors  with  various  unbalance  conditions  is  discussed,  for  exam¬ 
ple,  with  regard  to  the  need  for  the  low-speed  balancing  of  a  high-speed 
flexible  rotor.  It  is  the  position  of  Moore,  Bishop,  and  Parkinson  that 
low-speed  balancing  is  unnecessary  for  class  3  flexible  rotors  that  have 
rigid  (or  quasi-rigld)  modes  only  in  a  soft-pedestal  balancing  machine. 
The  opposite  position  is  held  by  Federn,  Kellenberger,  and  Olers,  who 
maintain  that  both  the  quality  of  the  balance  achieved  and  the  effi¬ 
ciency  of  the  balancing  process  are  improved  by  an  initial  low-speed 
balance  operation.  As  discussed  in  Sections  7.7  and  7.8,  attempts  to 
resolve  this  question  have  been  made  by  Giers  [4]  and  by  Kendig  [25], 

Moore  [12]  addresses  the  need  for  low-speed  balancing  by  first 
mentioning  that  any  unbalance-correction  weight  added  to  the  rotor  will 
produce  balancing  and  unbalancing  effects,  in  relation  to  the  rigid 
modes  and  the  flexible  modes.  He  contends  that 

It  li  likely  therefore  that  an  unbalanced  rotor  will  have  defect*  In 
leveral  modes,  and  the  relationship  between  these  defects  will 
depend  not  only  on  the  modal  shapes  but  on  the  axial  disposition  of 
the  unbalances.  As  a  balanclni  machine  considers  rigid  modes  only, 
some  residual  unbalance  will  remain  In  the  flexural  modes.  This  will 
result  In  vibration  when  the  rotor  Is  run  to  speed  In  Its  own  bearing*. 

Moore  shows  how  different  distributions  of  unbalance  may  affect 
modes  above  the  first  mode.  It  is  concluded  that  "a  low  speed  balanc¬ 
ing  machine  can  have  only  limited  use  in  the  balancing  of  large  flexible 
rotors."  This  use  appears  to  be  restricted  to  rotors  that  operate  well 
below  the  first  critical  speed  or  well  above  the  first  and  well  below  the 
second  critical  speed.  The  success  of  this  procedure  would  depend  on  a 
variety  of  factors,  such  as  degree  of  rotor  axial  symmetry,  uniformity  of 
unbalance  distribution,  and  magnitude  of  unbalance. 

The  degree  to  which  a  high-speed  balancing  machine  can  be  used 
to  balance  a  flexible  rotor  was  also  reviewed  by  Moore  [12],*  who  sug¬ 
gests  that,  despite  the  high-speed,  variable-support  flexibility  (capabili¬ 
ties  then  available),  no  further  balance  computation  capability  is  pro¬ 
vided  in  commercially  available  high-speed  balancing  machines,  and 


I 


*Su  also  Ref  11  Tor  a  more  debited  explanation  of  this  procedure. 
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practical  modal  techniques  must  be  employed  in  the  final  stages  of 
balancing.  Moore  therefore  concludes  that  a  skilled  operator  is  still 
required  to  balance  flexible  rotors  efficiently. 

The  remainder  of  Ref.  12  is  a  discussion  of  various  techniques  for 
balancing  flexible  rotors.  These  techniques  are  presented  in  terms  of 
vector  diagrams  for  dealing  with  the  following  additional  cases; 

1.  Balancing  when  there  is  a  mixed-mode  condition  near  the  first 
critical  speed.  Typical  application;  generator  rotor  at  low  speed. 

2.  Balancing  when  there  is  a  mixed-mode  condition  near  the 
second  critical  speed.  Typical  application;  turbine-generator  rotor 
above  the  first  critical  speed. 

3.  Balancing  for  a  mixed-mode  condition  remote  from  either  criti¬ 
cal  speed.  Typical  application:  gas-compressor  rotor  or  large  slip-ring 
induction  motor  rotor  near  full  speed. 

4.  Balancing  for  a  mixed-mode  condition  with  a  limited  choice  of 
balancing  planes.  Typical  application;  large  turbine-generator  rotor  or 
the  semirigid  rotor  of  large  motor  near  full  speed. 

The  situations  in  which  these  constructions  are  of  use  will  be 
readily  apparent  to  the  balancing  engineer.  A  brief  discussion  of  each 
case  is  given  by  Moore  [12],  who  concludes  that  a  flexible  rotor  that  is 
prebalanced  in  a  low-speed  balancing  machine  may  still  be  unbalanced 
in  Its  flexural  modes,  possibly  to  a  higher  degree  than  before.  The 
importance  of  employing  some  modal  balancing  techniques  is 
emphasized,  to  eliminate  all  relevant  modes  within  the  operating-speed 
range. 

The  techniques  described  in  this  section  have  been  applied  by 
Moore  to  a  wide  range  of  rotors,  ranging  from  turbine-generator  rotors 
(i.e.,  class  3  rotors),  whose  response  can  be  influenced  by  several 
modes  simultaneously,  to  induction  motor  and  salient-pole  alternator 
rotors,  which  have  previously  been  considered  as  rigid  (i.e.,  class  1  or  2 
rotors).  Smooth  operation  without  prebalancing  at  low  spued  is  claimed 
in  all  cases.  This  endorses  the  efficiency  of  the  modal  averaging 
method  and  demonstrates  its  validation  in  practice. 


Alternator  Rotor  Balancing  Evaluation  of  Modal  Averaging  Method: 
Liadley  and  Blahop 

In  a  comprehensive  paper  on  recent  developments  in  the  balancing 
of  large  flexible  rotors,  Lindley  and  Bishop  [8]  describe  the  application 
of  modal  methods  during  the  balancing  of  a  200-MW  generator  rotor, 
with  extensive  supportive  discussion  on  the  dynamic  properties  of  such 
rotors.  The  paper  also  contains  discussions  contributed  by  many 
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balancing  experts,  the  principles  of  modal  balancing  are  first  reviewed, 
i.e.,  procedures  for  successive  mode  suppression  without  re-excitation. 
The  authors  recognise  the  value  6f  having  mode  shapes  available,  from 
computer  results  or  from  previous  practical  experience,,  for  the  modes 
to  be  eliminated.  In  general,  however,  the  piano  in  which  the  response 
occurs  for  each  piode  will  be  different  because  of  this  predominantly 
random  distribution  of  residual  unbalance  in  a  rotor.  The  total  rotor 
response  at  any  given  speed  Is  the  sum  of  the  individual  modal 
responses  in  the  various  directions.  This  is  the  basil  of  modal  balanc¬ 
ing.  As  noted  previously,  preliminary  tests  on  laboratory  models  by 
Parkinson,  Jackson,  and  Bishop  [6]  had  indicated  that  the  modal 
balancing  concepts  would  work  in  practice  (see  also  Ref.  1). 

Balancing  tests  were  conducted  on  the  200-MW  alternator  rotor 
shown  in  Fig.  7.5.  The  rotor  was  first  balanced  by  customary  pro¬ 
cedures  in  an  overspeed  test  pit,  but  without  any  low-speed  balancing. 
The  drive  was  from  a  dc  motor  through  a  double  Hooke’s  joint  cou¬ 
pling,  at  speeds  from  0  through  3000  rpm  us  required.  A  signal  genera¬ 
tor  and  a  frequency  counter  were  used  for  precision  speed  measure¬ 
ment  to  within  1.0  rpm.  Seismic  vibration  transducers  were  attached  to 
the  bearing  pedestals  to  monitor  vibrations  in  the  horizontal  direction. 
A  small  phase-reference  alternator  was  driven  directly  from  the  rotor  in 
conjunction  with  the  transducers  to  measure  the  phase  angle  between 
any  required  circumferential  location  on  the  rotor  and  the  pedestal 
vibration  signal. 

Two  tests  wore  made  to  determine  whether  the  dynamic  (modal) 
behavior  of  a  large  rotor  was  consistent  with  the  predictions  of  elemen¬ 
tary  theory.  The  balanced  200-MW  alternator  rotor  was  first  deli¬ 
berately  unbalanced  by  the  addition  of  a  17.5-oa  weight  at  22.0-in. 
radius,  midspan  between  the  main  bearings,  to  introduce  rotor  ampli¬ 
tudes  associated  primarily  with  the  first  mode.  When  the  rotor  was 
running  through  the  speed  range  at  1020  rpm,  this  385-oz-in.  unbalance 
caused  a  1.82  x  10~}-in.  amplitude  peak  at  the  left-hand  bearing  and  a 
0.8  x  10“3-in.  amplitude  peak  at  the  right-hand  hearing.  The 
Konnedy-Pancu  polar  response  plots  show  that  rotor  response  ampli¬ 
tudes  at  the  two  bearings  are  in  phase  at  the  critical  speed;  this  suggests 
that  the  first  mode  is  of  the  customary  haif-sine-wave  shape,  as  would 
be  expected.  Another  test  was  conducted  to  determine  whether  the 
rotor  response  was  axisyminetric,  by  moving  the  unbalance  mass  cir¬ 
cumferentially  around  the  rotor  and  measuring  at  898  rpm  (90  percent 
of  the  critical  speed).  Affirmative  results  were  again  reported  for  this 
test,  consistent  with  rotor  dynamic  theory 

For  balancing,  the  200-MW  alternator  rotor  was  run  close  enouglt 
to  the  first  critical  speed  for  stable  phase  measurements  to  be  taken 
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Fig,  7, li.  Alternator  rotor  of  liOO-MW  generating  eet  used  In  test*  by  Llndley  end  Bishop 
IB]  ( ®  1 963 ,  Institution  of  Mechsnlcsl  Engineers;  used  by  permission) 


where  the  first  mode  wm  strongly  magnified.  The  rotor  was  then  shut 
down,  and  a  calibrating  weight  was  added  near  the  midspam.  Measure¬ 
ments  were  repoated  at  the  same  speed  as  before.  The  readings  taken 
at  the  pedestals  in  both  trials  could  then  be  plotted  as  vectors  to 
determine  the  magnitude  and  location  of  the  correction  weight  needed 
to  balance  the  rotor,  Usually  the  two  resulting  correction  vectors  are 
not  in  identical  phase,  and  a  compromise  or  average  location  is  there¬ 
fore  selected  for  the  addition  of  a  single  correction  mass.*  The 
corrected  rotor  was  then  run  through  the  first  critical  speed  without 
observing  undue  vibration  of  the  pedestals.  Details  of  results  obtained 
in  this  and  other  balancing  runs  are  given  In  Table  7.2. 

For  second-mode  balancing,  Llndley  and  Bishop  [8]  discuss  the 
selection  of  a  suitable  balancing  speed  based  on  the  size  of  the  pedestal 
vibrations.  The  second  mode  of  this  rotor  system  lies  beyond  the 


•This  It  the  reason  for  the  term  modal  a  vt  rating,  to  distlnsulrli  It  from  the  pure  model 
method,  which  requires  a  computer  for  the  selection  of  correction  messes  Tor  several 
modes  simultaneously. 
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Table  7.2.  Initial  unbalance  state  of  amplitudes* 


Unbalance  vibration 
amplitude,  peak-to-peak 

Bearing  pedestal 

(in.  x  10~J) 

Running 
through  first 

At 

critical  speed 

3000  rpm 

Initial 

unbalanced 

state 

Driving  end 
Opposite 
driving  end 

15.0 

7.5 

2.2 

1.9 

Homopolar 

14.0 

5.0 

Driving  end 

1.0 

0.3 

After 

Opposite 

balancing 

driving  end 

0.7 

0.75 

Homopolar 

0.8 

0.2 

•Ref.  8.  Used  by  permission. 


operating  speed  (3000  rpm)  but,  unless  balanced,  it  is  of  sufficient 
strength  to  cause  strong  vibrations  at  the  operating  speed.  The  operat¬ 
ing  speed  was  selected  as  the  second-mode  balancing  speed,  and  pedo- 
otal  vibration  readings  were  taken  with  related  phase  angle  data.  A  pair 
of  calibrating  weights  were  then  added  to  the  rotor  at  the  estimated 
axial  locations  of  the  maximum  second-mode  amplitudes  (but  not 
necessarily  in  phase  circumferentially  with  this  amplitude).  The  cali¬ 
brating  couple  was  proportioned  so  as  tc  leave  the  first  mode  undis¬ 
turbed.  A  vector  diagram  for  this  condition  is  shown  in  Pig.  7.6a. 
Assuming  at  this  stage  that  the  second  mode  has  an  equal  out-of-phase 
effect  at  the  two  axial  calibration  locations,  the  required  magnitude  of 
the  second-mode  correction  couple  is  found  from  the  construction 
shown  in  Fig.  7.6b.  Like  the  first- mode  correction,  this  construction  is 
approximate.  A  more  precise  correction  might  have  been  obtained  at 
this  stage  by  using  the  corrections  proposed  by  Moore  and  Dodd  [11]. 

The  final  balancing  process  follows  the  hot  overspeed  test  for  such 
a  rotor.  Ideally  this  will  consist  of  a  repeat  of  the  first-  and  second¬ 
mode  correction  procedures.  If  problems  are  to  be  encountered  with  a 
rotqr,  they  will  usually  occur  with  the  basic  correction.  Trim  balancing 
is  usually  a  straightforward  repeat,  especially  if  Moore’s  mixed-mode, 
separation  •compensation  procedures  have  been  applied  after  initial 
diagnosis  of  tho  vector  diagrams.  In  the  given  case  Moore’s  procedure 
would  compensate  the  first  mode  and  a  portion  of  the  second  mode  at 
the  first  critical  speed;  it  would  nlso  completely  compensate  the  second 
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(a)  Vector  diagrams  for  the  first  ohoien  speed 
(near  but  below  ftret  critical) 


apeed  and  below  second  critical) 

PlS-  7-4.  Vector  diagrams  for  vibration  at  the  flrit  and  aecond  apeedi  choten  by 
Llndley  and  Biahop  (8]  to  balance  an  alternator  rotor  (»1963,  Institution  of 
Mechanical  Engineers',  used  by  permission) 
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mode  and  a  significant  portion  of  the  third  mode  at  running  speed, 
without  disturbing  the  first  mode. 

Details  bf  a  second  balancing  test  on  the  200-MW  alternator  are 
also  given.  For  balancing  the  first  mode  at  a  speed  Just  below  the  first 
critical,  a  correction  weight  of  9.S  lb  was  added  at  midspan  at  12.0-in. 
radius  (3344  os-in.).  Critical  speed  amplitudes  at  both  bearings  were 
reduced  to  less  than  l.S  x  10~3  In.  peak  to  peak.  The  second  mode  was 
balanced  at  3000  rpm  by  placing  two  out-of -phase  correction  weights  of 
11.0  oz  at  21.0-in.  radius  (231  oz-in.)  on  opposite  sides  of  the  rotor 
near  the  quarter-points.  This  left  a  residual  in-phase  unbalance  com¬ 
ponent  of  about  1.0  x  10" 3  in.  at  either  bearing.  After  the  hot 
overspeed  test,  the  following  additional  corrections  were  required: 

First  mode:  one  weight  (-13.0  oz)  at  21.0  in.  (-273.0  oz-in.). 

Second  mode:  two  weights  (-3,0  oz)  at  21.0  in.  (-63.0  oz-in.)  at 
the  quarter-points. 

The  remaining  in-phase  component  was  corrected  by  adding  weights  to 
the  main  half  coupling. 

These  experiments  led  Lindley  and  Bishop  to  conclude  that  the 
method  can  be  used  quite  generally  to  balance  flexible  rotors.  They 
draw  attention  to  the  need  for  adequate  provision  of  balancing  planes 
during  the  design  of  any  flexible  shaft.  The  same  sentiment  has  been 
echoed  by  Badgley  and  Rieger  (13)  on  several  occasions. 

Several  important  comments  were  published  with  this  paper.  Mor¬ 
ton  [14]  questioned  the  use  of  pedestals  as  transducer  locations  on 
account  of  their  own  dynamic  response.  In  one  instance  he  had 
observed  a  pedestal  to  resonate  in  one  instance  at  52  Hz.  He  recom¬ 
mended  monitoring  shaft  motions  relative  to  ground.  Morton  further 
suggested  an  influence  coefficient  procedure  to  replace  the  trial-and- 
error  modal  technique.  In  response,  Lindley  and  Bishop  stated  that 
they  had  concluded  on  consideration  that  an  algebraic  technique  was 
not  as  good  as  one  involving  physical  reasoning  but  that  they  had  not 
followed  up  seriously  on  this  procedure.  Consterdine  [15]  gave  a  brief 
and  interesting  review  of  flexible-rotor  balancing  techniques  and  their 
development,  and  commented  on  the  field  balancing  of  large  generator 
rotors  in  which  access  to  only  a  few  correction  planes  is  possible. 
Attention  is  drawn  to  the  work  of  Mikunis  [16,17],  who  describes  both 
single-plane  and  two-end-plane  correction  procedures  that  are  able  to 
reduce  vibrations  in  the  first  three  modes. 

Generator-Rotor  Balancing  by  the  Modal  Averaging  Method:  Moore 

Moore  [9]  has  studied  the  effects  of  differing  rotor-support  condi¬ 
tions  (anisotropy)  on  the  balancing  of  large  flexible  rotors.  A  large 
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generator  rotor  was  examined  during  production  balancing.  It  was 
found  to  possess  a  large  unbalance  near  one  end,  which  caused  a  large 
response  in  the  second  mode  of  the  system.  The  rotor  was  mounted  in 
its  own  bearings  in  an  overspeed  pit  on  pedestals  and  foundations  that 
closely  resembled  those  to  be  used  on  site.  Transducers  were  attached 
to  the  bearing  pedestals  to  measure  vibrations  in  both  horizontal  and 
vertical  directions. 

Typical  experimentally -determined  mode  shapes  for  the  rotor  in 
flexible  bearings  are  shown  in  Fig.  7.7.  Horizontal  and  vertical  vibra¬ 
tions  of  the  rotor  in  its  first  mode  were  balanced  out  at  unstated  speeds 
by  the  "normal"  modal  balancing  process,  (i.e.,  no  low-speed  balancing 
was  undertaken).  The  growth  of  rotor  amplitudes  in  the  second  mode 
between  1400  and  2100  rpm  is  shown  in  Fig.  7.8,  The  second  horizon¬ 
tal  critical  speed  occurs  at  about  1SS0  rpm,  whereas  the  second  vertical 
critical  speed  occurs  at  about  19S0  rpm.  The  small  loops  at  1950  rpm 
horizontally  and  1550  rpm  vertically  indicate  the  degree  of  coupling 
between  motions  in  these  two  directions. 

The  two  second  mode  shapes  of  the  rotor  are  shown  in  Fig.  7.7. 
By  inference,  the  rotor  modal  shape  is  a  plant  curve.  This  is  in  agree¬ 
ment  with  other  results  (see,  for  example,  Ref.  25)  for  such  rotor- 
support  configurations.  The  rotor  deflected  shapes  were  determined  by 
a  method  of  mass  traversing,  which  permits  measurement  of  the 
response  to  a  known  mass  acting  at  each  of  several  different  locations 
along  its  length.  When  such  measurements  are  taken  close  to  the 
second  critical  speeds,  the  second-mode  components  are  dominant. 
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Fig,  7.7.  Experimentally  determined  second-mode  shapes  for  genera¬ 
tor  rotor  studied  by  Moore  (9],  showing  relation  to  rotor  body  and 
the  choice  of  balancing  planes  for  correcting  second-mode  horizontal 
vibrations,  ( 01972,  Institution  of  Mechanical  Engineers;  used  by  per¬ 
mission) 


PRACTICAL  EXPERIMENTS  WITH  FLEXIBLE-ROTOR  BALANCING  443 


PEDE8TAL A 


Fig.  7,8.  Experimental  determination  of  second  horizontal  and  vertical 
critical  speeds'.  Moore’s  i9]  study  of  generator  roior,  ( 01972,  Institution 
of  Mechanical  Engineers;  used  by  permission) 

Moore  [12]  refers  to  the  process  of  modal  separation  by  which  the 
influence  of  other  modes  is  eliminated  to  obtain  the  second-mode 
forms  shown. 

With  the  effects  of  the  first  horizontal  and  vertical  modes 
removed,  the  rotor  was  then  operated  at  1300  rpm  to  begin  balancing 
the  second  horizontal  mode.  A  pair  of  masses  180°  out  of  phase  wore 
added  in  the  correction  planes  normally  used  for  production  balancing. 
These  planes  are  shown  in  Fig.  7,7  as  "correction  l.M  Subsequent 
corrections  were  made  at  the  other  locations  indicated.  With  these 
masses  added,  the  vibration  of  the  bearing  pedestals  at  the  second  hor¬ 
izontal  critical  speed  was  about  0.3  x  10-3  in.,  well  within  normal  vibra¬ 
tion  limits  for  this  class  of  rotor. 

Rotor  speed  was  then  increased  to  1800  rpm,  and  vibrations  from 
the  second  vertical  mode  were  observed.  The  corresponding  vectors 
measured  at  the  left  and  right  pedstals  are  shown  in  Fig.  7.9  as  OA  and 
OB.  At  the  second  vertical  critical  speed  the  vibration  responses  were 
1.2  x  10“3  !n.  (pedestal  A)  and  1.8  x  10“3  in,  (pedestal  B),  Although 
not  explicitly  stated  by  Moore  [9j,  the  vecturs  OA  and  OB  most  likely 
represent  the  pedestal  vibrations  resulting  from  the  first  balance  correc¬ 
tion  at  1300  rpm.  The  additional  vectors  in  Fig,  7,9  represent  pedestal 
motions  observed  at  1950  rpm  after  corrections  2  through  6  (see  Fig. 
7.7).  Scaling  the  vectors  indicates  that  the  final  balance  gave  ampli¬ 
tudes  of  0.28  x  10“3  in.  at  pedestal  B  and  0,46  x  10~3  in.  at  pedestal  A, 
are  both  acceptable  for  a  class  3  rotor. 

Moore  [9]  discusses  the  effect  of  dissimilar  pedestal  stiffnesses  in 
the,  horizontal  and  vertical  directions  and  mentions  that,  because  of 
differences  in  the  corresponding  mode  shapes,  the  balance  condition  for 
the  second  horizontal  mode  may  not  hold  for  the  second  vertical  mode. 
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FI*.  7,9.  Vector  dinjrem  of  verti¬ 
cal  vibrations  in  the  wcond  mode 
after  correctini  second-mode  hor¬ 
izontal  vibrations  iii  various  plane* 
(see  Fi*.  7.7)  [9],  (*1972,  Insti¬ 
tution  of  Mechanical  Engineers; 
used  by  permission) 

Differences  in  the  mode  shapes  require  somewhAt  different  balance 
weight  distributions  to  eliminate  both  modes.  The  test  results  indicate 
that  rotor  unbalance  effects  in  the  two  modes  were  not  exactly  in  phase. 
This  is  shown  in  Pig.  7.9  by  the  change  in  the  orientation  of  the 
response  vectors  that  occurred  when  corrections  4  and  5  were  made. 
Moore  attributes  this  variation  to  the  differences  in  the  two  sedond- 
modc  shapes  and  also  to  other  unbalances  in  the  rotor.  This  iast  com¬ 
ment  is  supported  by  Moore’s  polar  response  charts,  which  show  that 
responses  are  not  exactly  90°  apart,  even  though  the  pedestal 
transducers  were  exactly  90°  apart. 

The  findings  of  this  experiment  can  be  compared  with  tests  by 
Badgley,  Tcssarzik,  and  Fleming  [18]  in  which  support  anisotropy  was 
also  considered.  Theoretical  works  by  Parkinson  [2]  and  by  Badgley 
and  Rieger  [13]  also  discuss  changes  in  mode  shapes  wilh  support  flexi¬ 
bility  and  their  effect  on  the  quality  and  efficiency  of  the  balance 
obtained.  The  experiment  demonstrated  the  effectiveness  of  the  modal 
balancing  method  with  relatively  few  balance  corrections  applied  in  a 
few  balancing  planes.  It  also  demonstrated  that,  if  balancing  is  carried 
out  by  considering  the  modes  occurring  it>  one  principal  stiffness  plane, 
it  is  still  possible,  because  of  differences  in  the  support  stiffnesses  of 
the  two  principal  planes,  for  the  rotor  to  be  significantly  out  of  balance 
in  the  other  principal  stiffness  plane,  even  though  the  modes  are  nomi¬ 
nally  related.  Moore  comments  that  bearings  and  supports  used  for 
balancing  should  closely  resemble  those  used  on  site,  and  the  use  of 
special  isotropic  bearings  for  balancing  is  not  recommended  because  dif¬ 
ferent  unbalance  responses  may  result  from  subsequent  operation  of 
the  rotor  in  real  (i.e.,  anisotropic)  bearing!,. 


7.5  Laboratory  Verification  of  the  Influence 
Coefficient  Method 

Badgley  and  co-workers  have  conducted  a  comprehensive  series  of 
experiments  to  examine  the  validity  and  effectiveness  of  tho  influence 
coefficient  method  for  balancing  flexible  rotors.  The  scope  of  these 
experiments  was  as  follows: 
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1.  Demonstration  of  the  capability  of  the  influence  coefficient 

method  for  balancing  a  flexible  rotor  with  various  unbalance  combina¬ 
tions  through  a  strong  bending  critical  speed  without  the  aid  of  bearing 
damping  [19];  , 

2.  Demonstration  of  the  least-squares  influence  coefficient  pro- 
cedpre  and  comparison  with  the  standard  "exact-point-speed"  influence 
coefficient  procedure  [20]. 

3.  Application  of  the  influence  coefficient  method  to  the  balancing 
of  rotprs  whose  opertting-speed  range  contains  several  critical  speeds; 
and  other  advanced  considerations  [18]. 

These  investigations  are  described  in  detail  in  this  section.  The  overall 
result  is  a  thorough  verification  of  the  influence  coefficient  method  in  a 
wide  variety  of  circumstances. 

Flexible-Rotor  System  and  Apparatus  Used 

The  test  rotor  used  in  the  investigation  of  the  exact-point-speed 
influence  coefficient  balancing  method  is  shown  in  Fig.  7.10.  This 
rotor  was  designed  in  conjunction  with  studies  reported  by  Lund  and 
Orcutt  [21].  It  was  basically  a  solid,  cylindrical  steel  shaft  with  an 


Fig.  7.10.  Aluminum  end  disk  fur  t  two-msss  rotor  (20) 
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overall  length  of  41  In.  and  a  diameter  of  2.5  In.  Anlntegrmdisk  6  in. 
in  diameter  and  6  in.  long  was  located  at  the  center  of-,  the  shaft. 
Detachable  steel  disks  6  in.  in  diameter  and  3  in.  long  wore  mounted 
on  the  ends  of  the  rotor  by  means  of  heavy  intetfcrance  fits  and  lock 
nuts  that  damped  them  against  shoulders  oni  thc  shoft.  The  total 
weight  of  the  rotor,  exclusive  of  the  detachable  end  masses,  was  83  lb. 
The  center  disk,  not  counting  the  inner  2.5-iti.  diamete*-  section, 
weighed  approximately  36  lb,  and  the  end  disks  each  weighed  18  lb. 

The  rotor  was  supported  by  two  four-tilting-pad  journal,  bearings 
whose  centerlines  were  12.5  in.  oh  either  side  of  the  rotor  center  plane, 
Bearing  design  characteristics  included 

Slenderness  ratio  (L/b)t  in.  1.0 

Diameter,  in.  2.5 

Clearance  ratio  (C/R ) ,  in./in.  0.003  (based  4  p ,  machined  clearance) 

Pad  arc  length,  degrees  80 

Pivot  position  0.55  of  arc,  length  (44°) 

measured  fictn  the  leading  edge 
Geometrical  preload  coefficient  0.5. 

The  journal  bearings  were  lubricated  by  a  low-viacosity  Silicone  fluid 
(0.65  cSt  at  77°F  and  0.51  cSt  at  130°F).  Lubricant  at  a  controlled  tem¬ 
perature  was  pumped  into  the  bearing  .musing  to  keep  the  bearings 
submerged  in  the  lubricant.  Bearing  temperature.  iiSO  was  held  at  1O0F 
or  less,  as  measured  by  thermocouples  Set  in  the  two  lower  bearing 
pads  in  each  bearing.  On  either  side  of  the  bearing  housing  there  were 
clearance  seals  and  scavenging  rings  to  facilitate  the  recirculation  of 
lubricant. 

Geometrical  preloading  was  used  to  give  improved  bearing  film 
stiffness  at  high  speeds  with  low  steady-state  leads,  ft  was  achieved  by 
moving  the  pads  radially  inward  so  that  the  actual  clearance  at  > he  pivot 
was  less  than  the  machined  clearance  (based  on  pad  and  shaft  radii  of 
curvature).  In  this  case,  the  clearance  at  the  pivots  was  half  the 
machined  clearance,  The  olvot  configuration  wes  a  sphere  seated  in  an 
internal  cylindrical  surface  machined  into  the  Lack  surface  of  the  pad. 
The  bearings  were  so  oriented  in  the  housing  that  the  steady-state  grav¬ 
ity  load  line  bisected  the  pivot  positions;  ‘hat  is,  the  pivots  were  at  45* 
from  a  vertical  line  drawn  through  the  bearing  center. 

The  shaft  was  positioned  axially  by  means  of  externally  pressur¬ 
ized,  gas-lubricated  thrust  barrings  on  either  side  of  the  center  disk. 
These  bearings  were  rigidly  mounted  in  housings  machined  from  single 
blocks  of  aluminum.  The  housings  were  keyed  and  bolted  to  a  massive 
structural  steel  base. 
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The  rotor  was  driven  by  an  electric  motor  through  a  crowned 
spline  coupling.  The  coupling  was  designed  to  accommodate  misalign? 
merits  bditween  the  motor  and  rotor  axes  up  to  0.03d  in.  without  re¬ 
straint  to  the  shaft  The  motor  was  bolted  and  keyed  to  the.  same  base 
surface  that  supported  the  bearing  housing.  A  variable-frequency 
motor-generator  set  supplied  power  to  the  motor  and  provided  for 
variable-speed  operation  within  the  range  of  3000  to  24,000  rpm.  The 
rotor  system  critical  speed  map  is  shown  in  Fig.  7.11,  Rotor  mode 
shapes  corresponding  to  actual  bearing  stiffness  are  shown  in  Fig,  7.12. 

During  balancing,  vertical  rotor  motions  were  measured  in  four 
planes  along  the  length  of  the  rotor.  The  selection  of  the  vertical  plane 
instead  of  the  horizontal  plane  for  displacement  measurements  was 
arbitrary.  At  the  time  of  this  study,  no  rule  was  available  for  specifying 
a  priori  the  required  number  of  measuring  stations  along  the  axis  of  the 
rotor  for  balancing  by  the  exact  point-speed  influence  coefficient 
method.  In  fact,  this  topic  was  one  of  the  items  under  study.  The 
computer  program  allows  the  substitution  of  data  obtained  at  different 
speeds  for  data  obtained  at  different  rotor  locations,  provided  that  the 
product  of  the  number  of  measuring  stations  and  the  rotational  speeds 
at  which  trial-weight  data  are  taken  is  equal  to  the  number  of  balancing 
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Fig.  7.11.  Critical  ipeed  map  'or  flexible-rotor  teit 
rig  uied  by  Bedgley  et  al.  [20] 
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Fit.  7.12.  Undamped  critical  ipeed  mode  lhapee  for  flexible-rotor  teat  rl| 
uied  by  Badgley  et  al.  (20) 


planes  in  which  correction  weights  are  to  be  added.  For  this  test,  four 
measurement  stations  were  used.  The  data  from  each  station  were 
always  recorded  so  that  different  combinations  of  speeds  and  measuring 
stations  could  be  selected,  as  desired,  for  computing  the  correction 
weights. 

Rotor  displacements  were  measured  with  capacitance-type  proxim¬ 
ity  sensors.  Readout  of  rotor  vibration  amplitudes  was  obtained  by 
means  of  an  analog  meter  in  a  tracking  analyzer.  The  tracking  analyzer 
automatically  filtered  the  incoming  displacement  signal  to  remove  all 
frequency  components  other  than  the  first  harmonic  corresponding  to 
the  rotational  speed  of  the  shaft.  The  tracking  (frequency)  signal  for 
the  tracking  analyzer  was  provided  by  a  square-wave  reference  signal, 
which  was  produced  by  an  optical  proximity  sensor  together  with  a  nar¬ 
row  strip  of  reflective  foil  located  on  one-half  the  circumference  of  one 
of  the  end  masses  of  the  rotor.  The  square-wave  reference  signal  was 
also  used  to  relate  a  fixed  angular  position  on  the  rotor  to  the  angular 
position  at  which  maximum  dynamic  displacement  occurred  at  each  of 
the  four  measurement  stations.  This  angular  relationship,  (phase 
angle)  was  measured  using  a  phase  meter.  The  probe  and  reference- 
signal  sensor  locations  are  shown  in  Fig.  7.13. 

The  data  acquisition  system  described  above  is  satisfactory  for 
flexibie-rotor  balancing.  However,  depending  on  the  mechanical 
characteristics  of  the  rotor  system,  it  may  be  important,  and  at  the  same 
time  difficult,  to  obtain  amplitude  data  for  all  four  probes  at  exactly  the 
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Fl«.7  .13.  Location!  of  probe  and  rafirenca-itinal  wnior 
uaad  by  Badfley  at  al.  (20) 

same  speed  if  either  the  amplitude  or  the  phase  angle  is  highly  sensitive 
to  small  changes  in  the  nominal  value  of  the  data-taking  speed,  as,  for 
example,  near  an  undamped  shaft  critical  speed.  On  the  other  hand, 
particular  rotor-drive  controls,  temperature  effects,  and  damping  may 
make  it  difficult  to  hold  the  rotor  speed  constant  long  enough  to  take  all 
required  readings.  The  requirement  of  nearly  simultaneous  readings 
was  met  through  the  use  of  a  seven-channel  tape  recorder.  Five 
phase-tied  channels  were  used  for  the  four  displacement  signals  and  the 
reference  signal,  and  two  direct-reading  channels  were  used  for  data 
Identification  (voice  and  rotational  speed).  By  playing  back  the  mag¬ 
netic  tape  four  times  and  switching  from  one  displacement  signal  to  the 
next,  data  were  obtained  at  nearly  identical  rotational  speeds. 

Fundamental  Verification  of  Method 

The  rotor  was  initially  balanced  in  a  low-speed  balancing  machine 
so  that  o  high-quality  rigid-rotor  balance  was  obtained.  The  disposition 
of  the  rotor  residual  unbalance  was  not  known.  The  rotor  was  then 
assembled  in  its  bearings,  and  on  attempting  to  pass  through  the  third 
critical  speed  at  about  10,960  rpm  in  an  exploratory  run,  journal  orbits 
of  0,010-in.  diameter  developed.  In  subsequent  measuring  runs,  rotor 
orbit  amplitudes  were  deliberately  restricted  to  diameters  of  less  than 
0.006  in. 

The  rotor  was  then  balanced  to  annul  the  effects  of  the  original 
unbalance.  Amplitudes  and  phase  angles  were  measured  at  probe  sta¬ 
tions  1,  2,  3,  and  4,  located  as  shown  in  Figs,  7.14  through  7.17.  The 
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Fig.  7.14.  Phase  angle  between  reference  aignal  and  maximum  dynamic 
displacement  at  station  1  after  balancing  rotor  with  residua!  unbalance 
at  3000,  6000,  and  10,960  rpm  (191 


Fig,  7, IS.  Phase  angle  between  reference  signal  and  maximum  dynamic 
displacement  at  station  2  after  balancing  rotor  with  residual  unbalance 
at  3000,  6000,  and  10,960  rpm  (19] 
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Fl(  7.16.  Rotor  amplitude)  nt  itatlon  1  before  end  after  two  consecu¬ 
tive  balsnelnl  runs:  rotor  with,  residual  unbalance  119] 
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Fll.7  .17.  Rotor  amplitudes  at  station  2  before  and  after  two  consecutive 
balancing  runs:  rotor  with  residual  imbalance  119) 
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balancing  speeds  were  $000,  6000,  and  10,960  rpm,  the  tatter  speed 
coincides  with  the  rotor  bending  critical  speed  in  its  bearings.  Balancing 
at  this  speed  was  not  attempted  until  after  the  second  balancing  run 
because  of  the  large  rotor  amplitudes. 

The  changes  in  rotor  amplitudes  that  resulted  from  the  insertior  of 
correction  weights  in  the  balancing  planea  are  given  In  Table  7.3.  The 
changes  in  phase  angle  between  the  reference  signal  and  the  maximum 
dynamic  displacement  of  the  rotor  at  given  measurement  locations  are 
shown  In  Pigs.  7.14  and  7.15;  rotor  amplitudes  at  probe  stations  1  and  2 
after  two  consecutive  balancing  runs  are  shown  in  Figs.  7.16  and  7.17. 
The  curves  are  representative  of  the  data  curves  that  were  plotted 
directly  from  each  probe  during  testing.  An  acceptable  balance  existed 
to  about  10,000  rpm— that  Is,  to  within  10  percent  of  the  bending  criti¬ 
cal  speed,  as  a  result  of  low-speed  balancing.  The  corresponding  rigid- 
body  critical  speeds  occurred  at  approximately  7000  and  7200  rpm. 


Table  7.3.  Balance  Improvement  for  rotor  with  residual  unbalance  [19] 
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Once  the  effects  of  the  actual  initial  unbalance  in  the  rotoi  had 
bean  eliminated,  further  experiments  were  carried  out  to  study  the 
effectiveness  of  the  influence  coefficient  method  under  conditions  of 
specific  unbalance  distributions: 

1.  Unbalances  In  line  and  in  phase 

2.  Unbalances  in  line  and  out  of  phase. 
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In  these  tests  the  rotor  was  intentionally  unbalanced  with  unbalances  6f 
0.343  o**in.,  attached  to  the  rotor  at  equal  radii  in  four  separate  planes. 

Unbalances  in  line  and  In  phase.  The  unbalance  configuration 
was  such  that  it  would  tend  to  strongly  excite  the  first  critical  speed. 
The  resulting  changes  in  rotor  amplitudes  through  three  balancing  trials 
are  shown  in  Table  7.4.  Rotor-response  details  at  probe  stations  1  and 
2  are  shown  in  Pigs.  7.18  and  7.19,  respectively.  The  applied  unbalance 
condition  was  substantially  greater  than  that  existing  in  the  rotor  after 
the  original  low-speed  balance  mentioned  above,  and  the  rotor  whirl 
mode  was  essentially  cylindrical  in  the  speed  range  3000  to  10,000  rpm. 
Balancing  was  conducted  at  6000  and  9000  rpm,  and  three  correction 
planes  were  used:  on  both  end  disks  and  on  one  side  of  the  center 
disk.  Substantial  amplitude  reductions  (up  to  88  percent)  were 
achieved  in  the  first  two  balancing  runs.  After  the  third  balancing  run, 
rotor  amplitudes  were  of  a  similar  order  to  those  of  the  rotor  in  its  ori¬ 
ginal  unbalance  condition.  Further  balancing  was  not  pursued,  and  it 
was  concluded  that  at  least  three  or  four  more  balancing  runs  would 
have  been  required  to  attain  the  level  of  balance  necessary  to  pass 
through  the  third  critical  speeu  with  this  particular  rotor. 

Unbalances  In  plans  and  out  of  phase.  The  unbalances  in  both 
end  disks  were  rotated  180*.  The  overall  unbalance  configuration  was 
then  such  that  It  would  tend  to  excite  the  third  rotor  mode  very 
strongly  while  canceling  the  unbalance  effect  on  the  first  and  second 
modes.  Rotor-response  details  for  this  balance  teat  are  given  in  Table 
7.5  and  in  Figa.  7.20  and  7.21  for  probe  stations  1  and  2,  respectively. 
The  rapid  increase  In  rotor  whirl  amplitudes  with  speed  for  the  initial 
unbalance  condition  is  dearly  evident  in  both  figures.  Initial  balancing 
speeds  were  restricted  to  below  5001)  rpm.  The  first  balancing  run 
reduced  rotor  amplitudes  by  94  percent,  at  9000  rpm.  The  second  and 
third  baianoing  runs  resulted  in  only  minor  additional  improvement. 
The  rotor  was  again  balanced  until  it  operated  in  a  manner  comparable 
to  the  original  balanced  condition. 

These  tests  validate  the  influence  coefficient  method  and  demon¬ 
strate  its  effectiveness  in  producing,  for  a  specific  rotor  under  labora¬ 
tory  conditions,  whirl  orbits  of  less  than  0.002-in,  diameter  through  and 
including  the  critical  speeds,  The  circumstances  chosen  were  unfavor¬ 
able  for  smooth  operation  In  each  case,  l.e.,  heavy  test  unbalances,  no 
inherent  amplitude  suppression  by  bearing  damping,  and  a  very  strong 
bending  mode  to  be  balanced  before  smooth  operation  could  be 
achieved.  It  is  noteworthy  that  influence  coefficient  balancing  achieved 
smooth  operation  at  precisely  the  bending  critical  speed  in  each  test.  Few 
tests  of  other  flexible-rotor  balancing  fnethods  have  been  conducted 
with  such  rigor. 
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ROTOR  8 PHD  'rpm  n  10*) 


Fig,  7.18.  Rotor  amplitudes  at  station  1  before  and  after  three  consecutive 
balancing  runs:  rotor  with  In-line,  In-phaae  unbalance  [19] 


ROTOR  SPUD  (rpm  a  103) 

Fig.  7,19,  Rotor  amplitudes  at  station  2  before  and  after  three  consecutive 
balancing  runs:  rotor  with  In-llna,  In-phase  unbalance  (191 
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ROTOR  SPIED  (mm  »  10*) 


Fig,  7.20.  Rotor  amplitudes  at  station  I  before  and  after  three  consecutive 
balancing  runs:  rotor  with  In-line,  oul-of-phase  unbalance  [19] 


ROTOR  SPEED  (rpm  x  10>) 


Fig.  7.21.  Rotor  amplitudes  at  station  2  before  and  after  three  consecutive 
balancing  runs:  rotor  with  in-line,  out-of-phase  unbalance  [191 
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Comparison  o f  Exact-Point-Speed  and  Least -Square* 

Influence  Coefficient  Balancing 

The  least-squares  procedure  differs  from  the  exact-point-speed 
procedure  in  that  it  minimizes  the  sum  of  the  squares  of  the  rotor  resi¬ 
dual  amplitudes  for  a  nonsquare  matrix  of  influence  coefficients, 
whereas  the  exact-point-speed  method  results  directly  in  a  square  influ¬ 
ence  coefficient  matrix.  In  both  procedures  a  square  matrix  of  influ¬ 
ence  coefficients  is  required  before  the  balance  corrections  can  be  cal¬ 
culated  and  the  required  correction  weights  are  prescribed, 

The  test  conditions  under  which  these  two  balancing  methods  were 
compared  are  as  follows: 

1.  Rotor  with  "corkscrew"  distribution  of  unbalances  imposed 

2.  Rotor  with  in-plane,  in-phaso  unbalances 

3.  Rotor  with  in-plane,  out-of-phase  unbalances. 


The  first  test  represents  a  severe  test  of  the  influence  coefficient  pro¬ 
cedure,  in  which  the  exact-point-speed  and  the  least-squares  techniques 
were  evaluated  and  compared.  Tests  (2)  and  (3)  are  similar  to  the  tests 
reported  on  the  preceding  pages. 

Rotor  with  "Corkscrew"  Unbalance.  Four  different  unbalance 
masses  were  placed  on  the  rotor,  one  in  each  disk  end  and  one  in  either 
face  of  the  center  disk;  placed  90s  apart,  they  progressed  in  corkscrew 
fashion  down  the  shaft.  Initial  rotor  amplitudes  for  the  speed  range 
3000  to  10,000  rpm  are  shown  as  curves  A  in  Figs.  7.22  and  7.23  for 
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Fig,  7.22.  Vertical  amplitudes  at  station  1  before  and  after  three  con¬ 
secutive  balancing  runs  by  the  exact-point-speed  influence  coefficient 
method:  rotor  with  corkscrew  unbalance  [20] 
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Fig.  7.23.  Vertical  amplitudes  at  station  2  before  and  after  three  con¬ 
secutive  balancing  runs  by  the  exact-point-speed  influence  coefficient 
method:  rotor  with  corkscrew  unbalance  120] 


probe  locations  1  and  2.  The  rotor  was  then  balanced  by  the  exact- 
point-speed  method,  with  results  similar  to  those  observed  in  the  origi¬ 
nal  rotor-balancing  tests  described  earlier  in  this  section.  A  very  sub¬ 
stantial  decrease  in  amplitudes  occurred  after  the  first  balancing  run, 
followed  by  more  gradual  improvements  during  successive  runs  (Table 

7.6) .  Trial  data  were  taken  at  9970,  10,670,  and  10,830  rpm  in  order  to 
pass  through  the  third  critical  speed.  The  total  combined  improvement 
at  6000  and  9000  rpm  (for  comparison  purposes)  was  77.4  percent,  i.e., 
somewhat  less  than  in  thr  tests  described  earlier. 

Least-squares  balancing  was  tried  next  for  the  same  corkscrew- 
unbalance  configuration.  The  results  (see  Figs.  7.24  and  7,25  and  Table 

7.7)  differed  from  those  obtained  with  the  exact-point-speed  procedure. 
Amplitude  reductions  near  the  third  critical  speed  were  not  as  great  as 
those  obtained  with  exact-point-speed  balancing,  but  the  overall  reduc¬ 
tion  of  amplitudes  throughout  the  rotor  speed  range  at  most  locations 
was  greater.  As  might  be  expected,  the  least-squares  method  is  an 
efficient  compromise  for  overall  balance  improvements. 

Rotor  with  in-plane,  in-phase  unbalance -least-squares  balanc¬ 
ing.  Use  of  the  least  squares  method  (Figs.  7,26  and  7.27;  Table  7.8) 
led  to  a  very  rapid  decrease  in  rotor  amplitude.  After  two  balancing 
runs,  rotor  amplitudes  had  decreased  by  94  percent  and  passage  through 
the  third  critical  speed  was  possible,  with  maximum  rotor  orbit  values 
of  G.003  in.  (0.0076  cm)  at  the  critical  speed.  Successive  trials  with  the 
exact-point-speed  method  gave  only  slow  improvements. 
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ROTOR  SPUD  (rpm  x  10») 

Fl|.  7. 25.  Vortical  amplitudes  at  station  2  before  and  after  four  consecu¬ 
tive  balancing  runs  by  the  least  squares  method;  rotor  with  corkscrew 
unbalance  [20] 
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Fig.  7.26.  Vertical  amplitude!  at  station  1  before  and  after  two  consecutive 
balancing  runs  by  the  least  squares  method:  rotor  with  in-plane,  In-phase 
unbalance  (20) 


Fig.  7.27. 
balancing 


ItOTOn  SPEED  |rpm  x  10*1 


Vertical  amplitudes  at  station  2  before  and  after  two  consecutive 
runs  by  the  least  squares  method:  rotor  with  In-ptane,  in-phase, 
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Table  7.8.  Rotor  with  in-plane,  in-phase  unbalance:  results  of  least 
squares  procedure  [20] 
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•Beciuw  3000  /uin.  wai  the  maximum  amplitude  permitted  In  the  test  rig,  the  rotor  was 
not  actually  run  up  to  10,670  rpm  until  after  the  second  balancing  run. 


Rotor  with  in-plane,  out-of-phase  unbalance- least-aquarea 
balancing.  As  shown  in  Pigs.  7.28  and  7.29,  and  in  Table  7.9,  only  two 
trial  balance  runs  were  necessary  for  the  rotor  to  pass  smoothly  through 
the  third  critical  speed.  The  first  correction  run  reduced  amplitudes  by 
almost  95  percent  at  9000  rpm.  These  results  are  superior  to  those 
obtained  with  the  exact-point-speed  procedure  of  comparable 
conditions,  in  which  three  correction  runs  were  needed. 

Badgley  and  co-workers  report  two  additional  testB  in  which  they 
investigated  the  effect  of  replacing  one  end  disk  of  the  rotcr  with  an 
aluminum  disk  and  unbalancing  only  the  two  steel  disks.  The  rotor 
modes  and  excitation  thereby  lose  their  symmetry,  and  some  bearing 
damping  occurs  to  affect  the  rotor  response.  The  rotor  tends  to  orbit  in 
a  conical  mode  in  the  low  range.  Both  exact-point-speed  balancing  and 
least-squares  balancing  were  attempted,  and  results  of  comparable 
quality  were  achieved  with  both  methods.  No  sharply  defined  resonant 
peak  was  observed,  and  both  methods  resulted  in  rapid  (two  trial  runs) 
convergence  to  excellent  balance  quality. 

The  second  of  these  tests  dealt  with  the  effects  of  the  shaft  being 
out  of  round  on  instrument  readings  and  hence  on  balance  quality.  The 
end  aluminum  disk  was  machined  0.0022  in.  out  of  round,  which 
showed  up  as  a  two-per-revolution  probe  signal  at  that  location. 
Badgley  et  al.  report  that  the  disk  out-of-roundness  was  "ignored  by  the 
computer,"  and  (evidently)  calculations  were  based  on  the  mean  orbit 
radius.  This  corresponded  to  a  heavy-disk  unbalance  (0.001 1  in.), 
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Fl|,  7.28,  Verticil  amplitude*  it  sUtion  1  before  and  after  two  coniecutive 
balancing  run*  by  the  lent  square*  method:  rotor  with  In-plane,  out-or- 
phase  unbalance  (201 
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which  the  computer  attempted  to  remove  by  selecting  a  correction  mass 
with  enough  centrifugal  force  to  bend  the  shaft  back  to  the  zero 
position.  The  results  suggest  that  the  program  was  adversely  affected 
by  the  shaft  being  out  of  round. 

The  overall  result  of  this  test  series  is  that  the  least-si  juares 
approach  appears  to  give  results  comparable  in  quality  to  those  obtained 
by  the  exact-point-speed  approach.  In  general,  least-squares  balancing 
also  leads  to  more  broadly  acceptable  balance  conditions  throughout  the 
speed  range  with  fewer  balance  iterations. 

Balancing  for  Operation  Through  Several  Bending  Critical  Speeds 

Tessarzik  conducted  additional  experiments  to  investigate  the 
influence  of  the  following  conditions  [22]: 

1.  Operation  through  several  critical  speeds,  bending  and  torsional 

2.  Rigid  and  flexible  bearings 

3.  Bearings  with  significantly  different  stiffness  properties  in  the 
horizontal  and  vertical  directions 

4.  Different  balancing  input  data 

5.  Different  initial  unbalance  configurations. 

A  special  test  rig  was  developed  (Fig.  7.30)  to  permit  observations 
through  the  third  and  fourth  critical  speeds  (i.e.,  first  and  second 
flexural  modes)  and  of  the  first  and  second  torsional  modes.  The  criti¬ 
cal  speed  map  for  the  rotor  is  shown  in  Fig.  7.31.  An  unbalance 
response  chart  for  specified  bearings  and  a  specified  unbalance  distribu¬ 
tion  are  shown  in  Fig.  7.32. 

Rigid  pedestals:  In -plane,  in-phase  unbalance,  seven  displace¬ 
ment  sensors.  Trial-weight  data  were  obtained  at  331S  rpm  to  balance 


Fig.  7.30.  Flexible-rotor  test  rig  with  rigid  beering  supports  used  by 
Tessarzik  122] 


ROTOR  SPEED  (rpm) 
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INDIVIDUAL  BEARING  RADIAL  STIFFNESS  (N/m) 


Fig.  7,31.  Calculated  critical  speed  map- and  bearing  stiffnesses  for  shaft-bearing 
system  used  during  high-speed  multiplane  flexible-rotor  balancing  tests  [22] 
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Fit.  7.32,  Maximum  damped  rotor  amplltudei  (peak)  at  stations  A,  B,  and 
C:  rotor  with  In-line,  alternating-phase  unbalance  and  flexible  bearing  sup¬ 
ports  (22) 


out  the  strong  amplitude  buildup  at  about  4000  rpm  associated  with  the 
first  bending  critical  speed.  The  result  is  shown  as  curve  A  in  Fig.  7.32. 
Subsequent  trial  runs  with  balancing  data  taken  at  4265  rpm  (curve  B) 
at  4395  rpm  (curve  C),  and  at  4345  rpm  (curve  D)  t educed  rotor 
amplitudes  throughout  the  speed  range  to  acceptable  operational  values. 

Rigid  pedestals:  In-plane,  in-phase  unbalance,  four  displace¬ 
ment  sensors.  This  experimental  setup  had  one  less  balancing  plane 
and  three  fewer  sensors.  The  results  were  similar  in  quality  to  those 
reported  for  the  preceding  case,  with  similar  economy  of  balancing 
runs.  Another  test  of  this  type  was  attempted  with  two  displacement 
sensors  (l.e.,  adjacent  to  the  bearings)  under  otherwise  identical  condi¬ 
tions.  It  proved  to  be  inefficient,  as  the  sensors  were  located  adjacent 
to  the  nodes  of  the  first  bending  mode.  Three  trial  runs  were  required 
to  achieve  satisfactory  balance, 

Rigid  pedestals:  in-plane  alternating-phase  unbalance,  four  dis¬ 
placement  sensors.  Results  indicated  that  a  balance  of  comparable 
quality  to  that  of  the  preceding  case  could  be  achieved  with  about  one 
more  trial  run  for  each  balance. 

Flexible  pedestals:  in-plane,  in-phase  unbalance,  four  displace¬ 
ment  sensors.  For  this  test,  bearings  were  not  changed,  only  the 
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pedestal  support  flexibilities.  The  rotor  was  balanced  with  four  vertical 
sensors  throughout  the  operating-speed  range  with  one  set  of  trial  runs 
per  speed. 

Flexible  pedes  talc  In-plane  alternating-phase  unbalance,  four 
displacement  sensors.  Two  additional  trial-weight  runs  were  required 
to  achieve  smooth  passage  through  the  fourth  critical  speed.  A  final 
correction  run  was  made  with  data  acquired  at  4200,  9600,  and  10,600 
rpm. 

The  tests  described  above  further  demonstrate  the  effectiveness  of 
the  influence  coefficient  method  in  balancing  a  lightly  damped  rotor  in 
flexible  bearings  throughout  an  operating-speed  range  that  contains  two 
strong  bending  critical  speeds. 

Experimentally  Demonstrated  Status  of  Influence  Coefficient  Method 

The  experimental  results  described  above  show  that  the  influence 
coefficient  method  is  an  effective  procedure  for  balancing  flexible 
rotors.  It  is  not  adversely  Influenced  by  the  presence  of  one  or  several 
bending  critical  speeds  within  the  operating-speed  range.  It  has  been 
shown  to  be  capable  of  balancing  rotora  in  damped,  flexible  bearings, 
with  bearing  supports  that  are  either  rigid  or  flexible,  and  hence  by 
inference  capable  of  balancing  rotors  whirling  in  elliptical  orbits. 

The  experiments  of  Badgley  and  co-workers  were  conducted  with 
two  rotors  only,  but  with  similar  success.  Documentation  of  field  trials 
is  now  needed  to  indicate  the  efficiency  of  tho  Influence  coefficient 
method  when  used  by  semiskilled  technicians  under  diverse  cir¬ 
cumstances. 

7.6  Laboratory  Verification  of  the  Influence  Coefficient  Method: 

Luud  and  Tonnesen 

Two  experimental  studies  of  influence  coefficient  balancing  have 
been  made  by  Lund  and  Tonnesen  [23]  and  by  Tonnesen  [24].  These 
studies  provided  additional  independent  data  on  the  effectiveness  of 
this  method  under  carefully  controlled  experimental  conditions. 

The  first  of  these  studies  investigated  the  application  of  the  least- 
squares  procedure  in  two  and  three  planes  to  a  rotor  whose  speed  range 
involved  a  strong  bending  critical  speed.  The  stated  objectives  of  this 
study  were  (a)  to  examine  the  validity  and  accuracy  of  the  Influence 
coefficient  method  in  determining  balance  correction  weights  and  (b)  to 
investigate  the  influences  of  various  types  of  sensing  and  analysis 
instrumentation  on  the  attainable  accuracy. 
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The  second  study  extended  the  objectives  (a)  to  perform  balancing 
simultaneously  in  up  to  five  correction  planes  within  a  speed  range  con¬ 
taining  three  critical  speeds  and  (b)  to  investigate  the  absolute 
minimum  level  of  residual  vibration  that  is  attainable  by  the  influence 
coefficient  procedure. 

In  many  respects  these  tests  provide  an  independent  viewpoint  of 
many  of  the  tests  reported  by  Badgley  and  associates.  A  comparison  of 
the  findings  of  both  studies  and  a  review  of  results  are  given  at  the  end 
of  this  section. 


Experimental  Apparatus  and  Instrumentation 

The  rotor  used  by  Lund  and  Tonnesen  (Fig.  7.33a)  consisted  of  a 
shaft  with  a  nominal  diameter  of  2.0  in.  and  an  overall  length  of  46.0 
in.,  with  a  25.7-in.  span  between  bearings.  The  shaft  carried  an 
integral  central  mass  and  two  disks  inboard  of  the  bearings.  Two  addi¬ 
tional  disks  were  mounted  outboard  of  the  bearings,  one  at  each  end. 
The  total  weight  of  the  shaft  was  75.3  lb. 

The  central  mass  contained  two  rows  of  correction  planes  around 
its  circumference,  and  each  disk  contained  one  correction  plane.  The 
two  bearings  were  externally  pressurized  air  bearings,  mounted  on  flexi¬ 
ble  supports  consisting  of  eight  radial  spokes.  These  bearings  were 
found  to  be  highly  adaptable  during  testing  and  had  low  power  con¬ 
sumption.  The  journal  diameters  were  both  2.2  in.,  with  similar  bear¬ 
ing  lengths  and  bearing  radial  clearances  of  0.0011  in.  Air  was  supplied 
at  100  psia  (6.9  x  10s  Pa).  The  calculated  radial  stiffness  of  each  bear¬ 
ing,  including  the  flexible  pedestal,  was  0.508  x  108  lb/in.,  and  the 
damping  was  9652  lb-s/in.  With  the  bearings  represented  by  their 
theoretical  stiffness  values,  the  critical  speeds  of  the  rotor  system  were 
8060,  11.220,  and  12,130  rpm.  The  maximum  speed  of  the  test  rig  was 
16,000  rpm. 

The  test  rig  is  shown  schematically  in  Fig.  7.33c.  The  rotor  was 
driven  through  a  floating  splined  coupling.  The  transmission  shaft  was 
driven  by  a  timing  belt  with  a  step-up  speed  ratio  of  4:1,  The  pedestal 
supports  were  rigid  and  were  mounted  on  a  massive  bedplate.  Precise 
motor  speed  control  was  available.  The  rotor  vibrations  were  measured 
by  five  inductance  probes  and  four  velocity  pickups.  Probes  at  the 
bearings  measured  relative  displacements  between  the  rotor  and  the 
pedestal  housing.  Other  probes  measured  absolute  displacements. 
Phase  was  measured  with  an  electronic  counter  relative  to  a  reference 
signal  generated  by  a  pin  located  near  the  middle  of  the  rotor,  which 
passed  a  magnetic  pickup  once  per  revolution. 
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(a)  Rotor  assembly 


(b)  View  or  Instrumentation 


STATION  NUMBERS.  BRG.  BRG. 


(c)  Probe  positions  and  rotor  stations 

Fig.  7.33.  Experimental  apparatus  and  Instrumentation  used  6y 
Lund  and  Tonnesen  [23] 
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The  electronic  counter  measured  the  time  elapsed  from  the  pas¬ 
sage,  at  increasing  amplitude,  of  the  probe  signal.  The  phase  angle 
d>— that  is,  the  angle  by  which  the  amplitude  leads  the  reference  in  the 
rotor  in  the  direction  of  rotation— is  defined  as  follows: 

<f>  -  270  -  6  (speed  times  measured  time) 
where  is  in  degrees,  speed  is  in  revolutions  per  minute,  and  the 
measured  time  is  in  seconds.  The  relationship  assumes  that  the  mag¬ 
netic  pickup  is  in  the  same  vertical  position  as  the  probes.  From  this 
definition  it  follows  that  the  angular  locations  of  the  unbalance  weights 
and  the  trial  weights  are  measured  from  the  reference,  fixed  in  the 
rotor,  in  the  direction  of  rotation. 

As  all  phase-angle  measurements  and  position  angles  have  a  com¬ 
mon  reference,  they  are  absolute  quantities.  A  ctually,  this  is  unneces¬ 
sary  for  balancing  tests  where  only  relative  measurements  are  required, 
as  in  most  conventional  field  balancing.  It  is,  however,  very  con¬ 
venient  not  to  have  to  keep  track  of  separate  references  for  each 
balancing  plane;  furthermore,  it  makes  it  possible  to  subtract  out  any 
out-of-roundness  of  the  rotor. 


Test  Program:  Three  Correction  Planes,  Single  Critical  Speed 

The  correction  planes  used  by  Lund  and  Tonnesen  are  numbered 
7,  13,  and  19  in  Fig.  7.33c.  Center  plane  13  was  not  used.  Trial-run 
measurements  were  taken  at  6000,  7800,  8700,  and  10,200  rpm,  as 
required.  The  imposed  unbalance  distribution  is  shown  in  Table  7.10. 
The  trial  weights  were  1.1  gms  and  were  located  at  a  49-mm  radius. 

Lund  and  Tonnesen  discuss  at  some  length  the  accuracy  of  all 
measujdments  involved  in  the  tests  and  calculations.  The  average 
errors  which  occurred  are  given  in  Table  7.11. 

The  following  conclusions  can  be  drawn  from  these  experiments: 

1.  The  influence  coefficient  method  has  been  demonstrated  to  be 
capable  of  balancing  a  rotor  through  a  speed  range  that  contains  a  bend¬ 
ing  critical  speed. 

2.  The  quality  of  the  balance  obtained  has  been  evaluated  in  terms 
pf  the  sources  of  error  Inherent  in  the  system.  It  is  shown  that,  if  the 
errors  in  the  amplitude  and  phase-angle  measurements  do  not  exceed  3 
to  4  percent,  a  satisfactory  balance  can  be  obtained. 

3.  Commercially  available  instrumentation  can  be  used  to  balance 
a  flexible  rotor,  provided  it  is  carefully  calibrated. 

4.  If  sufficient  measurements  are  taken,  the  influence  coefficient 
method  can  be  used  for  simultaneous  balancing  in  more  than  two 
correction  planes. 


Table  7.10,  Calculated  correction  weights,  all  tests*  [23] 

Tot  ' 
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Table  7.11.  Details  of  average  errors  likely  to  occur  during 
balancing  [23] 


Speed 

(rpm) 

Number  of 
planes 

Average 
error  (%) 

Averages  ranges 
of  errors  (%) 

6000,  7800 

2 

3.7 

7.1 

8700,  10,200 

3 

5.3 

9.0 

6000,  7800 

2 

2.0 

3.2 

8700 

3 

4.2 

7.1 

5.  The  assumption  of  linearity  on  which  the  Influence  coefficient 
method  is  based  was  found  to  be  valid  for  the  rotor-and-bearing  system 
tests. 

Experiments  to  Determine  Optimum  Balancing  Conditions 

In  a  second  series  of  experiments  with  the  influence  coefficient 
method,  Tonnesen  [24]  sought  an  optimum  balance  condition  for 
operation  through  three  critical  speeds  of  the  rotor  system.  This 
optimum  condition  consists  of  determining  the  accuracy  to  which  the 
test  rotor  could  be  balanced  by  use  of  a  least-squares  procedure  with  a 
minimum  number  of  balancing  runs,  using  four  correction  planes. 
Determination  of  the  absolute  minimum  level  of  residual  vibration  for 
the  conditions  used  was  another  objective. 

The  rotor-support  system  was  the  same  as  that  used  by  Lund  and 
Tonnesen  [23]  with  minor  modifications  to  the  drive.  Thorough  details 
are  given  of  the  rotor  vibration  measurement  system  and  its  settings, 
which  consisted  of  the  original  transducer  system  with  additional 
capacitance  distance  probes  and  piezoelectric  accelerometers  mounted 
horizontally.  Rotor  motions  were  monitored  continuously.  In  test  runs 
an  active  filter  (48  dB/ octave)  was  used  to  obtain  only  the  synchronous 
component.  Corresponding  amplitudes  were  measured  with  a  digital 
voltmeter,  and  phase-angle  measurements  were  made  with  an  electronic 
counter  used  in  the  time-interval  mode.  All  signals  were  time  averaged 
over  100  periods.  For  tests  with  six  and  seven  balancing  planes  a  lock- 
in  amplifier  was  used  as  a  tracking  filter.  A  photoelectric  pickup  was 
used  to  phase-lock  the  amplifier  to  the  test  rotor,  and  the  amplifier 
outputs  (amplitude  and  phase)  were  measured  with  digital  voltmeters. 

Experiments  were  conducted  to  determine  the  influence  of 
number  of  correction  planes,  number  of  balance  speeds,  etc.,  on  the 
quality  of  balance  attainable.  Influence  coefficients  were  evaluated  on 
the  basis  of  two  trial-weight  runs  per  plane  using  the  same  trial  weight. 
For  each  test  run  the  deviation  from  the  correct  value  is  given  for  each 
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weight  in  each  plane.  Total  average  deviations  are  also  given.  The 
total  average  deviation  for  all  tests  was  found  to  be  4 .5  percent  for  the 
capacitance  probes  and  7.3  percent  for  the  inductance  probes  with  the 
same  values  of  trial  weight  and  phase  angle. 

Table  7.12  Shows  the  calculated  absolute  average  error  of  the 
system.  Errors  are  given  in  percentages  for  the  measured  amplitudes 
and  in  degrees  for  the  phase  angles.  Accuracy  of  the  measuring 
equipment  was  fairly  standard:  0.1  percent  for  amplitude 
measurements  and  0.1*  for  phase  angles. 

Random  distribution  of  unbalance  was  studied  by  placing 
unbalances  at  random  locations  in  six  planes  along  the  rotor  length 
(planes  4,  7,  11,  13,  15,  and  19  in  Fig.  7.34).  Four  planes  were  used 
for  inserting  correction  weights  (planes  7,  11,  15,  and  19).  It  was 
required  that  the  rotor  be  balanced  to  a  minimum  level  of  vibration 
over  the  entire  speed  range  by  simultaneous  balancing  in  these  four 
planes. 

Curves  A  in  Figs.  7.35  and  7,36  are  plots  of  the  synchronous 
response  of  the  rotor  with  its  initial  unbalance  acting.  In  this  condition, 
it  was  just  possible  to  operate  through  the  entire  speed  range.  The  first 
critical  speed  was  at  7850  rpm,  the  second  ut  9300  rpm,  and  the  third  at 
10,400  rpm;  the  other  peaks  were  due  to  drive  effects.  The  rotor  was 
then  balanced  to  achieve  a  zero-rotor  condition,  and  then  the  random 
unbalances  were  inserted  into  the  six  "unbalancing"  planes.  In  this 
condition  (curve  A  in  Fig.  7.35)  the  rotor  was  so  strongly  unbalanced 
that  the  first  critical  speed  could  not  be  passed.  After  balancing  at 
5000,  7000,  and  7500  rpm,  the  rotor  ran  safely  through  its  first, 
second,  and  third  critical  speeds,  with  a  whirl  amplitude  of  less  than 
half  the  bearing  clearance  (curve  B  in  Fig.  7.35).  The  rotor  was  again 
balanced  at  7500,  9500,  and  11,000  rpm  in  the  same  correction  planes. 
The  results  are  shown  as  curves  C  in  Figs.  7.35  and  7.36. 

A  second  set  of  tests  was  undertaken  by  installing  a  disk  in  an  end 
plane  so  that  the  rotor  nodes  in  the  strong  bending  critical  speed  at 
7650  rpm  occurred  within  both  journal  bearings.  This  gives  a  zero¬ 
damping  rotor  configuration,  Unbalance  was  randomly  distributed  in 
seven  planes.  Four  correction  planes  were  again  used,  and  four 
transducers  were  used  for  amplitude  measurements  at  the  bearings  and 
at  the  overhangs.  There  was  difficulty  in  passing  through  the  bending 
critical  speed  because  of  the  low  bearing  damping.  The  rotor  was 
balanced  both  below  and  on  passing  through  the  critical  speed  and 
subsequently  at  7300,  9000,  and  11,000  rpm.  It  could  then  be  operated 
smoothly  throughout  its  entire  operating-speed  range. 

Figures  7.37  and  7.38  show  the  amplitudes  obtained  after  the  first 
ana  second  balancing  operations.  It  is  a  testimony  to  the  precision  of 
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PLANE  NUMBERS 


Fig.  7.34.  Transducer  locations  and  rotor  planes 
used  in  tests  by  Tonne. sen  [24] 


Fig.  7.35.  Rotor  amplitudes  at  bearing  2  after 
balancing  in  six  planej,  using  two  transducers 
and  influence  coefficients  from  initial  balancing 
[24],  A  “  unbalanced  rotor,  B  -  result  of 
first  balancing,  C  —  result  of  second  balancing. 
Recording  probe:  H4C. 
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Fig.  7.36.  Rotor  amplitudes  at 
midipan  after  balancing  in  six  planes 
with  two  transducers  [241.  A  - 
unbalanced  rotor,  B  *■  result  of  first 
balancing,  C  -  result  uf  second 
balancing.  Recording  probe:  H3C. 


Fig.  7.37.  Rotor  amplitudes  at  bear¬ 
ing  2  after  balancing  In  seven  planes 
with  four  transducers  [24],  A  » 
unbalanced  rotor,  B  -  tesult  of  first 
balancing,  C  -  result  of  second 
balancing.  Recording  probe:  H4C. 
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Fig.  7.38.  Rotor  amplitudes  at  midspan  alter 
balancing  in  seven  planes  with  four  transduc¬ 
ers  [24],  A  -  unbalanced  rotor,  B  -  result 
of  first  balancing,  C  -  result  of  second 
balancing.  Recording  probe:  H3C. 


the  balance  achieved  that  the  rotor  could  be  held  at  the  very  peak  of 
the  first  critical  speed  with  minimal  vibraMon.  This  condition  was  held 
for  more  than  1  hr  without  any  change  in  amplitude. 

The  tests  conducted  by  Tonnesen  indicate  that  the  influence 
coefficient  method  is  perfectly  capable  of  balancing  a  rotor  through 
three  flexible  critical  speeds  with  two  to  five  transducers  in  up  to  five 
correction  planes.  The  method  was  further  found  to  be  linear  over 
wide  ranges  (as  required  by  the  theory),  and  the  overall  accuracy  in 
determining  the  balance  weights  is  4.5  percent,  for  a  measurement 
accuracy  of  1.5  percent,  The  quality  of  the  balance  achieved  is  rated  as 
ISO  quality  class  0.4  in  terms  of  rigid-rotor  residual  unbalance  levels.  It 
is  concluded  that  the  minimum  amplitude  is  a  function  of  (a)  number 
of  balance  planes  and  their  axial  location,  (b)  the  operating-speed 
range,  and  (c)  the  number  of  measurement  transducers  and  their  axial 
positions.  Tonnesen  [24]  states  that  balancing  with  a  single  transducer 
on  or  near  a  bearing  is  adequate  for  many  applications,  but,  for 
ultraprecision  balancing,  transducers  placed  outside  the  immediate  area 
of  the  bearings  are  mandatory. 
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7.7  Comparison  of  Flexibie-Rotor  Balancing  Methods: 

Kendig  Computer  Study 

A  comprehensive  study  of  the  principal  flexible-rotor  balancing 
methods  in  use  has  been  made  by  Kendig  [251.  This  study  was  based 
on  extensive  computer  calculations  for  two  different  rotor-bearing  sys¬ 
tems:  a  medium-size  steam-turbine  rotor  in  undamped  fluid-fllm  bear¬ 
ings  with  planar  and  spatial  unbalance  distributions,  the  same  rotor  in 
damped  bearings,  and  a  small  high-speed  gas-turbine  rotor.  Computer 
programs  were  developed  for  each  of  the  following  balancing  methods: 
(a)  the  modal  balancing  method  (Bishop),  (b)  the  modal  averaging 
method  (Moore),  (c)  the  simultaneous  modal  method  (Kellenberger), 
(d)  the  comprehensive  modal  method  (Federn),  and  (e)  the  exact- 
point-speed  influence  coefficient  method.  A  variety  of  balance-plane 
combinations  was  tried.  Details  of  the  results  obtained  are  discussed 
below. 

Steam-Turbine  Rotor  in  Flexible  Undamped  Bearings: 

Planar  Unbalance 

The  rotor  system  model  used  in  this  study  (Fig.  7.39)  was  based 
on  a  medium-size  steam-turbine  unit  operating  in  the  speed  range  0 
through  12,000  rpm.  The  rotor  weighs  approximately  5000  lbf  and 
operates  in  two  tilting-pad  journal  bearings,  6  in.  in  diameter  and  3  in. 
long,  located  close  to  the  rotor  ends.  The  dynamic  stiffness  properties 
of  the  tilting-pad  bearings  were  obtained  from  tables  given  in  Lund 
[26].  Bearing  damping  was  neglected  for  this  first  comparison  calcula¬ 
tion,  and  no  other  system  damping  was  included. 

The  rotor  unbalance  was  taken  as  a  planar  set  of  mass  distribu¬ 
tions.  In  the  absence  of  damping,  the  selected  unbalance  arrangement 
can  be  expected  to  excite  the  rotor  translatory  whirl  mode,  the  conical 
mode,  and  the  lowest  flexural  mode.  Furthermore,  in  the  absence  of 
damping  and  with  in-plane,  in-phase  unbalance,  the  mode  shapes  can 
be  expected  to  appear  as  plane  forms. 


STATION  1  1  S  1  »  W  U  .  M  H  H 


Fig,  7.39,  Steam-turbine  rotor  model  used  by  Kendig  (251 
(®1975,  J.R,  Kendig;  used  by  permission) 
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The  selected  planar  distribution  of  weights  was  such  that  the  first 
three  flexural  modes  of  vibration  could  be  excited.  The  unbalance  was 
taken  to  be  a  set  of  three  masses  of  5,  S,  and  2.5  oz-in.  at  angular  loca¬ 
tions  of  0°,  180°,  and  0°,  respectively,  at  rotor  stations  8,  16,  and  22 
(see  Pig.  7.40).  The  uncorrected  rotor  unbalance  response,  shown  in 
Fig.  7.41,  indicates  the  existence  of  three  critical  speeds,  at  2300,  5500, 
and  10,000  rpm.  The  character  of  these  criticals  can  be  seen  from  the 
rotor  deflection  plots  of  Fig.  7.42.  It  is  obvious  that  the  prime  factors 
in  effect  at  these  speeds  are  the  first,  second,  and  third  flexural  modes, 
respectively,  with  no  apparent  rigid-body  effects. 

Some  general  remarks  about  the  balancing  procedures  are  in  order. 
No  assumption  of  knowledge  of  the  residual  unbalance  was  made.  The 
method  of  balancing- plane  selection  was  to  choose,  for  a  given  mode, 
the  plane  or  planes  that  would  have  the  greatest  effect  on  that  mode 
while  minimizing  effects  on  the  other  modes.  The  plane  selection  was 
based  on  the  deflection  shapes  resulting  from  the  unbalance  response 
of  the  actual  rotor.  Similarly,  all  balancing  operations  were  based  on 
actual  rotor  deflection  shapes  at  the  critical  speeds  rather  than  on  any 
characteristic  deflection  shapes  derived  from  a  solution  of  the  eigen¬ 
value  problem.  It  was  therefore  assumed  that  the  deflection  at  the  crit¬ 
ical  speed  corresponded  to  the  characteristic  mode  at  that  speed. 

During  the  actual  modal  balancing  procedure,  it  was  found  that  the 
balancing  of  a  given  mode  affected  the  balance  level  achieved  in  the 
lower  modes.  The  related  weight  distribution  was  applied  to  trim  the 
lower  modes,  but  this  approach  was  found  to  produce  results  that 
adversely  affected  the  balance  levels  in  other  modes.  The  method  of 
correcting  lower  modes  was  thereafter  combined  with  the  usual  weight- 
distribution  calculations;  thus,  when  a  set  of  trial  weights  was  deter¬ 
mined  for  a  given  mode,  sets  of  trial  trim  weights  were  also  produced 
for  any  lower  modes.  In  this  way  all  lower  modes  could  be  trimmed 
without  upsetting  the  higher  modes,  with  very  effective  results. 

In  applying  the  N  modal  method  of  Bishop  and  Oladwell  [27],  the 
theoretical  approach  was  used:  a  single  mass  was  used  to  correct  the 
first  mode,  f.wo  were  used  for  the  second,  and  so  on.  Although  in 
actual  use  with  industrial  rotors  this  scheme  might  be  altered  to  intro¬ 
duce  multimass  distributions  in  each  mode  to  reduce  the  size  of  the 
required  correction  masses,  no  description  of  such  a  scheme  appears  to 
have  been  described  in  the  subject  literature.  Similarly,  in  applying  the 
N  and  N  +  B  methods  of  Kellenberger  [5],  discrete  masses  were  used, 
based  the  procedure  on  theoretical  formulations  found  in  the  literature. 

The  N  modal  method  of  Bishop  and  Oladwell  gave  the  amptitude- 
vs-speed  curve  of  Fig.  7.43  when  the  first  mode  was  removed.  Remo¬ 
val  of  the  second  and  third  modes  resulted  in  the  amplitude-vs-speed 
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STATION  K 


Fig.  7.40.  Planar  unbalance  weight  distribution  in  the  iteam-turbine 
rotor  model  used  by  Kendig  [25]  (*1975,  J.R.  Kendig;  used  by  per¬ 
mission) 


Fig.  7.41.  Original  unbalance  response:  Kendig’s 
steam-turbine  rotor  in  flexible  undamped  bearings 
[25]  ( ®  1975,  J.R.  Kendig;  used  by  permission) 
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STATION  25 


STATION  1 


Fig.  7.42.  Rotor  mode  ihapei  it  the  three  critical  speeds 
of  2300,  5S00,  and  10,000  rpm.  Planar  unbalance  [25) , 
(*1975,  J.R.  Kendlg;  used  by  permission). 
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Fig.  7,43.  Rotor  amplitudes  obtained  with 
the  N  modal  method!  first  mode 
removed  (231  (*1973,  J.R,  Kendli;  used 
by  permission) 


curves  of  Figs.  7.44  and  7.45,  respectively.  Final  balancing  resulted  in 
the  amplitude-vs-speed  plots  of  Fig.  7.46.  These  diagrams  provide 
insight  into  the  stepwise  modal  method. 

Application  of  the  simultaneous  N  modal  method  of  Kellenberger 
necessitated,  by  definition,  the  use  of  three  balance  planes.  The  three 
balancing  distributions,  one  for  each  mode,  resulted  in  the  final  balance 
demonstrated  in  Fig.  7.47. 

The  influence  coefficient  method  was  also  applied  to  correct  the 
original  unbalance  in  the  first  three  modes.  The  procedure  used 
required  three  balancing  speeds  and  five  correction  planes,  i.e.,  an  (N 
+  2)  correction.  The  resulting  balance  obtained  is  shown  in  Fig.  7.48. 


Steam-Turbine  Rotor  In  Flexible  Undamped  Bearings: 

Spatial  Unbalance 

A  second  series  of  computer  calculations  was  performed  by  Kendig 
[25],  as  in  the  preceding  series,  for  a  steam-turbine  rotor  in  flexible 
undamped  bearings  (see  Fig.  7.39),  but  a  spatial  unbalance  weight  dis¬ 
tribution  was  used.  It  consisted  of  5,0-oz-in.  weights  at  stations  17,  18, 
and  19  at  angular  orientations  of  0®,  90°,  and  180°  (Fig.  7.49).  The 
weight  distribution  was  selected  for  its  ability  to  stimulate  all  three  flex¬ 
ural  vibration  modes  as  well  as  to  introduce  a  substantial  asymmet¬ 
rical  rotor  response.  The  original  unbalance  response  of  this  rotor  sys¬ 
tem,  shown  in  Fig.  7.50,  indicates  that  the  critical  speeds  are  still  to  be 
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Fig.  7.48.  Rotor  amplitudes  obtained 
after  balanclnf  in  five  correction  plane*  by 
the  influence  coemcient  method  (25) 
(■197$,  J.R,  Kendin  used  by  permission) 


LOGO 


Fig.  7.49.  Spatial  unbalance  distribution 
in  the  steam-turbine  rotor  mode)  (251 
(•1973,  J.R.  Kendlg:  used  by  permission) 
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Fig.  7.50,  Original  unbalance  response  of  steam- 
turbine  rotor  model  with  a  spatial  unbalance  dis¬ 
tribution  [2S]  (*1975,  ji.R,  Kendig;  used  by  per¬ 
mission) 


found  at  2300,  5500,  and  10,000  rpm.  The  corresponding  deflection 
shapes  (Fig.  7.51)  show  that  no  apparent  rigid-body  effects  were  experi¬ 
enced  by  the  system,  and  so  the  rotor  is  functioning  as  a  flexible  sys¬ 
tem. 

In  applying  the  N  modal  method  of  Bishop  and  Oladwell  [27],  the 
procedure  was  the  same  as  that  used  in  the  preceding  example.  A 
reduction  of  two  orders  of  magnitude  in  the  rotor  unbalance  condition 
was  realized  by  this  method.  The  critical  speed  peak  amplitudes  shown 
in  Fig.  7.50  were  all  successfully  suppressed.  This  demonstrates  the 
effectiveness  of  the  N  modal  balancing  method  in  the  absence  of  damp¬ 
ing,  for  the  case  of  a  complex  spatial  distribution  of  rotor  unbalance. 

Use  of  the  simultaneous  N  modal  method  of  Keilenberger  resulted 
in  the  amplitude-vs-speed  plot  of  Fig.  7.52.  Although  an  acceptable 
balance  level  was  attained,  it  was  impossible  to  reduce  both  bearing 
vibrations  to  levels  below  those  attained  in  Fig.  7.52  (see  Fig.  7.53).  In 
an  effort  to  reduce  these  vibration  levels,  two  additional  weight  distri¬ 
butions  were  added;  the  results  are  shown  in  the  amplitude-vs-speed 
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*1 


STATION  2$ 


STATION  1 

Fig.  7.51.  Rotor  mode  shapes  it  the  three  critical  speeds  of 
2300,  5500,  and  10,000  rptn.  Spatial  unbalance  [25] 
(c1975,  J.R.  Kendlg;  used  by  permission). 
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Fig.  7.32.  Rotor  amplitudes  obtained 
after  balancing  by  the  simultaneous  N 
modal  method  123)  (*1975,  I.R.  Kendig; 
used  by  permission) 


Fig.  7.33.  Rotor  amplitudes  obtained 
alter  balancing  by  the  simultaneous  N 
modal  method  and  applying  a  new  N  bal¬ 
ance  distribution  [25]  (*1973,  J,R.  Ken- 
dig;  used  by  permission) 


plot  of  Fig.  7.54,  In  thin  particular  instance,  it  was  decided  to  add  two 
additional  balance  planes  to  the  existing  three-plane  distributions;  the 
objective  was  to  provide  two  extra  planes  for  two-plane  trimming  opera¬ 
tions.  The  resulting  five-plane  weight  distributions  yielded  the  results 
shown  in  Fig.  7.55. 

The  two-plane  trimming  operations  were  conducted  to  investigate 
the  possibilities  of  trimming  the  rotor  response  to  more  acceptable 
levels.  Two  of  these  operations  were  conducted:  one  at  low  speed 
(Fig.  7.55)  and  the  other  at  10,000  rpm  (Fig.  7.56).  Both  trimming 
operations  improved  the  rotor  response  only  slightly  throughout  the 
operating-speed  range. 

Another  application  of  the  simultaneous  N  modal  method  was 
made  after  the  rotor  had  been  balanced  at  low  speed  in  two  planes. 
The  weight  distributions  were  then  based  on  this  rigid-body  balanced 
rotor,  Application  of  the  simultaneous  N  modal  procedure  gave  accept¬ 
able  balance  levels,  as  shown  in  Fig.  7.56. 

The  balance  level  of  the  rotor,  though  improvable  by  a  two-plane 
balance,  was  of  sufficiently  low  unbalance  that  it  was  considered  to  be 
previously  balanced  at  low  speeds.  With  this  assumption,  an  attempt 
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ROTOR  IPHC  <rpml 


ROTOR  SRtID  lipnt) 


Fig.  7.54.  Rotor  amplitudes  obtained  Fig,  7.55,  Rotor  amplitudes  obtained 
after  balancing  by  the  simultaneous  N  after  balancing  by  the  simultaneous  N 
modal  method  and  applying  a  new  N  +  2  modal  method,  adding  two  more  balance 
balance  distribution  [25]  (*1975,  I.R.  planes,  and  two-plane  trimming  at  low 
Kendig;  used  by  permission)  speed  125}  (*1975,  J.R.  Kendig;  used  by 

permission) 


Fig.  7.56.  Rotor  amplitudes  obtained 
after  balancing  by  the  simultaneous  N 
modal  method,  adding  two  more  balance 
planes,  and  two-plane  trimming  at  10,000 
rpm  [25]  (*1975,  J.R.  Kendig:  used  by 
permission) 
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was  made  to  balance  the  rotor  by  the  simultaneous  N  +  B  modal 
method.  This  required,  by  definition  (N  —  3,  B  -  2),  five  balance 
planes.  Two  distinct  sets  of  five  balance  planes  were  used,  one  set 
using  two  of  the  planes  to  coincide  with  the  bearings,  and  the  other 
with  the  additional  two  planes  distributed  throughout  the  length  of  the 
rotor.  Both  N  +  B  modal  approaches  balanced  the  rotor,  but  did  not 
result  in  a  significant  improvement  over  the  previous  procedures. 

Influence  coefficient  balancing  was  performed  using  both  sets  of 
the  five-plane  combinations  applied  in  the  simultaneous  N  +  B  test. 
The  results  are  shown  in  Figs.  7.57  and  7.58.  In  both  cases  the  influ¬ 
ence  coefficient  method  gave  lower  amplitudes  than  were  achieved  by 
any  of  the  previous  methods. 


Steam-Turbine  Rotor  in  Damped  Flexible  Bearings: 

Planar  Unbalance 

The  rotor  and  unbalance  distribution  are  the  same  as  for  the 
undamped  rotor  with  planar  unbalance  (see  Fig.  7.41),  the  only  differ¬ 
ence  being  the  introduction  of  bearing  damping  to  account  for  the 
viscous  effects  of  the  fluid-film  bearings.  The  bearing  damping  coeffi¬ 
cients  were  calculated,  as  were  the  bearing  stiffness  coefficients,  from 
data  presented  in  Ref.  28.  In  the  first  calculations  each  rotor  re¬ 
sidual  unbalance  was  increased  by  two  orders  of  magnitude,  from  5  to 
500  oz.  in.,  to  offset  the  effect  of  damping,  and  to  increase  the  rotor 
response  amplitudes.  The  results  of  this  unbalance  distribution  are  the 
amplitude-vs-speed  curves  in  Fig.  7.59. 

The  effect  of  damping  in  suppressing  the  critical  speed  peaks  is 
readily  apparent  when  Fig.  7.59  is  compared  with  Fig,  7.41.  Also,  the 
rotor  amplitudes  in  Fig.  7.59  are  generally  more  than  ten  times  greater, 
because  of  the  increased  unbalance,  introduction  of  damping  into  the 
bearings  also  results  in  the  rotor  deflections  becoming  'twisted"  in 
space,  no  longer  exhibiting  the  planar  response  of  the  undamped  sys¬ 
tem,  shown  in  Fig.  7.60.  The  rotor  deflection  shapes  are  now  those  of 
Fig.  7.61.  The  effects  observed  are  In  agreement  with  results  obtained 
by  Last  [29],  who  found  that  bearing  damping  produced  rotor  deflec¬ 
tions  that  are  helical.  The  deflection  shapes  shown  in  Fjgs.  7.60  and 
7.61  also  substantiate  the  statements  of  Meirovitch  [30],  cited  previ¬ 
ously,  concerning  the  effects  of  nonnogligible  system  damping. 

Another  way  of  presenting  the  information  of  Fig.  7.61  is  to  show 
the  rotor  response  as  an  Argand  diagram,  or  a  polar  plot,  as  shown  in 
Fig.  7.64.  This  diagram  and  the  Kennedy-Pancu  method  for  rotor 
dynamic  analysis  is  described  by  Bishop  and  Parkinson  [1]. 
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Fig,  7.57.  Rotor  amplitudal  obtained 
after  three-speed  balancing  by  the  Influ¬ 
ence  coefficient  method  In  five  planet! 
(atatlona  1,  9,  14,  17,  and  25  In  Fig.  7.39) 
(251  <*1975,  J.R.  Kendlg;  uted  by  per- 
mlitlon) 


Fig,  7.58.  Rotor  amplitudes  obtained  after  three- 
speed  balancing  by  the  influence  coefficient 
method  In  five  planes  (stations  I,  3,  14,  23,  and 
25  in  Fig.  7.39)  (25]  <®1975,  J.R.  Kendlg;  used 
by  permission) 
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SPEED,  RW 


Fig.  7.S9.  Original  unbalance  response:  ileam-turblne  rotor  in  damped  flexible  bearings, 
planar  unbalance  (25]  (®1975,  J.R.  Kendlg;  used  by  permission) 
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Fig.  7.60.  Rotor  deflection!  at  2300,  2700,  and  5300  rpm.  Planer 
unbalance  125]  <  °1975,  J.R.  Kendlg;  used  by  permiwlon). 
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STATION  2S  STATION  25 


STATION  1 


Fig.  7.61.  Rotor  deflection!  *t  8000,  10,000,  end  11,500  rpm.  Planar 
unbalance  [25]  (*1975,  J.R  Kendig;  used  by  permission), 


From  the  amplitude- vs-speed  diagram  of  Fig,  7.59,  it  can  be 
deduced  that  critical  speeds  occur  at  2300,  2700,  and  approximately 
11,500  rpm.  The  deflection  shape  at  11,500  rpm  (Fig.  7.61c)  shows 
that  this  speed  corresponds  to  a  deflection  primarily  in  the  second 
mode.  Therefore,  it  can  be  concluded  that  the  first  and  the  second 
modes  are  only  two  characteristics  of  importance  in  this  case.  It  follows 
that  these  modes  are  the  only  ones  for  which  balancing  Is  necessary  in 
this  instance. 

On  the  basis  of  these  assumptions,  the  N  modal  method  of  Bishop 
and  Oladwell  was  applied,  with  the  results  shown  in  Fig.  7.62.  Likewise 
the  simultaneous  N  modal  method  of  Kellenberger  was  used,  yielding 
the  amplitude-vs-speed  diagram  of  Fig.  7.63.  It  was  noticed  in  applying 
these  procedures  that  the  methods  both  converged  more  slowly  to  an 
acceptable  balance  level,  and  at  the  expense  of  worsening  the  first¬ 
mode  balance.  Both  procedures  were  halted  at  the  balance  levels 
demonstrated  by  Figs.  7,62  and  7.63,  the  results  of  which  are 
moderately  successful. 
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Fig.  7.62.  Rotor  amplitudes 
obtained  after  balancing  by  the 
N  modal  method  (25]  (®1975, 
J.R.  Kendig;  used  by  permis¬ 
sion) 
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Fig.  7.63.  Rotor  amplitudes 
obtained  after  balancing  by  the 
simultaneous  N  mods!  method 
[25]  (®1975,  J.R.  Kendig;  used 
by  permission) 


The  polar  diagrams  of  Pig.  7.64,  interpreted  in  the  manner  of 
Bishop  and  Parkinson  till,  indicate  why  the  above  methods  failed  to 
achieve  a  better  balance:  the  maximum  phase-angle  changes  occur  at 
approximately  the  undamped  critical  speeds  of  2300,  5500,  and  10,000 
rpm.  With  use  of  the  undamped  deflection  shapes  of  these  speeds  to 
balance  the  rotor  at  the  corresponding  speed,  the  N  modal  method  of 
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Fig.  7.M.  Argtnd  diagrams  of  the  orig¬ 
inal  response  of  bearings  at  stations  3 
and  23  1251  (®1975,  J.R.  Kendig;  used 
by  permission) 


(b) 


Bishop  and  Gladwell  was  again  applied.  The  results  are  shown  in  the 
amplitude-vs-speed  diagram  of  Fig.  7.65. 

Steam-Turbine  Rotor  In  Damped  Flexible  Bearings: 

Spatial  Unbalance 

This  series  of  balance  comparisons  was  again  based  on  a  steam- 
turbine  rotor  in  damped  flexible  bearings,  but  the  unbalance  distribu¬ 
tion  was  spatial  (see  Fig,  7.49).  The  response  of  the  unbalanced  rotor 
(Fig.  7.66)  indicated  that  critical  speeds  occurred  at  2700  and  12,000 
rpm.  The  corresponding  deflection  shapes  are  shown  in  Fig.  7.67.  It  is 
apparent  from  these  deflection  diagrams  that  the  higher  speed 
deflections  are  neither  solely  under  the  influence  of  the  second  mode 
nor  solely  under  the  influence  of  the  third  mode,  but  rather  some  com¬ 
bination  of  the  two  modes.  The  deflection  shapes  of  the  rotor  are  not, 
nor  can  they  be  approximated  to  be,  planar  in  nature. 
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Fig.  7,65,  Rotor  amplitudes 
obtained  after  balancing  by  the 
N  modal  method  at  undamped 
critical  speeds  [25]  (®1975, 
l.R.  Kendig;  used  by  permis¬ 
sion) 
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Fig.  7.66.  Original  unbalance 
response:  steam-turbine  rotor 
in  damped  flexible  bearings, 
spatisl  unbalance  [25]  ( °1975, 
J.R.  Kendig;  used  by  permis¬ 
sion) 
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Fig.  7.67.  Original  rotor  deflections  at  2300,  2700,  9000,  and 
12,000  rpm  (231  (*1971,  J.R.  Kendig;  used  bj  permission) 


Applying  tbe  N  modal  method  and  balancing  in  midpiane  for  the 
Ant  critical  speed  at  2700  rpm  yielded  the  amplitude-vs-speed  curves  of 
Fig,  7.68.  The  deflection  shape  corresponding  to  this  critical  speed  after 
first-mode  removal  is  illustrated  in  Fig.  7.69a;  it  shows  the  residual 
unbalance  starting  to  take  the  form  of  the  second  and/or  third  modes. 
The  use  of  end  planes  to  remove  the  second  mode  at  a  speed  of  12,000 
rpm  yielded  the  deflection  shapes  shown  In  Fig.  7.69b  and  c,  in  which  a 
third-mode  deflection  form  is  being  assumed  by  the  rotor.  The  JV 
method,  applied  at  27(  0  and  12,000  rpm,  did  not  achieve  especially  low 
rotor  response  amplitudes.  The  use  of  a  third  balancing  speed,  6500 
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rpm,  was  also  tried  to  farther  assist  in  the  removal  of  all  three  modes, 
but  a  modest  additional  improvement  only  was  observed. 

The  application  of  the  modal  ‘averaging1  technique  of  Moore  and 
Dodd  is  illustrated  in  Figs.  7.70  through  7.72,  which  show  the  results  of 
four-  and  five-plane  balancing  at  2700  and  9000  rpm. 

The  results  obtained  with  the  influence  coefficient  technique  are 
illustrated  in  Figs.  7.73  through  7.78,  for  a  variety  of  speeds,  planes, 
and  numbers  of  planes.  It  can  be  seen  that  the  most  satisfactory  resulta 
were  obtained  with  a  two-speed  balance  in  four  balancing  planet  (Fig. 
7.78). 


MOTOR  BPMO  (rpm) 


Pia-  7>68.  Rotor  amplitudes  obtained  after  mid¬ 
plane  balancing  by  the  N  modal  method:  flret- 
mode  removal  at  2700  rpm  uilng  itation  14  [2S| 
(*1975,  i.R,  Kendlgi  uied  by  permlision) 
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Fi|.  7.71.  Rotor  amplitude!  obtained 
after  balancing  by  the  model  averaging 
method  In  five  planei  (station*  1,  7,  10, 
16,  and  23)  at  2700  rpm  1251  (*1975, 
J.R.  Kendlg;  used  by  permission) 


Fig.  7,72.  Rotor  amplitudes  obtained 
after  balancing  by  the  modal  averaging 
method  in  four  planes  (stations  I,  7, 
16,  and  23)  at  9000  rpm  (25]  (#197S, 
J.R.  Kendlg;  used  by  permission) 
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Pi|.  7.7S.  Rotor  amplitudes  obtained 
after  two-plane  (atationi  1  and  23) 
balancing  by  the  Influence  coefficient 
method  at  9000  rpm  (25]  (®1975,  J.R, 
Kendlg;  uaed  by  permluion) 
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Pig.  7.76.  Rotor  amplitude*  obtained 
after  three-lane  (stations  8,  54,  and 
21)  balancing  by  the  Influence  coeffi¬ 
cient  method  at  2300  and  9000  rpm 
125]  (*1975,  J.R.  Kendlg;  used  by  per¬ 
mission) 


Pig.  7.77.  Rotor  amplitudes  obtained 
after  three-plane  (stations  8,  16,  and 
21)  balancing  by  the  influence  coeffi¬ 
cient  method  at  2300  and  9000  rpm 
(25)  ( °1975,  J.R.  Kendig;  used  by  per¬ 
mission) 
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Fig,  7.78.  Rotor  amplitudes  obtained  after  four- 
plane  (stations  1,  7,  16,  and  23)  balancing  by  the 
Influence  coefficient  method  at  2700  and  9000  rpm 
[23]  (“1975,  J.R,  Kemiig,  used  by  permission) 

Gas-Turbine  Rotor  In  Damped  Flexible  Bearings 

Another  aeries  of  computer  calculations  was  performed  by  Kendig 
(251  using  the  small  gas-turbine  rotor  shown  in  Fig.  7.79.  The  rotor  is 
supported  on  two  gas-lubricated  tilting-pad  beatings  mounted,  in  turn, 
on  flexible-bearing  pedestals.  The  damping,  though  of  a  low  level,  is 
not  negligible.  The  bearing  stiffness  and  damping  coefficients  wore 
obtained  from  the  design  data  given  by  Rieger  [331.  The  pedestal 
stiffnesses  were  based  on  the  design  calculations  of  the  rotor  [32].  The 
rotor  system  was  designed  for  a  nominal  operating  speed  of  66,000 
rpm.  It  was  assumed  that  unbalance  forces  of  1.0  oz-in.  would  act  at 
each  of  the  three  rotor  disks  (stations  3,  9,  and  19)  and  all  unbalances 
would  act  in  phase  at  zero  degrees  from  the  reference.  The  selection  of 
this  unbalance  distribution  was  based  on  the  fact  that  the  rotor  is  a 
built-up  unit,  with  the  disks  being  shrunk  onto  the  rotor  shaft.  Because 
of  this  mode  of  construction,  the  worst  possible  unbalance  distribution 
would  result  from  all  unbalances  operating  in  the  same  plane  and  direc¬ 
tion. 
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A  critical  speed  calculation  was  made  of  this  rotor  system.  This 
showed  critical  speeds  occurring  at  7052,  9593,  and  24,946  rpm.  The 
undamped  rotor  deflection  shapes  shown  in  Fig.  7.80  indicate  that  the 
first  two  spdeds  are  rigid-body  critical*  and  the  third  speed  is  the  first 
flexural  critical.  Subsequent  use  of  the  unbalance  distribution  neglect¬ 
ing  damping  verified  the  critical  speed  results.  Introducing  the  bearing 
damping  into  the  rotor  system  altered  the  deflection  shapes  to  those 
shown  in  Fig.  7.81.  The  basic  mode  shapes  have  been  changed  only 
slightly  from  the  undamped  mode  shapes. 

Plotting  the  amplitude  of  the  damped  rotor  response  as  a  function 
of  speed  gave  the  curves  of  Fig.  7.82,  with  critical  speeds  occurring  at 
7200,  10,400,  and  25,450  rpm.  The  deflection  shapes  corresponding  to 
these  critical  speeds  are  shown  in  Fig.  7.83.  Comparison  with  the 
deflection  shapes  of  Fig.  7.81  shows  little  difference  between  these  two 
sets  of  deflection  shapes. 
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ROTOR  SPEED  trpm) 

Fig.  7.82.  Original  response;  gas-turbine  rotor  model 
[25]  ( ®  1975,  J.R,  Kendlg;  used  by  permission) 
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Table  7.13.  Gas-turbine  rotor  balancing  results.  Kendlg  [25] 


Raaponia  Osin.) 

Condition  or  method 

7200  rpm 

10,250  rpm 

25,450  rpm 

taring 

•t  5 

Bearing 

at  17 

Bearing 

at  5 

Bearing 
at  17 

Bearing 
at  5 

Bearing 

at  17 

Original  response 

23.7094 

19.4391 

70.4157 

24.6123 

90.2317 

43.0197 

Two- plans, 

Station*  1  end  21 

3.23162 

6.29162 

9.34174 

5.76153 

521.517 

296.470 

Low-speed  two-ptane, 
Station*  1  end  21 

0.507159 

1.52612 

1.06SS9 

1.59700 

I.6S777 

4.61221 

N  model: 

Pint-mode  rtmovil 
(nation  10)  at  7200 
rpm  altar  low-apeed 
taro- plana  balancing 

1.14066 

1.14779 

2.2471 

2.1090 

44.192 

36.021 

N  i-  2  modal; 

Pint-mode  removal 
altar  low-spaed  two- 
ptane  balancing 

0.353475 

0.470132 

2.67149 

1.07910 

17.4333 

52.9232 

Second-mode  removal 

0.S41I74 

1.13166 

0.453592 

0.453600 

109.513 

62.1102 

First-mode  trim 

0.45752! 

0579S36 

0.133233 

0.871060  120.072 

67.3417 

Third-mode  removal 

4.10343 

0.621429 

11.5311 

4.00031 

31.4S3S 

31.4116 

Third-mode  Iteration 

4.51295 

0.64 1S34 

12.6423 

4.27S90 

9.11247 

10.0557 

The  next  method  tried  was  the  stepwise  N  +  2  modal  method. 
Acceptable  amplitude  reductions  were  achieved  using  this  method,  at 
the  two  rigid  body  criticals.  The  third  mode  amplitudes  were  reduced 
by  successive  trim  corrections,  as  shown  in  Table  7.13.  Further  trim 
balancing  would  probably  have  lead  to  further  amplitude  reductions. 

Amplitude  results  from  a  two-plane  balance  at  500  rpm  are 
presented  in  Figs.  7.84  and  7.85.  These  charts  show  amplitude-vs- 
speed  curves  and  the  deflection  shapes  at  the  critical  speeds,  respec¬ 
tively.  It  is  obvious  that  rotor  amplitudes  are  reduced  in  region  of  the 
rigid-body  critical  speeds,  but  that  the  amplitudes  are  increased  at 
higher  speeds.  Rotor  mode  shapes  are  shown  in  Fig.  7.85. 

With  the  rotor  balance  condition  of  Fig.  7.83  as  a  basis,  the  modal 
averaging  technique  of  Moore  and  Dodd  was  next  applied  at  the 
25,450-rpm  flexural  critical.  The  results  of  this  balancing  correction  are 
shown  in  Fig.  7.86. 

Figures  7.87  through  7.95  show  the  results  obtained  by  use  of  the 
influence  coefficient  method  in  various  combinations  of  balance  planes 
and  speeds  to  cope  with  the  system  response  of  Fig.  7.82.  It  can  be 
seen  from  Figs.  7.87,  7.88,  and  7.89  that,  although  the  method  requires 
only  throe  balancing  planus  to  provide  a  good  two-speed  balance,  the 
addition  of  a  fourth  balance  plane  yields  substantially  superior  results. 
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This  extra  correction  plane  further  improves  the  balance  level  by 
between  one  and  two  orders  of  magnitude  as  shown  in  Figs.  7.90  and 
7.91,  Adding  two  balance  planes  allows  a  four-speed  balance  to  be  per¬ 
formed:  see  Figs.  7.92  and  7.93.  In  this  instance  the  unbalance 
response  level  has  been  reduced  by  two  orders  of  magnitude  below 
those  attained  in  Figs.  7.90  and  7.91. 

The  effects  of  low-speed  prebalancing  on  results  obtained  with  an 
influence  coefficient  balance  in  seven  planes  and  using  four  balance 
speeds  are  shown  in  Figs.  7.92  and  7.93.  These  results  can  be  com¬ 
pared  directly  with  Figs.  7.94  and  7.95,  which  show  the  response  to  a 
similar  influence  coefficient  procedure  without  prior  low-speed  balanc¬ 
ing. 


Fig.  7.84.  Rotor  amplltudei  obtained  after  a  rigid- 
body  two-plane  balance  uains  nations  5  and  17  at 
300  rpm  (251  (*1973,  J.R.  Kendig;  used  by  permla- 
aion) 
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Fig.  7.86.  Rotor  amplitudes  obtained 
after  balancing  the  rigld-body-baianced 
rotor  by  the  modal  averaging  method: 
25,450  rpm,  five  planes  (stations  I,  2,  13, 
16,  and  21)  [25]  (®1975,  i.R.  Kendlg; 
uaed  by  permission) 
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Fig,  7.87.  Rotor  amplitudes  obtained 
after  rigid-body  balancing  and  subsequent 
influence  coefficient  balancing  In  three 
planes  (stations  1,  2,  and  16)  at  10,400 
and  25,450  rpm  [25]  (®1975,  I.R.  Ken¬ 
dlg;  used  by  permission) 


Fig.  7.88,  Rotor  amplitudes  obtslned 
after  rigid-body  and  subsequent  Influence 
coefficient  balancing  In  three  planes  (sta¬ 
tions  1,  2,  and  21)  at  10,400  and  25,450 
rpm  [25]  (®1975,  J.R.  Kendlg,  used  by 
permission) 
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FI*.  7.19.  Rotor  amplltudaa  obtained 
after  rigid-body  and  aubeequent  Influence 
coefficient  balancing  in  four  planea  (ata- 
tlona  1,  2,  IS,  and  21)  at  10,400  and 
2S.4S0  rpm  USl  (*1975,  J.R.  Kendig; 
uead  by  permlaalon) 


F*'  *oU)r  ,mplltudM  oBtelned  Fig.  7.91.  Rotor  amplitudee  obtained 

ln<^  ,u****9U8n*  Influence  after  rigid-body  and  aubaequent  influence 

wytrlclent  balancing  in  five  planea  coefficient  balancing  in  five  planea  (ate- 

(atationa  1,  2,  13,  16,  and  21)  at  7200,  tlona  1,  2,  13,  16,  and  21)  at  10,400, 

10,400,  and  25,430  rpm  1251  (•1975,  J.R.  23,430,  and  66,000  rpm  (251  (*1975,  J.R. 

Kendig;  uaed  by  permlaalon)  Kendig;  uaed  by  permlaalon) 
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FI*.  7.92.  Rotor  amplltudsi  obtained  altar  rigid- 
body  and  aubaaquent  Influence  coefficient  balancing 
in  aevan  planet  (atatiom  1,  2,  I,  II,  13,  16,  and 
21)  ct  10,400,  25,430,  30,000,  and  66,000  rpm  123) 
(*1975,  J.R.  Kendig;  uiad  by  parmiwlon) 
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Fig,  7,93.  Rotor  amplitudal  obtained  after  rigid- 
body  and  lubaequent  Influence  coefficient  balancing 
in  aevan  planai  (atatiom  1,  2,  I,  11,  13,  16,  and 
21)  at  7200,  10,400,  23,430,  and  66,000  rpm  [23] 
(*1973,  J.R,  Kendig;  uied  by  permiuion) 
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Fl|.  7.94.  Rotor  implitudei  obtained  after  influ¬ 
ence  coefficient  balancing  In  aeven  planea  (atationa 
l,  2,  8,  11,  13,  16,  and  21)  at  10,400,  25,450, 
50,000,  and  66,000  rpm  125]  (*1975,  J.R.  Kendig; 
uaed  by  permiaaion) 


Fig.  7.94.  Rotor  amplitude!  obtained  after  infiu- 
enca  coefficient  balancing  In  aeven  planea  (elatlona 
1.  2.  8,  11,  13,  16,  and  21)  at  7200, 10,400,  25,450, 
and  66,000  rpm  (251  (*1975,  J.R,  Kendig;  uwd  by 
permiaaion) 
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Conclusions  from  the  Kendig  Balancing  Study 

Kendig  [25]  has  demonstrated  a  computer  procedure  that  solves 
for  a  system  of  complex  trial  weights  for  either  the  modal  formulations 
of  Bishop  and  Qladwell  or  the  modal  formulations  of  Pedern  and  Kel- 
lenberger.  Kendig  also  demonstrated  a  program  that  solves  for  a  system 
of  modal  correction  weights  based  on  trial-weight  responses;  the  pro¬ 
gram  is  based  on  the  general  modal  graphical  constructions  of  Fig.  7,4 
and  is  compatible  with  any  modal  balancing  technique.  In  addition, 
Kendig  demonstrated  two  programs  that  apply  the  modal  averaging 
technique  of  Mcore  and  Dodd  to  any  rotor  system,  including  those  with 
asymmetrical  bearing  of  rotor  conditions.  The  results  of  this 
computer-based  study  of  various  balancing  techniques  can  be  sum¬ 
marized  as  follows: 

1.  The  assumption  that  the  deflection  shape  of  a  rotor  in  the 
vicinity  of  its  critical  speed  is  primarily  a  planar  form  is  valid  for 
undamped  systems  and  for  lightly  damped  systems. 

2.  The  modal  elimination  process  that  forms  the  basis  of  the 
modal  balancing  techniques  has  been  demonstrated  using  computer 
techniques.  It  has  been  shown  that  the  modal  methods  are  most  readily 
applied  to  lightly  damped  rotor  systems,  i.e.,  on  those  rotors  having 
planar  mode  shapes. 

3.  Inclusion  of  dissimilar  and  cross-coupled  bearing  stiffness  or 
damping  conditions  the  orthogonality  between  the  principal  modes  of 
vibration. 

4.  The  presence  of  beating  damping  may  complicate  the  modal 
balancing  procedures  if  the  actual  rotor  deflection  shapes  are  used  in 
the  balancing  operations. 

5.  The  Moore  and  Dodd  modal  averaging  procedure  is  applicable 
to  both  damped  and  undamped  rotor-and-bearlng  systems. 

6.  If  a  rotor  exhibits  purely  flexible  behavior,  the  N  modal  and  N 
simultaneous  methods  are  both  applicable,  and  produce  similar  results. 
The  N  +  B  simultaneous  method  was  found  to  give  less  satisfactory 
results. 

7.  If  a  rotor  exhibits  purely  flexible  behavior,  the  N  modal  and  N 
simultaneous  methods  are  both  applicable,  and  produce  similar  results, 
but  the  N  +  B  simultaneous  method  does  not  always  yield  satisfactory 
results. 

8.  Use  of  two-plane  low-  or  high-speed  trim  balance  on  a  balanced 
flexible  rotor  gives  negligible  Improvement  in  balance  levels  unless  an 
increase  in  unbalance  levels  can  be  tolerated  at  speeds  other  than  that 
for  which  the  system  is  so  trimmed, 

9.  The  use  of  asymmetrical  "corkscrew*  unbalances  has  been 
shown  to  complicate  the  modal  balancing  procedures  by  introducing 
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nonplanar  rotor  response  and  by  forcing  the  rotor  axis  to  distort  in 

space, 

10.  Flexible  rotors  that  exhibit  nonnegltgible  rigid-body  effects 
cannot  be  balanced  by  pure  flexural  modal  techniques,  such  as  the  N 
modal  or  simultaneous  modal  methods.  These  rotors  must  be  ini* 
tially  balanced  as  rigid  bodies  in  two  planes. 

11.  Additional  flexible  vibration  modes  may  have  to  be  considered 
in  balancing  rotors  that  are  damped  or  exhibit  rigid-body  effects. 
Higher  flexible  modes  which  influence  the  balance  quality  may  be 
obscured  by  damping  effects  or  by  rigid-body  vibrations. 

12.  The  influence  coefficient  method  has  been  shown  to  be 
effective  on  undamped  and  damped  flexible  rotors  and  on  damped 
rotors  exhibiting  both  rigid  and  flexural  behavior.  This  method  appears 
to  be  the  most  effective,  and  most  generally  applicable,  rotor-balancing 
technique, 

13.  Compared  to  the  influence  coefficient  method,  the  modal 
methods  required  more  effort,  time,  and  trimming  in  this  study  to 
achieve  a  satisfactory  balance,  because  of  the  requirement  to  apply  the 
modal  method  iteratively:  see  Parkinson  [2]. 

7.8,  Experimental  Comparleon  of  Modal  Balancing  Procedures 

Giors  (4]  made  an  experimental  comparison  of  effectiveness 
between  the  comprehensive  modal  balancing  method  of  Federn  and 
Kellenberger  and  the  modal  averaging  method  of  Moore,  The  essential 
difference  is  that  the  comprehensive  modal  method  requires  that  the 
rigid-body  modes  be  balanced  out  before  flexible-rotor  balancing, 
whereaa  the  modal  averaging  method  does  not  require  the  balancing  of 
such  inodes  on  the  grounds  that  they  do  not  exist  in  the  response  of 
the  aotual  flexible-rotor  system, 

The  apparatus  used  for  this  comparison  is  shown  in  Fig.  7.96.  The 
rotor  consists  of  a  uniform  steel  shaft  with  a  diameter  of  1.968  in.,  a 
73.228-in.  span  between  bearing  supports,  and  an  overall  length  of 
98.425  in.  The  shaft  is  mounted  on  rollers  at  either  end,  which  serve 
as  bearing  supports.  The  rollers  and  their  axles  are  effectively  rigid, 
and  the  surfaces  have  slight  spherical  contours.  The  rotor  supports  are 
mounted  in  a  hard-support  balancing  machine- that  is,  on  pedestals 
that  are  rigid  in  the  vertical  direction  and  have  a  calibrated  stiffness 
exceeding  55,000  lb/in.  in  the  horixontal  direction.  The  rotor-and* 
bearing  system  la  therefore  a  flexible  rotor  In  rigid  bearings;  the  modes 
are  shown  in  Fig.  7.97.  Giers  indicates  that  the  nodes  of  the  modes  did 
not  quite  coincide  with  the  bearing  supports. 

The  rotor  is  driven  by  the  standard  drive  motor  of  the  balancing 
machine,  attached  to  the  rotor  by  a  lightweight  universal  drive  shaft. 
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Fig,  7.96,  Flexible  teat  rotor  uMd  by  Giari  (4)  on  the  belxnclng  machine  (®1971  VDI* 
Verleg  OmbH,  uied  by  permleelon) 
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Fig.  7.97.  Model  of  teit  rotor  uied  by  Oleri  [4)  (®I971 
VDl-VerlagOmbH;  uied  by  permlsilon) 
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The  rotor  has  five  balancing  rings,  suitable  for  the  insertion  of  correc¬ 
tion  weights,  equally  spaced  along  its  length  (Fig.  7.97).  The  forces 
transmitted  to  the  bearings  because  of  rotor  unbalance  were  sensed 
through  the  instrumented  pedestals  of  the  balancing  machine.  These 
measurements  were  displayed  as  vector  points  for  either  bearing  by  use 
of  the  balancing  machine  vectormeter  equipment  (see  Section  3.5  for 
description). 

The  vibration  response  of  the  rotor  in  the  original  balance  condi¬ 
tion  Is  shown  in  Fig.  7.98.  A  mass  of  30  g  was  then  added  to  plane  1  at 
0s  to  unbalance  the  rotor. 


FIs.  7.98,  Vibration  velocity  it  the  beirlngi,  Initial  condition 
Glcrs  HI  (01971  VDI-Verlas  GmbH',  used  by  permiulon) 


The  comprehensive  modal  balancing  method  was  used  first.  No 
description  of  the  procedure  is  given,  except  to  indicate  that  this  pro¬ 
cedure  was  accommodated  directly  by  the  balancing-machine  circuitry, 
presumably  as  part  of  the  Schenck  ABC  dial-in  proceduro.  The  balanc¬ 
ing  machine  indicated  that  a  correction  weight  of  30  g  at  180°  was 
required  in  plane  1  (i.e.,  opposite  the  unbalance  weight  and  of  equal 
magnitude).  No  correction  was  required  in  any  other  plane.  The 
resulting  rotor  response  is  shown  in  Fig,  7,99.  It  is  evident  that  the 
prescribed  correction  has  returned  the  rotor  to  the  original  unbalance 
condition  shown  in  Fig.  7,98. 

The  modal  averaging  method  was  then  applied  as  follows:  the  rotor 
was  run  close  to  the  first  critical  speed  at  about  2100  rpm,  where  strong 
vibrations  were  encountered.  These  vibrations  were  diminished  by 
placing  a  5-g  mass  In  plane  3  (angle  not  stated;  presumably  180°), 
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Fig,  7.99.  Vibration  velocity  it  the  bearings,  unbalance  In  plane 
1,  balanced  by  Federn'a  comprehensive  modal  method  Glers  [4] 
( 01971  VDI-Verlag  GmbH;  used  by  permission) 


Speed  was  then  increased  to  3000  rpm,  where  again  heavy  asymmetrical 
vibrations  were  encountered.  These  asymmetrical  vibrations  were 
assumed  to  be  due  to  a  combination  of  the  second  and  third  modes 
(see  Ref.  10  for  discussion).  Both  modes  were  suppressed  without 
affecting  the  first  (balancing)  mode  by  insertion  of  a  mass  of  36  g  at 
180°  in  plane  2  and  a  mass  of  36  g  at  0*  in  plane  4.  These  masses 
brought  the  rotor  into  a  symmetrical  vibration  condition,  but  with 
considerable  amplitudes  remaining. 

The  modal  averaging  method,  applied  next,  calls  for  the  third 
mode  to  be  balanced  without  disturbing  the  now-balanced  first  and 
second  modes.  This  was  achieved  by  placing  63  g  at  180°  in  plane  2, 
63  g  at  180°  in  plane  4,  and  105  g  at  0s  in  plane  3,  After  balancing  the 
first  three  modes  in  this  manner,  the  residual  vibrations  were  as  shown 
in  Fig.  7.100  throughout  the  speed  range.  It  is  evident  that  the  balance 
achieved  by  the  comprehensive  modal  balancing  method  in  this 
instance  is  superior  to  that  achieved  by  the  modal  averaging  method  for 
the  steps  taken. 

A  second  test  was  attempted,  with  the  original  unbalance  of  30  g  at 
0°  located  in  plane  2,  A  comprehensive  modal  low-speed  balance  was 
made  at  400  rpm.  This  indicated  that  22,5  g  at  180*  in  plane  1  and 
7.5  g  at  180°  in  plane  5  were  required  to  balance  the  rotor  at  this  speed. 
The  rotor  was  then  run  at  1600  rpm,  and  a  set  of  three  balancing 
weights  found  by  a  calibration  run  were  added;  30  g  at  0*  in  plane  1, 
22  g  at  180s  in  plane  3,  and  11  g  at  0s  in  plane  5.  The  rotor  then  ran 
smoothly  at  1600  rpm.  It  ran  well  at  1920  rpm  (the  first  critical  speed) 
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Fig,  7,100.  Vibration  velocity  it  the  beiringi,  unbalance  In  plane 
1,  balanced  by  Moore'a  modal  averaging  method  Glera  [4] 
( 01971  VDI-Verlag  GmbH;  uied  by  permlaalon) 


and  up  to  5000  rpm  "without  any  farther  correction."  The  corrected 
responae  achieved  by  the  comprehensive  modal  method  for  this  case  is 
shown  in  Fig.  7.101. 

The  modal  averaging  method  was  then  applied  for  the  same  origi¬ 
nal  unbalance  condition  of  30  g  at  0°  in  plane  2.  A  mass  of  21  g  at 
180°  was  first  inserted  in  plane  3.  This  left  a  small  asymmetrical  result, 
and  the  rotor  speed  was  Increased  to  300  rpm,  where  rougher  running 
was  experienced. 

After  20  g  at  180*  in  plane  2,  20  g  at  0*  in  plane  4,  and  20  g  in 
plane  3,  followed  by  an  additional  12  g  at  180*  in  plane  2  and  12  g  at 
180°  in  plane  4  were  added,  the  rotor  was  observed  to  run  smoothly 
from  200  up  to  5000  rpm  (see  Fig.  7.102), 

A  third  test  was  conducted  with  an  Initial  unbalance  of  30  g  at  0* 
in  plane  3.  The  rotor  was  first  balanced  by  the  comprehensive  modal 
method  at  400  and  at  1800  rpm,  and  then  by  the  modal  averaging 
method  at  1800  and  3000  rpm;  the  results  are  shown  in  Figs,  7.103  and 
7.104,  respectively. 

Further  tests  were  then  conducted  for  both  methods,  with  known 
unbalances  inserted  in  planes  1,  2,  and  3  simultaneously.  The  results 
of  these  tests  are  shown  in  Figs.  7.105  and  7.106. 

The  major  conclusions  of  this  study  by  Oiers  [4]  are  as  follows: 

1.  The  comprehensive  modal  and  modal  averaging  methods  can 
both  be  used  to  balance  this  flexible  rotor  up  to  5Q00  rpm. 
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Fig.  7.104.  Vibration  velocity  at  the  bearings,  unbalance  in  plane 
3,  balanced  by  Moore’s  modal  averaging  method  Oiers  [4] 
( 01971  VDI-Verlag  GmbH;  used  by  permission) 
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Fig.  7.105.  Vibration  velocity  at  the  bearings,  unbalance  in 
planei  1.  2,  and  3,  balanced  by  Federn’s  comprehensive  modal 
method  Giers  [4]  (o!97).  VDI-Verlae  GmbH;  used  by  permis¬ 
sion) 
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Fig.  7.106,  Vibration  velocity  at  the  bearings,  unbalance  in 
planes  1,  2,  and  3,  balanced  by  Moore’s  modal  averaging 
method  Giers  Ml  (ol971  VDI-Verlag  GmbH;  used  by  permis¬ 
sion) 


2.  For  rotors  with  such  little  damping,  it  seems  to  be  necessary  to 
balance  the  portion  of  the  unbalance  that  is  in  the  nodes  of  the  first 
mode.  If  the  comprehensive  modal  method  is  used,  this  is  done  et  low 
speed.  If  the  modal  averaging  method  is  used,  speeds  higher  than  the 
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first  critical  speed  are  used,  but  this  is  not  really  modal  balancing 
because  the  weight  combinations  added  do  not  bend  the  rotor. 

3.  If  the  comprehensive  modal  method  is  used,  the  bearing  forces 
are  controlled  from  low  speed  through  the  first  critical  speed  to  the 
highest  balancing  speed.  With  the  modal  averaging  method,  an 
improvement  doso  to  the  first  critical  speed  can  result  in  higher  bearing 
force  at  low  speed. 

4.  If  the  modal  averaging  method  is  applied  to  a  rotor  with  little 
damping  and  substantial  unbalance,  the  first  correction  for  running 
through  the  first  critical  speed  cannot  be  made  at  a  speed  close  to  first 
critical.  Therefore  it  might  be  necessary  to  make  a  second  correction 
between  that  first  speed  and  the  first  critical  speed. 

3.  The  comprehensive  modal  method  requires  fewer  corrections 
and  smaller  correction  weights  than  does  the  modal  averaging  method. 
It  has  a  disadvantage  in  requiring  a  measuring  device  that  is  capable  of 
measuring  very  small  unbalances  at  speeds  where  the  rotor  is  certainly 
still  rigid.  However,  the  comprehensive  modal  method  seems  to  be 
easier  to  use. 

6.  The  modal  averaging  method  seems  to  be  applicable  only  if  the 
bearing  conditions  are  very  dose  to  service  conditions.  Therefore,  this 
method  might  also  be  very  good  for  balancing  in  situ. 

7.  Reapplication  of  flexible-rotor  balancing  to  a  balanced  rotor 
produces  only  marginal  improvement  in  the  balance  level. 

Oiers  points  out  that  these  conclusions  apply  specifically  to  the  rotor 
and  the  test  conditions  studied. 

Oiers  does  not  make  clear  how  the  comprehensive  modal  method 
was  applied:  whether  it  was  built  into  the  high-speed  balancing 
machine  used  or  whether  it  was  simply  the  Schenck  ABC  method  com¬ 
mon  to  all  hard-bearing  balancing  machines,  The  rotor  system  under 
test  was  effectively  without  external  damping.  There  were  no  fluid-film 
bearings,  and  the  supports  were  very  close  to  the  nodes.  As  such,  this 
was  a  stringent  test  of  the  two  balmicing  methods  in  one  sense  and  an 
incomplete  test  in  that  the  complicating  effects  of  modal  damping  were 
absent.  The  results  should  give  guidance  for  the  balancing  of  large 
two-bearing  rotating  equipment  such  as  generstor  rotors,  which  com¬ 
monly  exhibit  plsnsr  modes  (see  Ref.  13)  in  which  damping  play*  only 
a  small  part.  Having  the  shaft  ends  overhung  beyond  the  bearings 
further  makes  this  system  s  reasonable  structural  (i.e.,  modal)  model 
for  much  related  two-bearing  rotating  equipment  with  overhangs  and/or 
end  couplings. 

There  is  one  valid  objection  that  could  be  raised:  The  modal 
averaging  method  can  actually  achieve  a  balance  much  superior  to  that 
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which  has  been  shown  in  these  results  if  •  series  of  trim-balance  runs  is 
made.  This  is  usually  done  in  practice  [12],  but  additional  runs  are 
needed. 

This  study  appears  to  suggest  that  low-speed  balancing  of  overhung 
rotors  in  rigid  bearings  can  be  accomplished  with  fewer  overall  balanc¬ 
ing  runs  by  making  an  initial  low-speed  balance.  If  this  is  generally 
true,  it  is  obviously  an  Important  time-  and  cost-saving  measure.  No 
comparable  study  by  proponents  of  either  the  modal  averaging  method 
or  the  modal  method  seems  to  have  been  made.  Such  a  response 
appears  to  be  warranted  If  the  above  general  conclusion  is  not  valid. 

7.9  Flexible  Balancing  Optimisation  Studies 

Combination  of  Modal  Balancing  and  Influence  Coefficient  Balancing 

Drochsler  [33]  has  proposed  a  combined  balancing  method  in 
which  the  intuitive  optimisations  Of  the  modal  method(s)  are  combined 
with  the  pragmatic  efficiency  of  the  influence  coefficient  method.  He 
uses  the  least-squares  version  of  the  influence  coefficient  method,  in 
which  the  squares  of  the  residual  vibration  amplitudes  over  the  rotor 
length  are  to  be  minimized  throughout  the  operating-speed  range.  In 
Diechsler's  paper  this  is  stated  as  a  general  integral  formulation  into 
which  the  rotor  modal  shapes  are  Introduced  as  approximate  deflection 
functions.  The  usual  variational  procedure  is  then  followed  to  obtain  a 
weighted  version  of  the  influence  coefficient  matrix.  The  weighting 
matrix  is  said  to  depend  on  the  number  and  the  location  of  the  measur¬ 
ing  stations  along  the  rotor  length. 

Drechsler  has  formulated  the  problem  as  follows:  Since  the  unbal¬ 
ance  normally  cannot  be  removed  entirely,  a  small  vibration  will  persist 
after  balancing,  This  residual  vibration  should  be  small  for  all  speeds 
within  the  operating  range  and  for  all  locations  along  the  shaft  axis. 
This  can  be  stated  mathematically  as  follows: 

f-SL  at)dt  dm  -  min,  (7.1) 

where  T  -  transpose  and  $*(x,u)  is  the  vector  of  the  residual  vibra¬ 
tion.  The  tilde  on  the  vector  W  indicates  that  If  is  a  function  of  i  and 
a).  The  components  of  the  residual  vibration  normally  ate  complex 
quantities: 

WRUw)  -  [#*(*,«),  Or,  «)] 

-(*&  +  /#£,  #$  +  *#£). 


(7.2) 
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Integral  (7.1)  la  therefore  compoaed  of  two  parta  that  have  to  be  con¬ 
sidered  at  the  aame  time: 

/  /  (0*)T  dz  da,  -  /  /  0?  fy*  dz  +  /  /  0*  W *  dz  dm, 

For  an  iaotropic  rotor  in  isotropic  bearings,  both  parts  are  identical  and 
it  is  possible  to  consider  one  integral  alone.  When  the  bearing  condi¬ 
tions  are  anisotropic,  it  is  theoretically  better  to  minimize  the  rum  of 
both  integrals,  although  they  are  more  or  teas  linearly  dependent,  so 
that  even  in  this  case  it  is  practically  sufficient  to  consider  just  one  of 
the  two  integrals. 

When  the  influence  of  N  sets  of  balancing  weights  is  introduced, 
the  residual  vibration  vector  takes  the  form 

WR(z,«)  -  W0(*,«)  +  Jj  u,  W/(z,w).  (7.3) 

Substituting  this  relationship  into  integral  (7.1)  and  differentiating  with 
respect  to  the  unknown  balancing  weights  yield  a  system  of  linear  equa¬ 
tions  for  the  balancing  weights  for  minimizing  the  integral: 

,?[//  (0*^1  dm)ut  ]+//  S-jW,**,-o, 

a  - 1, 2, ....  n). 

For  numerical  computation  this  formulation  can  be  approximated  by 
the  summation 

£  £  £  [0?  r,<*,,w,)]u,+  f  £  07WM(zp(ft>#)-O  (7.4) 

/-I  “I  f  «1  p~l  5-1 

(*-  1,  2,  ....  AT), 

in  which  it  is  assumed  that  there  are  p  measuring  stations  along  the 
length  of  the  rotor  and  that  q  balancing  speeds  are  used  in  the  balancing 
process.  This  summation  expression  corresponds  to  a  least-squares 
minimization  of  a  set  of  (2  x  p  x  $J  linear  equations,  as  described  in 
Section  6.6  for  the  influence  coefficient  method. 

To  obtain  the  above  matrices  in  a  form  suitable  for  computation, 
the  rotor  deflection  at  any  speed  is  represented  as  the  sum  of  its  normal 
modes; 


tV(z) -  a i0i (z)  +  cip+piz) 


(7.5) 
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or,  In  matrix  notation,  as 

W  -  £Ta.  (7.5a) 

This  approximation  is  limited  to  a  speed  range  0  <  n  <  fl(p),  where 
Clip)  is  a  speed  that  is  far  enough  below  the  ip  +  l)st  critical  speed  so 
that  the  (p  +  Dst  mode  and  ail  higher  ones  can  be  neglected.  Since 
this  approximation  implies  a  reduction  of  the  vibrating  system  to  p 
degrees  of  freedom,  it  yields  p  linear  independent  equations  only,  which 
allow  the  determination  of  p  sets  of  balancing  weights. 

If  the  coordinates  of  the  measuring  stations  are  introduced  into  Eq. 
(7.5),  a  linear  relationship  between  the  measured  vibrations  and  the 
coefficients  a  can  be  established: 


Win) 

^i(rt)  *  • 

...  tpiti) 

> 

At 

* 

Wit,) 

1  ■* 

« 

fait,)  •• 

-e- 

_’Wr 

1 

or,  in  matrix  notation, 

3 

1 

e 

m 

(7.6) 

which  yields  the  unknown  coefficients 

a-*-‘W. 

(7.7) 

When  the  approximation  (7,4)  is  introduced  into  the  integrals  of  Eq. 
(7.1)  and  Eq.  (7.7)  is  substituted  for  the  coefficients  a,  the  integrals 
take  the  form 
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where  and  W,  are  the  weighting  matrices,  which  weigh  the  mea¬ 
sured  vibration  amplitudes  in  the  x,z  and  the  yti  plane  with  respect  to 
the  mode  shapes  corresponding  to  these  pianes  in  the  speed  range 
0  <  a  <  wf(r).  Normally  there  are  enough  sampling  points  in  the 
speed  range,  and  therefore  the  integral  over  the  speed  can  be  approxi¬ 
mated  by  a  sum  in  a  straightforward  manner,  the  index  q,  indicating 
the  last  sampling  point  within  the  integration  interval. 

If  there  are  more  than  p  correction  pianes,  a  step-by-step  pro¬ 
cedure  has  to  be. adopted,  as  suggested  by  the  modal  theory.  The  first 
step  yields  p  balancing  weights,  which  makes  it  possible  to  calculate  the 
residual  vibration  after  the  first  step: 

Wd(x„  «,)  -  *„(*,,  «,)  +  1  * (*,.  (7.9) 

/- 1 

These  residual  vibrations  are  essentially  composed  of  modal  com¬ 
ponents  of  an  order  higher  than  p\  since  the  modal  components  1  to  p 
ought  to  be  negligible.  In  practice,  the  first  modal  component  will  be 
compensated  for  best  of  all,  but  the  pth  mode,  which  la  muoh  nearer  to 
the  neglected  higher  modes,  might  not  be  compensated  for  satisfac¬ 
torily.  This  suggests  a  renewed  approximation  of  Eq.  (7.9),  similar  to 
Eq.  (7.3),  in  which  one  of  the  compensated  modes  is  now  neglected, 
and  one  higher  modal  component,  previously  neglected,  is  taken  into 
account: 

W&  (x)  -  ajcMx)  +  •  •  •  +  ty+i^+iOr)*  (7.10) 

In  order  to  not  reintroduce  the  compensated  mode  shapes,  which 
are  neglected  in  this  stige  of  the  calculation,  the  set  of  unknown 
balancing  weights  determined  in  this  step  has  to  be  orthogonal  to  all  the 
lower  modeB,  which  are  neglected  In  the  renewed  approximation.  For 
the  sake  of  clarity  and  simplicity,  it  is  also  assumed  that  each  set  is 
orthogonal  to  all  modes  of  the  order  i  <  p.  At  this  stage  the  speed 
range  0  <  w  <  «(p  +  1)  can  be  considered,  «(p  +  1)  being  a  speed 
far  enough  below  the  (p  +  2)nd  critical  speed,  up  to  which  the  new 
approximation  is  valid.  Repeating  the  procedure  outlined  above,  we 
now  obtain  a  set  of  balancing  weights  that  compensate  for  the  (p  +  l)st 
mode  and  yield  corrections  to  the  state  of  balance  of  the  reconsidered 
modes  2  to  p.  The  magnitude  of  these  corrections  indicates  the  quality 
of  the  acquired  data.  Each  step  could  be  rounded  off  by  calculating  the 
root  mean  square  of  the  residual  vibration.  After  the  rth  step,  the  re¬ 
sidual  vibrations  are  given  by 

W<f(r„  «„)  -  W0(xp,  «,)  +  £  ±  W,(z„  tt„)w,(,). 
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The  process  has  to  be  Interrupted  at  soon  aa  the  inaccuracy  of  the 
measured  vibration  data  does  not  permit  the  calculation  of  further  valid 
correction  weights.  At  this  stage  the  root  mean  square  of  the  residual 
vibrations  Is  stationary. 

Drechsler  has  provided  some  results  to  demonstrate  the  function¬ 
ing  of  the  above  procedure.  The  rotor  model  used  was  a  typical  genera¬ 
tor  rotor  (see  Fig.  7.107).  Bearing— pedestal  stiffnesses  of  1.27  x  10* 
Ib/ln,  and  3810  ib/in.  were  used  for  the  calculations.  To  simulate  the 
unbalance  of  this  rotor,  a  uniform  eccentricity  of  60  x  10-1  mm  was 
assumed  along  the  generatot  armature  section,  with  a  0.5 -kPa/cm  local 
coupling  unbalance  at  either  end  of  the  rotor  in  phase  with  the  main 
unbalance  force.  The  results  of  these  computations  are  given  in  Tables 
7.14,  7.15  and  7.16.  The  Influence  of  bearing  stiffness  on  the  various 
oiiticsl  speeds  of  the  generator  is  shown  in  Table  7.14, 
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PIS.  7.107.  Generator  rotor  type  uaed  by  Dreehiler  for  balancing  teata 
[34]  (*1976,  Institution  of  Mechanical  Engineers  used  by  permlialon) 


Table  7.14.  Critical  speeds  of  a  typical  generator  rotor 
in  different  bearing  conditions 


Pedestal 
stiffness 
(kPa/cm  x  10*) 


Critical  speed  (rpm) 


Table  7.15.  Correction  weights  for  a  pedestal  stiffness  of 
0.5  x  10*  kPa/cm  [34] 


Method 


Balancing  weight  (cm  kP) _ _ 

Plane  1  Plane  2  Plane  3  Plane  4  Plane  5 

0,47  85.23  117,3  97.45  5.31 

0.10  85.19  116.7  97.23  5.32 

0.51  84,81  117.1  97.11  5.25 
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Table  7.16.  Balancing  weights  for  a  pedestal  stiffness  of 
1.5  x  10‘  kPa/cm  1341 


Method 

Balancing  weight  (cm  irPa) 

Plane  1 

Plane  2 

Plane  3 

Plane  4 

Plane  5 

1-2 

4.04 

79.59 

122.9 

94.47 

7.18 

W-S 

1.04 

83.99 

118.5 

96.71 

6.07  1 

W-M 

2.80 

79.82 

120.2 

92.55 

7.28 

1-4 

4,04 

78.79 

122.5 

93.34 

7.53 

7.10  Summary  of  Practical  Experience  with  Balancing  Methods 

No  doubt  remains  that  the  three  primary  methods  pf  flexible-rotor 
balancing- the  modal,  the  influence  coefficient,  and  the  comprehensive 
modal  methods-"  are  all  capable  of  balancing  a  rotor  to  an  acceptable 
balance  quality  level.  The  modal  method  has  been  shown  by  Bishop 
and  used  by  Moore  for  many  years,  Influence  coefficient  balancing  has 
been  demonstrated  by  Badgley,  Lund,  Tonnesen,  and  others  to  be  a 
versatile  and  sophisticated  method  under  a  wide  variety  of  cir¬ 
cumstances.  Comprehensive  modal  balancing  is  widely  used  as  a  rou¬ 
tine  procedure  in  flexible-rotor  balancing.  The  questions  that  remain 
concern  the  application  of  each  method  to  specific  problems  and 
machine  types.  Room  exists  for  additional  development  in  this  area, 
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CHAPTER  8 

FUTURE  DEVELOPMENTS  IN  BALANCING  TECHNOLOGY 
8,1  Ovml»w  of  Recent  Progress 

The  rapid  growth  of  balancing  technology  In  recent  years  has  been 
closely  related  to  a  flow  of  new  instrumentation  and  component 
developments,  the  rapid  development  of  electronics  technology,  and 
the  application  of  minicomputers  and  microprocessors.  Equally  impor¬ 
tant  has  been  the  practical  adaptation  of  procedures  for  general 
flexible-rotor  balancing,  their  industrial  verification,  and  the  develop¬ 
ment  of  balancing  standards  and  criteria. 

The  objective  of  new  developments  in  balancing  technology  is  to 
provide  more  efficient  procedures  that  will  lead  to  higher  balance  qual¬ 
ity.  The  attainment  of  this  objective  requires 

1.  Instrumentation  capable  of  acquiring  and  recording  the  rotor 
amplitude  and  phase  signals  at  convenient  rotor  locations  and  at 
prescribed  speeds 

2.  Signal-processing  equipment  capable  of  extracting  the  needed 
amplitude  and  phase-angle  data  from  the  incoming  sensor  signals 

3.  Sequential  procedures  that,  when  programmed  into  a  control¬ 
ling  minicomputer,  will  process  suitable  tost  signals  into  required 
balance-weight  and  phase-angle  values 

4.  Convenient  test  facilities  with  drive  capability  (e.g.,  spin  pit, 
test  cell,  machine  casing,  balance  machine). 

Instrumentation,  software,  computer  hardware,  and  facilities  for  the 
balancing  of  rotors  have  developed  rapidly  over  the  past  ten  years  as 
aspects  of  the  general  computer/eiectronics  surge.  Rotor  balancing 
received  a  steady  flow  of  patents  for  instrumentation  from  about  1930 
onward.  As  the  number  of  rotating  machines  placed  in  service  contin¬ 
ued  to  grow,  selected  patents  were  consolidated  into  balancing  equip¬ 
ment.  An  example  Is  the  recent  consolidation  of  universal  hard- 
support  machines  with  wattmeter  filtering  and  plane  separation,  where 
soft-support  machines  were  previously  used.  New  patents  for  instru¬ 
mentation  have  also  brought  about  the  development  of  ancillary  equip¬ 
ment  for  existing  balancer  designs.  The  development  of  microproces¬ 
sors  for  influence  coefficient  balancing  is  an  example  of  this  evolution. 
The  next  step  in  this  process  appears  to  call  for  an  influence  coefficient 
balancing  machine.  It  can  also  be  expected  that  future  balancing 
machines  will  incorporate  improved  microprocessors  and  computer  rou¬ 
tines  to  permit  the  balancing  of  more  complex  rotating  machinery  (e.g., 
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more  flexible,  multibearing  rotors).  Such  instrumentation  will  likely  be 
packaged  in  a  machine  frame,  together  with  multiple  readout  locations 
and  with  readout  instrumentation.  Microprocessor  units  incorporating 
these  items  are  now  possible.  What  remains  to  be  developed  are  pro- 
duct  lines  of  such  equipment  for  flexible  rotors. 

8.2  Need  far  Advanced  Balancing  Technology 

The  need  for  advanced  balancing  technology  is  exemplified  by  the 
development  of  aircraft  jet  engines  over  the  past  20  years.  In  I960  all 
jet  engine  rotors  could  be  balanced  as  rigid  rotors  (class  1  or  class  2 
rotors):  no  bending  modes  occurred  within  the  operating-speed  range. 
Balancing  consisted  of  component  balancing,  stack  balancing  with  posi¬ 
tion  marking,  and  final  trim  balancing  in  the  engine  test  cell  using  the 
easily  accessible  end  planes.  Maintenance  was  straightforward:  as  the 
rotor  required  only  two-plane  balancing,  any  problems  could  be 
corrected  in  the  end  trim  planes.  Engine  developments  in  the  past  20 
years  have  led  to  substantial  power  and  thrust  increases,  significant  size 
increases,  and  greatly  increased  complexity;  an  example  is  the  mul¬ 
tispool  Rolls-Royce  Olympus  engine.  The  increased  size  tends  to  lower 
the  critical  speeds  and  to  make  the  engine  generally  more  flexible.  This 
means  that  the  modern  engine  will  have  mode  shapes  that  involve 
more  bending.  There  are  also  likely  to  be  more  critical  speeds  (and 
more  structural  vibration  modes)  in  the  operating  range  than  for 
smaller,  more  rigid  engines  of  the  early  1960s. 

The  balancing  of  modern  (and  future)  jet  engines  Involves  a 
change  from  rigid-rotor  balancing  to  flexible-rotor  balancing  in  at  least 
three  planes.  With  multishaft  engines  and  flexible  support  structures, 
the  point  is  being  approached  whore  each  shaft  will  have  to  be  balanced 
in  three  planes  as  a  class  3  rotor.  This  fact  will  require  that  access  to  a 
midspan  trim  balancing  plane  be  included  in  the  engine  design.  This 
represents  a  major  structural  change  that,  to  date,  some  engine 
designers  have  been  reluctant  to  contend  with,*  As  jet  engines  continue 
to  increase  in  size  and  complexity,  such  changes  are  inevitable.  It 
seems  likely  that  future  engines  with  multiplane  balancing  will  run 
more  smoothly  and  quietly,  with  longer  periods  between  overhauls 
because  of  the  superior  balance  quality  attainable  with  multiplane 
balancing. 

Computerization  of  the  balancing  process  began  in  the  1960s,  The 
full  effect  of  this  dramatic  change  has  not  yet  been  felt,  but,  as  shown 
by  the  following  examples,  many  significant  developments  have  already 
occurred: 

*Thc  requirement  for  u  mldspnn  balance  plttne  has  been  repeatedly  emphasized  by  Bndg- 
ley  ill,  who  has  also  suggested  u  correlation  between  the  Incidence  of  engine  component 
failures  due  to  fatigue  and  thu  opmating  unbalance  levels  In  the  turner  engines. 
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1.  Hand  calculators  are  now  available  as  off-the-shelf  items  that 
can  perform  a  two-plane  rigid-rotor  balance. 

2.  Online  influence  coefficient  balancing  is  now  available  with  ter¬ 
minal  access  to  a  remote  computer.  Multiplane  flexible-rotor  balancing 
in  the  field  can  be  performed  in  this  manner  by  dialing  in  with  a  code 
key. 

3.  Analog  computer  hardware  has  been  incorporated  into  the 
signal-processing  equipment  of  hard- bearing  balancing  machines;  an 
example  is  wattmeter  filtering. 

4.  A  stand-alone  minicomputer  for  flexible-rotor  balancing  ic 
included  with  the  influence  coefficient  balancing  package  now  being 
marketed. 

These  important  developments  are  evidently  just  the  beginning  of  a 
basic  movement  to  make  rotor  balancing  a  highly  computerized  pro¬ 
cedure  in  which  the  operator  sets  the  conditions  (speed,  vibration 
amplitude)  for  a  particular  balancing  operation.  The  data-taking  and 
storage  with  preinstalled  instrumentation  may  eventially  become  a 
pushbutton  procedure.  However,  the  task  still  remains  to  manually 
install  and  reposition  the  trial  weights  and  the  final  balance  weights. 
This  can  amount  to  a  serious,  time-consuming  operation,  especially  <s& 
it  may  involve  substantial  runup  and  rundown  times.  Where  an  evacu¬ 
ated  spin  pit  must  be  used  (e.g.,  in  the  balancing  of  bladed  rotors),  the 
time  between  runs  is  further  increased  by  the  pumpdown  time  required 
to  evacuate  the  chamber.  New  developments  are  needed  to  shorten  the 
times  involved  or  eliminate  such  steps.  Other  possibilities  may  involve 
procedures  in  which  the  present  type  of  trial-weight  sequence  and  asso¬ 
ciated  runup  and  rundown  periods  are  not  required.  Such  a  develop¬ 
ment  would  constitute  an  important  advance  in  flexible-rotor  balancing. 
Procedures  of  this  type  are  now  in  use  for  rigid  rotors  (the  Schenck 
ABC  method),  as  previously  noted.  Influence  coefficient  data  banks 
from  nistory  or  for  rotor  types  are  a  further  step  in  this  direction:  See 
Section  8.3. 

The  rapid  increase  in  the  size  and  power  of  turbine-generators  in 
recent  years  has  stimulated  developments  In  balancing  technology,  rotor 
dynamics,  and  bearing  technology.  Generator  centrifugal  stress  limita¬ 
tions  have  promoted  rotors  with  longer  spans  and  lower  critical  speeds, 
having  more  critical  speeds  within  the  operating  range.  Large  U.S.  gen¬ 
erators  commonly  operate  between  their  second  and  third  crlticals;  large 
European  machines  frequently  operate  between  their  third  and  fourth 
criticals.  Such  machines  could  not  have  been  developed  without  an 
improved  understanding  of  shaft  dynamics  hnd  the  related  development 
of  multiplane  balancing  techniques. 

The  basic  technology  for  multiplane  balancing  is  available,  but 
important  refinements  are  still  needed.  For  instance,  dissimilar  support 
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stiffness  resulting  from  bearing  stiffness  asymmetry,  support  asym¬ 
metry,  etc.,  cun  cause  elliptical  whirl  orbits.  Differences  between  the 
mqjor  axis  mode  and  the  minor  axis  mode  cannot  be  accurately  accom¬ 
modated  by  present  balancing  programs.  Moreover,  wherever  non¬ 
linear  effects  enter  the  dynamics  (e.g.,  dissimilar  shaft  stiffness,  non¬ 
linear  foundation  or  bearing  properties),  subharmonic  resonances  enter 
the  shaft  dynamic  response  characteristics.  These  and  other  aspects  of 
flexible-rotor  balancing  remain  to  be  considered  in  the  balancing  pro¬ 
cess. 

8.3  Developments  in  Balancing  Techniques 

In  recent  years  the  development  of  minicomputers  for  efficient 
balancing  calculations  has  evolved  concurrently  with  the  development 
of  efficient  flexlblo-rotor  balancing  methods.  Computer  methods  are 
now  being  increasingly  incorporated  into  certain  flexible  balancing  pro¬ 
cedures  (at  least  in  the  influence  coefficient  method),  and,  as  computer 
balancing  evolves  further,  it  seems  certain  that  special  computers  (and 
more  efficient  balancing  computer  programs)  will  also  be  evolved.  This 
will  decrease  both  the  present  complexity  of  the  balancing  process  and 
the  amount  of  time  required  to  perform  the  balancing  operations,  i.e., 
decreasing  the  number  of  hands-on  operations. 

Modal  balancing  is  a  practical  technique  that,  in  the  hands  of  a 
skilled  operator,  allows  an  effective  rotor  balance  to  be  achieved  with 
speed  and  simplicity.  Pure  modal  balancing  has  not  been  adapted  for 
computer  calculation  as  far  as  is  known,  though  Kendig  [2]  pro¬ 
grammed  the  constructions  given  by  Moore  [3]  and  applied  them  to 
examine  the  efficiency  of  flexible-rotor  balancing  procedures.  However, 
the  major  restriction  in  this  process— the  skill  required  of  the 
operator— seems  destined  to  keep  the  modal  method  from  widespread 
use,  when  compared  with  the  influence  coefficient  method.  Influence 
coefficient  methods  can  be  applied  by  relatively  unskilled  personnel  who 
follow  routine  instructions  once  certain  basic  decisions,  such  as  the 
selection  of  balance  planes  and  test  speeds,  have  been  made.  Such 
decisions  can  now  be  made  by  the  designer-analyst,  guided  by  rotor- 
response  data.  Once  such  decisions  have  been  made,  the  influence 
coefficient  procedure  can  be  made  routine. 

It  is,  however,  apparent  that  the  influence  coefficient  method  can 
be  optimized  further  through  the  incorporation  of  modal  concepts,  and 
progress  in  this  direction  has  recently  been  made  by  Drechsler  [4],  and 
by  Darlow  et  al.  [20],  In  fact,  such  optimization  is  being  practiced  each 
time  a  rotor  is  run  up  close  to  a  critical  speed  and  balanced.  Although 
the  influence  coefficient  method  does  not  require  the  rotor  to  be  run  at 
or  near  its  critical  speeds  to  magnify  the  shaft  modes,  the  ability  to 
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acquire  balancing  data  which  facilitate  the  efficient  suppression  of  the 
system  principal  modes  will  evidently  assist  the  overall  balancing  pro¬ 
cess.  Where  the  modes  are  lightly  damped,  this  step  is  easily  accom¬ 
plished  by  observing  the  location  of  the  sharp  resonances.  However, 
many  rotors  h&ve  heavily  damped  higher  modes  in  which  the  ampli¬ 
tudes  remain  high  and  fairly  constant.  In  such  regions  the  modes  can 
be  difficult  to  discern,  and  modal  methods  can  be  difficult  to  apply. 
Improved  procedures  for  the  balancing  of  rotors  operating  in  such 
regions  are  evidently  needed. 

The  many  additional  flexible-rotor  balancing  techniques  that  have 
been  proposed  should  be  mentioned  here,  together  with  certain  new 
techniques.  New  ideas  and  techniques  for  flexible-rotor  balancing  are 
proposed  each  year.  Many  of  these  propose  that  influence  coefficients 
for  the  shaft  should  be  obtained  in  some  manner  other  than  by  rotating 
the  shaft— for  example,  by  vibrating  the  shaft  [5]  or  by  calculating  the 
influence  coefficients  [6,7].  The  latter  technique  can  be  employed  suc¬ 
cessfully  where  many  rotors  of  the  same  general  shape  and  size  are  to 
be  balanced.  A  general  understanding  of  the  significance  of  the  influ¬ 
ence  coefficients  of  a  particular  configuration  can  be  developed  in  this 
manner,  and  the  actual  numbers  can  also  be  stored  in  the  computer  for 
referral,  together  with  experience  gained  during  previous  trial  runs. 
This  valuable  background  with  similar  rotors  has  been  of  use  in  attain¬ 
ing  a  satisfactory  balance  in  many  applications,  sometimes  with  one 
trial-weight  run.  Procedures  of  this  type  are  now  being  used  and 
developed  in  industry. 

The  development  of  computer  programs  that  optimize  influence 
coefficient  procedures  through  an  understanding  of  the  rotor  modes  is 
continuing  e.g.,  [20].  In  the  long  run  It  seems  likely  that  the  increased 
capabilities  of  next-generation  computers  are  likely  to  dilute  the  effec¬ 
tiveness  of  such  developments,  as  increases  in  computer  and  minicom¬ 
puter  technology  appear  likely  to  outstrip  flexible-rotor  technology 
demands  by  a  wide  margin.  For  the  interim  (e.g.,  five  years),  optimiza¬ 
tion  of  influence  coefficient  programs  will  probably  continue.  An 
improved  understanding  of  modal  methods  should  lead  to  further 
improvements  in  balancing  procedures  for  flexible  rotors.  More 
widespread  understanding  of  rotor  modal  properties  should  also  lead  to 
improved  balancing  design  approaches  and  to  improved  test-stand  pro¬ 
cedures  in  selecting  balance  planes  and  balance  speeds. 

8.4  Developments  in  Balancing  Hardware 
Signal  Processing  Equipment 

Existing  signal-conditioning  techniques  such  as  wattmeter  filtering, 
plane  separation,  etc.,  have  now  become  necessary  for  all  balancers, 
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except  for  certain  simple  industrial  types.  These  procedures  have  been 
incorporated  into  most  balancer  consoles,  and  there  are  many  signal- 
conditioner  patents.  Additional  signal-processing  concepts  and  equip¬ 
ment  for  multiplane  balancing  of  flexible  rotors  remain  to  be 
developed,  to  permit  faster  and  more  efficient  balancing.  New  develop¬ 
ments  are  especially  needed  in  the  logic  circuitry  for  conveying  the 
additional  input  data  to  the  central  minicomputer  of  a  flexible-rotor 
balancing  machine. 

Minicomputers 

The  minicomputer  has  become  the  heart  of  balancer  signal  pro¬ 
cessing.  This  device  may  range  from  a  microprocessor  for  piano  separa¬ 
tion  and  digital  data  display  (vectormeter)  to  a  dedicated  minicomputer 
that  also  serves  for  data  storage,  sequencing,  digital  matrix  manipula¬ 
tion,  and  equation  solving.  It  is  now  evident  that  minicomputers  can 
function  effectively  for  semiautomatic  balancing,  as  in  the  Schenck 
ABC  universal  balancer.  The  effectiveness  of  a  dedicated  minicom¬ 
puter  for  flexible-rotor  balancing  has  also  been  demonstrated  in  the 
balancer  console  developed  by  Mechanical  Technology  Inc.  Further 
developments  are  needed  to  incorporate  a  multiplane  capability  into  a 
universal  balancer'  for  class  3  rotors  and  to  aid  in  automating  data 
acquisition  and  sequencing  for  multiplane  balancing.  Related 
circuit/minicomputer  developments  for  multiplane  onsite  balancing  in 
the  field  arc  also  needed.  It  may  be  observed  that,  however  efficient 
the  field-balancing  process  becomes,  measurement  and  correction-plane 
access  along  the  whole  rotor  length  must  always  be  more  convenient  in 
the  shop.  This  indicates  that  the  present  procedure  of  shop  balancing 
followed  by  onsite  trim  and  correction  balancing  seems  likely  to  remain. 
Minicomputers  and  instruments  to  improve  both  shop  and  field  balanc¬ 
ing  will  therefore  continue  to  be  needed. 

8.5  Advanced  Studies  in  Rotor  Dynamics 

Linear  analysis  i  now  accepted  as  a  reliable  basis  for  rotor- 
dynamics  calculations,  and  computer  programs  based  on  linear  rotor 
analysis  and  on  linearized  bearing  theory  are  widely  used  in  the  design 
of  rotating  machinery.  It  is,  however,  recognized  that  the  linearizing 
assumptions  used  to  make  the  bearing  equations  more  amenable  to 
analysis  can,  under  certain  conditions,  give  misleading  results.  The 
problem  then  is  to  anticipate  which  procedure  is  most  suitable  for  a 
given  set  of  circumstances.  Apart  from  personal  experience,  there  is  no 
existing  criterion  for  such  a  decision, 

A  general  theory  of  linear  rotor  dynamics  has  recently  been 
presented  by  Bishop  and  Fawzi  (8).  Based  on  the  complex  fourth-order 
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rotor  equation  developed  in  Chapter  5  [9],  rotor  displacements  are  for* 
mu  la  ted  as  modal  expansions.  This  leads  to  a  matrix  equation  of  order 
2 n,  where  n  is  the  modal  number.  The  bearing  properties  are  also 
introduced  as  a  matrix  of  rhodal  coefficients  and  at  e  applied  at  specified 
points  along  the  length  of  the  rotor,  using  the  Dirac  deltA  function. 
Solutions  for  unbalance  response  and  stability  are  then  sought  from  the 
particular  integral  and  the  complementary  function  to  these  equations, 
respectively.  The  formulation  is  elegant,  but  no  applications  to  practice 
are  discussed  by  the  authors. 

Modal  resolution  has  also  been  applied  by  Black  and  Nuttall  [10]  to 
a  generalized  rotor  in  cross-coupled  bearings.  The  nonconservative 
equations  of  motion  are  separated  by  binormal  orthogonalization  and 
solved  by  modal  resolution.  The  modal  resolution  procedure  is  demon¬ 
strated  for  unbalance  response  and  balancing  with  a  sample  calculation. 

Finite-element  formulations  of  linear  rotor-dynamics  problems 
have  been  introduced  by  Ruhl  and  Booker  [11],  Zorzi  and  Nelson  [12], 
Thomas  and  Rieger  [13],  and  others.  In  general,  these  approaches  have 
been  used  to  adapt  the  rotor  problem  for  solution  by  advanced  linear 
structural  matrix  techniques  (e.g.,  wavefront,  QR  algorithm).  At 
present,  matrix  methods  are  less  efficient  for  solving  rotor  problems 
because  of  the  large  and  often  nonsymmetrical  matrices  that  must  be 
manipulated.  Transfer  matrix  methods  remain  superior  for  multisec¬ 
tion  beam-type  rotors.  The  finite-element  method  has  excellent  poten¬ 
tial  for  nonlinear  rotor  analyses  and  for  including  complicated  rotor- 
support  properties  [14].  Steady-state,  finite-element  studies  of  journal 
bearings  with  complex  geometry  have  been  made  by  Reddi  [15]  and  by 
Allaire  [16],  and  the  procedures  involved  could  be  adapted  for  calculat¬ 
ing  the  dynamic  properties  of  complex  bearing  shapes  such  as  grooves, 
pockets,  and  inlets. 

Giberson  [17]  developed  a  nonlinear  theory  and  a  computer  pro¬ 
gram  which  solves  the  complete  bearing  equations  for  specified  bearing 
types  from  given  initial  conditions,  which  give  nonlinear  whirl  orbit 
results  for  the  rotor.  Such  calculations  require  more  computer  time 
than  do  corresponding  linear  system  calculations.  Calculations  for  a 
general  stepped  cylindrical  rotor  in  two  multiarc  bearings  of  any  type 
can  be  made  in  this  manner.  Results  for  unbalance-response  spectra, 
transmitted-force  spectra,  and  stability  orbit  plots  can  be  obtained  with 
this  program.  Rotor  response  to  nonrotating  forces  is  also  available  as 
an  option. 

Advanced  experimental  studies  of  shaft  dynamics  and  multiplane 
balancing  have  been  conducted  at  the  high-speed  shaft  facility  at 
Mechanical  Technology  Inc.  (MTI),  Latham,  New  York.  This  device 
consists  of  a  power  loop  in  which  one  leg  is  a  shaft  28  ft  long,  8.0  in.  in 
diameter,  and  having  a  0.25-in.  wall  that  is  designed  to  rotate  at  speeds 
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up  to  8500  rpm.  This  shaft  is  able  to  transmit  up  to  6000  hp  and  can 
run  through  seven  critical  speeds  before  reaching  its  maximum  operat¬ 
ing  speed.  Similar  experiments  were  attempted  by  Baier  and  Mack  {18] 
in  1969  with  a  long  helicopter  drive  shaft.  The  MTI  facility  can  test  the 
capabilities  of  existing  shaft  technology  and  computer  codes,  applied  in 
a  highly  advanced  situation.  For  instance,  the  capabilities  of  the 
influence  coefficient  method  are  being  tested  by  applying  it  to  the  prac¬ 
tical  balancing  of  a  shaft  in  up  to  10  planes  simultaneously.  It  is  evi¬ 
dent  that,  because  of  the  low  damping  of  the  rotor  system,  the  balanc¬ 
ing  procedure  must  be  effective  throughout  the  full  operating-speed 
range,  as  was  observed  by  earlier  experimenters  (see,  for  example,  Ref. 
19).  This  test  facility  will  also  allow  the  development  of  rotor  damping 
devices,  together  with  studies  of  the  practical  durability  of  balance  and 
of  components  in  a  shock- prone  situation.  This  unique  facility  can 
therefore  include  each  factor  likely  to  influence  smooth  shaft  operation 
in  a  general  environment:  response,  stability,  balancing,  shock 
response,  and  damper  technology. 

8.6  Balance  Criteria 

Balance  criteria  and  standards  for  rotating  machinery  are  now  avail¬ 
able  for  both  rigid  and  flexible  rotors  in  a  developmental  form.  An 
important  achievement  is  ISO  Document  1940- 1973(E),  which  is  now 
being  used  to  guide  rotor  balancing  and  acceptance  in  member  coun¬ 
tries  of  ISO  and  elsewhere.  Rigid  rotors  represent  the  majority  of  all 
rotors  produced.  This  document  therefore  represents  an  important  step 
in  ensuring  high-quality  rotating  machinery  and  in  providing  guidelines 
for  the  reduction  of  associated  vibration  and  noise. 

Provisional  criteria  for  flexible-rotor  balancing  arc  now  available  in 
ISO  Document  TC  108/SC  1/18  (1976).  Though  the  criteria  values  are 
preliminary,  they  provide  a  means  for  approaching  this  difficult  ques¬ 
tion,  and  the  values  in  the  tables  have  been  developed  from  broad  prac¬ 
tical  experience.  Flexible  rotors  frequently  represent  the  most  trouble¬ 
some  and  time-consuming  rotors  for  balancing.  Tables  in  the  flexible- 
rotor  document  give  guidance  for  selecting  the  most  suitable  balancing 
procedure  and  for  classifying  the  rotor.  Rotors  are  classified  in  terms  of 
machine  function  (e.g.,  grinding  wheel,  jet  engine).  Most  flexible 
rotors  can  be  suitably  balanced  for  their  function  in  two  correction 
planes.  Where  two-plane  balancing  is  an  acceptable  alternative  to 
three-plane  balancing,  a  considerable  saving  in  production  costs  can  be 
realized.  ISO  Document  TC  108/SC  1/18  (1976)  also  gives  guidance 
on  the  balancing  techniques  most  suited  to  each  particular  class  of 
rotor. 
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Work  by  the  ISO  Rotor  Committee  is  continuing  to  devise  more 

adaptable  standards  of  broader  scope,  and  with  more  general  balance 

criteria  values. 
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APPENDIX 

STIFFNESS  AND  DAMPING  COEFFICIENTS  FOR 
FLUID-FILM  JOURNAL  BEARINGS 


Gtnuil 

Journal  bearings  frequently  exert  a  significant  influence  on  the 
dynamics  of  rotors.  A  useful  procedure  foi  representing  the  dynamic 
properties  of  fluid-film  journal  hearings  is  to  replace  the  fluid  film  by 
an  equivalent  set  of  eight  stiffness  and  damping  coefficients,  by  which 
the  small,  linear  motions  of  the  journal  may  be  related  to  the  steady- 
state  equilibrium  position  of  the  journal  within  the  bearing  clearance. 
This  representation  allows  the  fluid-film  dynamic  forces  acting  on  the 
journal  to  be  calculated.  Other  procedures  also  exist  for  examining  the 
journal  motion  within  the  bearing,  involving  direct  integration  of  the 
rotor- beating  equations  in  time. 

This  appendix  describes  procedures  for  obtaining  the  stiffness  and 
damping  coefficients  of  certain  common  types  of  journal  bearings. 
Charts  of  bearing  dynamic  coefficients  are  Included,  together  with  sam¬ 
ple  calculations  illustrating  their  use.  Analytical  procedures  for  obtain¬ 
ing  bearing  dynamic  data  have  been  described  by  Pinkus  and  Sternlicht 
111,  Lund  and  Sternlicht  [2]>,  Shapiro  and  Rumbarger  (3),  and  others. 
Additional  sources  of  data  on  dynamic  coefficients  are  given  in  the  text. 

Principle  of  Operation 

Hydrodynamic  bearings  operate  by  creating  a  convergent  wedge  of 
fluid  between  the  bearing  and  journal  surfaces,  shown  in  Fig.  1.  Con¬ 
sider  tne  case  of  a  plain  cylindrical  journal  that  rotates  within  a  plain 
stationary  bearing  with  an  incompressible  lubricant,  under  the  following 
assumptions: 

1.  The  fluid-film  radial  thickness  is  very  small  compared  with  the 
bearing  length  and  breadth  dimensions. 

2.  No  pressure  variation  occurs  across  the  lubricant  film  thickness, 
i.e.,  dp/Bh  -  0. 

3.  The  lubricant  flow  within  the  film  is  laminar  and  continuous  at 
all  points  (no  cavitation  or  bubbles). 

4.  Inertia  forces  are  negligible  in  comparison  with  the  viscous 
forces  within  the  film. 
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5.  No  slip  occurs  between  the  lubricant  and  the  bearing  or  journal 
surfaces. 


It  has  been  shown  by  Pinkus  and  Sternllcht  [1]  that,  subject  to  these 
assumptions,  the  flow  of  lubricant  within  the  clearance  is  governed  by 
the  Reynolds  equation.  For  the  geometry  of  Fig.  1,  this  is 


dz 


u  +  nfxR2y 


where 
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V 

V 
e 
C 

4> 

9 


bearing  Him  thickness  at  angle  9 

C  +  e  cos  9  -  C(  1  +  «  cos  9) 

elC,  bearing  eccentricity  ratio 

tangential  velocity  component  of  the  journal  surface 

radial  velocity  component  of  the  journal  surface 

eccentricity  of  the  journal  along  the  line  of  centers,  00' 

machined  radial  clearance  between  the  journal 

diameter  and  the  bearing  diameter 

attitude  angle  between  veitical  and  line 

of  centers 

angle  from  line  of  centers  to  position  in  film. 


CAVITATBD  RIOIONi 
OIL  PLOWS  IN  STREAMERS 


OIL  IS  PUMPED  INTO  THE 
CONVEHINQ  CLEARANCE 
BV  VI8C0US  ACTION 


Fig.  1.  Hydrodynamic  action  In  plain  cylindrical  bearing 
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Bearing  Dynamic  Operation  Conditions  . 

Consider  the  dynamically  loaded  journal  rotating  in  the  bearing 
shown  in  Fig.  2<  if  the  bearing  surface  is  fixed  and;  Immovable,  the 
shaft  center  alone  will  have  the  following  instantaneous  radial  and 
tangential  velocities  under  dynamic  loading  conditions! 

K’-c  * 
and 


tit 


At  any  point  M  on  the  bearing  surface,  a  distance  9  from  the  line 
00',  there  will  be  tangential  and  normal  velocities  £/,  V  relative  to  M' 
nn  the  surface  of  the  bearing.  These  velocities  are  made  up  of  the 
shaft  center  velocity  components  given  above  plus  the  shaft  surface 
velocity  about  its  own  center: 
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U  -  Rot  +  C  sin  0  -  Ct  C08  g 

dt  dt 

and 

V  -  C  eos  0  +  Ct  sin  0. 

0i  at 

Now  {C/R)  <<  2  (always)  and  (o/R)  <<  2  cos  0  (commonly). 
Write 

2C.  H ±±  tf .  sir, «  -  -2  ig.  -  -2  i  A 

«*  (ft  do  do 

where  a  ■■  -f  <f>,  and 

6 UfiR  ~~  «  6/a/l(flw  +  Ci  sin  0  -  C«a  cos  0)(-Cc  sin  0) 

00 

«  6ju/K/!!w)(-Cc  sin  0), 

and 

12 uR'V  -  12/i/?JICi  cos  9  -  «(-«C  sin  0)] 

-  6fxR\2C'Ri  cos  0  +  ItCRa  sin  0]. 

The  right-hand  side  of  the  time-dependent  Reynolds  equation  can  be 
written  as 


6 »R  M  U  +  n»R*V  -  6M/?JCt-«(w  -  2a)  sin  9  +  Ik  cos  0]. 

00 

The  total  expression  for  the  dynamic  pressure  distribution  is  then 

±-  J«i  *i\  .  R1±  (ilia 

80  C 3  BO  +  R  Bz  \  C3  Bz 
R  2 

—  Bn  —  U(2a  -  w)  sin0  +  2c  cos  0] 

This  expression  holds  throughout  the  bearing  clearance,  wherever  the 
fluid  film  is  continuous. 
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Linear  Form  of  the  Bearing  Dynamic  Equation 


The  time-dependent  Reynolds  equation  can  be  written  in  the  form 
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(x-  R6). 


where  x  -  R6.  Introducing  the  dimensionless  parameters 

x  -  Dx .  2  “  Lz,  h  «  2CA,  h  -  y  C  (1  +  «  cos  fl),  e  —  C«, 
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2ir 


and  assume  constant  viscosity  through  the  fluid  film.  The  above 
parameters  lead  to  the  dimensionless  Reynolds  equation: 
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The  resulting  fluid-film  force  is  then  the  integral  of  the  pressure  over 
the  load-carrying  film  in  the  a-direction: 
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Stiffness  and  Damping  Coefficients 


The  required  formulation  of  fluid-film  dynamic  properties  in  terms 
of  displacement  ("stiffness")  coefficients  and  velocity  ("damping")  coef¬ 
ficients  can  be  obtained  by  making  a  first-order  Taylor-series  expansion 
of  the  above  force  expression,  above  the  journal  steady-stote  ("static") 
equilibrium  position: 
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At  the  equilibrium  position  «  «  0  and  a  -  0, 

For  a  cylindrical  bearing,  the  dynamic  force  is  expressed  in  terms 
of  radial  and  tangential  components  dFt  and  dt\,  The  required  expres¬ 
sions  are  also  obtained  as  Taylor-series  expressions: 
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To  relate  these  expressions  to  Cartesian  coordinates,  write 
Fx  -  -Ft  cos  a  -  F\  sin  a  pr - 


Fj,  —  —Fx  sin  a  +  Ft  cos  a. 


V 
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For  small-amplitude  motions, 

dFx  -  -dF,  cos  a  +  F,  sin  a  da  -  dF{  sin  a  -  Ft  cos  a  dn 

and 

dFy  -  -dFr  sin  a  -  F,  cos  ada  +  dFt  cos  a  -  Ft  sin  a  da. 


Furthermore, 


x  —  Ct  cos  a,  dc  —  (cos  a  dx  +  sin  a  dy), 


y  —  Cc  sin  a,  €  da  m  ~  (—  sin  a  dx  +  cos  a  4p). 
Substituting  and  simplifying  give 
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„  1  8/t  2  .  A  ■  2  .  /r  «/r 
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and  where  dFx,  dx,  d>\  dx,  dy  represent  small  harmonic  forces, 
displacements,  and  velocities,  respectively,  about  the  journal  equili¬ 
brium  position.  These  expressions  are  calculated  numerically  with  a 
digital  computer,  subject  to  specified  fluid-film  and  geometric  boundary 
conditions. 

Numerical  Solution  of  the  Reynolds  Equation 

For  finite-length  hearings  the  customary  procedure  is  to  express 
the  Reynolds  equation  as  a  set  of  finite  difference  equations  each 
corresponding  to  a  nodal  point  i,  J  in  a  mesh,  as  shown  in  Fig.  3. 
These  equations  are  then  solved  on  a  computer.  Local  pressure  is  the 
unknown  in  each  equation.  The  finite-difference  formulation  may 
Include  the  pointwise  variation  of  film  thickness,  viscosity,  tempera¬ 
ture,  etc. 

For  an  incompressible  lubricant,  the  dimensionless  steady-state 
Reynolds  equation  is: 

8  a.  dY  B  fpiLfi]  k  88 

M  *  M  +  T  «  *  r, 


where 


v  * 


A.  l+.co.*,  , 
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For  any  point  /,  J  in  the  mesh  shown  in  Fig.  3,  the  A -values  are  con¬ 
stant  and  the  above  expression  has  the  form 

Pu  -  flo  +  aiPi+u  +  atfi-ij  +  QjPtj+i  +  a4Pi,j-u 

where  a o,  at,  a?,  aj,  and  a+  are  constants.  In  this  manner,  the  pres¬ 
sure  at  any  location  /,  J  is  specified  in  terms  of  the  pressures  at  the 
adjacent  nodes  in  the  mesh.  The  solution  of  the  Reynolds  equation  is 
then  reduced  to  the  solution  of  a  corresponding  set  of  simultaneous 
equations,  The  time-dependent  Reynolds  equation  can  be  handled  in  a 
similar  manner. 

Canter  of  dynamic  coordinator  la  at  tha 
ateady-etate  equilibrium  poeltlon  of  tha  Journal 

Kyx  Byy  fl*Y  *xy 

_  fT - 1 - 1 - ? — ■? - -  X 

Fig,  4,  Representation  of  bear¬ 
ing  fluid-film  dynamic  proper¬ 
ties  by  a  spring  and  damper 
array, 
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Cherts  of  Bearing  Stiffness  and  Damping  Coefficients 

The  dynamic  force  acting  on  a  journal  that  is  displaced  a  small  dis¬ 
tance  from  its  equilibrium  position  is  related  to  the  coordinate  dynamic 
amplitudes  and  velocities  of  the  journal  motions  by  the  expressions 

-  Fx“  KxxX  4-  K^y  4-  B^x  +  B^y 
and 

—  Fy  m  KyxX  4"  Hyj,y  4"  ByxX  4"  Byyjf, 

Fx,Fy-  dynamic  force  components  acting  in  the  directions 
shown  in  Fig.  4 

*'  y  “  journal  dynamic  displacements  in  the  coordinate  directions 

x,y  “  journal  velocities  in  the  coordinate  directions. 

The  K  terms  are  stiffness  coefficients  of  the  fluid  film  that  relate  jour¬ 
nal  displacement  to  force,  and  the  B  terms  are  velocity  coefficients  of 
the  fluid  film  that  relate  journal  velocity  to  force. 

The  cross-coupling  terms  k‘x ,  Bv,  ByX  relate  the  journal  dis¬ 

placement  and  velocity  in  one  coordinate  direction  to  the  force  that 


f 
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occurs  in  the  other  coordinate  direction.  The  total  coordinate  forces 
which  result  from  journal  motion  within  the  bearing  are  obtained  as  the 
sum  of  the  effects  indicated  above. 

Figures  5  through  8  are  charts  of  stiffness  and  damping  coeffi¬ 
cients  vs  Sommerfeld  number  for  the  plain  cylindrical  bearing  and  for 
the  tilting-pad  bearing.  These  charts  are  taken  from  design  data  given 
by  Lund  [4],  This  reference  contains  stiffness  and  damping  data  on  a 
variety  of  bearing  types.  The  dynamic  bearing  coefficient  charts  given 
herein  apply  to  bearings  with  an  L/D  ratio  of  0.5.  The  tilting-pad  bear¬ 
ing  charts  are  for  a  four-pad  bearing  with  an  applied  load  acting  on  the 
bottom  pad,  and  with  an  applied  load  acting  between  the  lower  pads. 
These  charts  represent  typical  dynamic  coefficient  data  for  each  of  the 
bearing  types  shown.  Bearings  with  other  proportions,  other  L/D 
values,  pad  preload,  etc.,  would  be  represented  by  data  of  similar  form 
but  with  different  numerical  values.  The  tilting-pad  bearing  charts 
shown  are  for  the  case  of  zero  preload.  The  effect  of  pad  preload  is 
discussed  by  Lund  [5], 


\ 


Fig.  S.  Dimensionless  stillness  and  damping 
coefficients  for  a  plain  cylindrical  bearing  (L/D  -  0,5). 
From  Lund  [4]. 
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Fig.  6.  Dimensionless  stillness  and  damping 
coefficients  for  a  plain  cylindrical  bearing 
( L/D  -  0.5).  From  Lund  [41. 
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Fig.  7.  Dimensionless  stiffness  and  damping  coefficients  for  a 
tilting-pad  bearing  (L/D  -  0.5),  load  between  lower  pads. 
From  Lund  [4], 
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Fig.  8.  Dimensionless  stiffness  and  damping  coefficients  for  a 
tlltlng-pad  bearing  (L/D  -  O.S),  load  on  the  lower  pad. 
From  Lund  14). 


Most  bearing  types  possess  a  full  set  of  eight  dynamic  coefficients. 
This  indicates  that  considerable  cross-coupling  exists  between  the  coor¬ 
dinate  motions  (see,  for  example,  the  plain  cylindrical  bearing  data  in 
Pigs.  5  and  6).  An  exceptional  case  is  the  tiiting-pad  bearing  that  has 
only  four  dynamic  coefficients  and  zero  cross-coupling  effect,  as  indi¬ 
cated  in  Figs.  7  and  8. 

This  absence  of  cross-coupling  between  the  coordinate  motions  of 
the  tiiting-pad  bearing  results  from  the  freedom  of  each  pad  to  "track" 
the  shaft  motions,  virtually  independently  of  the  other  pad  motions. 
This  absence  of  cross  coupling  confers  a  high  instability  threshold  speed 
on  the  tiiting-pad  bearing. 


Procedure  for  Calculating  Bearing  Dynamic  Coefficients 


\ 

i 


Step  1  in  the  procedure  is  to  calculate  the  Sommerfeld  number  5 
-  (fuNLD/  W)  (R/C)2  for  the  specified  bearing  operating  conditions. 
A  lubricant  viscosity  appropriate  to  the  bearing  outlet  temperature 
should  be  used. 

Step  2  is  to  select  the  bearing-parameters  chart  that  relates  to  the 
bearing  type  and  L/D  ratio.  Allowance  should  be  made  for  the  effect 
of  any  bearing  grooving  on  the  L/D  ratio. 
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In  step  3,  the  appropriate  Sommerfeld  number  values  are  entered 
into  the  charts,  and  the  Corresponding  values  of  bearing  dimensionless 
coefficients,  K& ,  etc,  are  read. 

The  required  dimensional  values  of  the  bearing  coefficients  are 
then  obtained  as  follows: 
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etc., 


where  K „  is  the  bearing  stiffness  coefficient  in  the  x-direction,  etc., 
B„  ia  the  bearing  velocity  damping  coefficient  in  the  x-dircction,  etc., 
C  is  the  bearing  nominal  radial  clearance,  W  is  the  steady  applied  load 
on  the  journal,  and  u  is  the  circular  rotational  frequency  (rad/a)  of  the 
journal. 


Example 


Find  the  stiffness  and  damping  coefficients  for  a  plain  cylindrical 
bearing  with  a  diameter  of  4.00  in.,  a  length  of  2.0  in.,  and  a  machined 
diametrical  clearance  of  0.004  in.  The  journal  operates  at  3000  rpm 
with  oil  at  a  viscosity  of  1.10“*  lb  s/in.2,  an  oil  outlet  temperature  of 
180°F,  and  an  applied  steady  load  of  1200  lb. 

1.  The  Sommerfeld  number  is  obtained  from 


uNLD 

R 

2  (10-*)  (50)  (2)  (4) 

2 

W 

C 

1200 

2  x  10“3 

-  0.333. 


2.  Figures  5  and  6  are  parameter  charts  for  an  L/D  ratio  of  0.5. 

3.  The  required  dimensionless  stiffness  and  damping  coefficients 
for  S  “  0.333  and  L/D  ■*  0.5  are 


Exx  Kxy  KyX  Kyy  Byjg  Byy  ByX 

3.35  *  3.75  -0.25  2,10  6.45  2.14  2,14 


2.34  ’ 


4.  The  dimensional  stiffness  and  damping  coefficient  values  are 


W 

C 


1200 
2  x  10“3 


&  XX  “  ft  XX 


(3.35) 


2.01  x  106  lb/in. 


<**PWTOW!iVHMtJ 


'Trwwsrsirs  3nndfR.vwMftiM 
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and 


Bjgg  ■  Jw 


1200 


2  x  10 


—  -  12,320  lb  s/in. 


*«» 


V* 


2,01  x  10*  2.2S  x  106 ,  -0,15  x  106  1.25  X  10* 


1  O'*  ^  Byy 

12,320  <  4087  4087  4469  ‘ 

These  values  apply  Tor  given  Sommerfeld  number  conditions  on(y.  If 
any  change  occurs  in  outlet  temperature,  load,  speed,  etc.,  the  bearing 
dynamic  coefficient  values  will  also  change  from  those  given  above. 


Approximate  Bearing  Dynamic  Coefficients 

The  Ockvirk  short-bearing  theory  [6]  can  be  extended  to  give 
approximate  expressions  for  bearing  stiffness  and  damping  coefficients. 
Expressions  for  the  plain  cylindrical  bearing  developed  by  Morrison  [7] 
and  Smith  [8]  are  given  below.  Operating  parameters  for  a  plain 
cylindrical  bearing  with  a  180”F  oil  film,  are  given  below. 

The  relation  between  Sommerfeld  number  And  eccentricity  ratio  is: 


i 


if _ (i  - 

D  ir«[wJ(l  —  «2)  +  lbe2]^2 


Static  load  capacity: 

w  ~  j  [irJ(1  -  «2)  + 16«2]1/2- 

Journal  friction  force: 

r  2iruNR2  lit 

C  (1  -  «2)l/2  ’ 

Oil  flow-through  clearance: 

Q  -  2  rrNRCtL. 


Bearing  stiffness  coefficients: 

v  4[w2(l  —  c2)(l  +  2t2)  +  32t2(l  -f  c2)] 
(1  -  «a)  t'rr2(l  -  «2)  +  16e2]3^2  ' 
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K  nlnHl  -«2)(1  -I- 2c2)  +  32«2(1  +  «2)) 

*  «(1  —  «2)^2{ir2(l  —  *2)  -f  16«2]3^2  * 

K  —w[w2(l  ~  «2)2  -  16<4) 

*  «(1  —  «2)^2tw2(l  -  e2)  +  16«2]3^2  ’ 

v  4k2(2  -  «2)  +  16<a1 

*  “  tir2(l  -  «2)  +  16«2]3^2  * 

Bearing  damping  coefficients:  , 

o  2tt  Itt2(1  —  a1)2  +  48ca] 

«(1  —  «2)I/2Iir2(l  —  «2)  +  16«213/J  ’ 

,  n  8[wa(l  4-  2«2)  -  16a2] 
w  "  [w2(l  -  «2)  +  16«2]^2  ’ 


-  8tw2(l  +  2«2)  -  16s2] 

M  "  Itt2(1  -  a2)  +  16«2]3^2  ’ 

r  2tr(l -<2)1/2[ir2(l -f  2«2)-16«2] 

"  "  «[«r2(l  -  «2)  +  16«2]V2 

These  expressions  are  based  on  the  assumption  that  the  lubricant 
viscosity  is  constant.  Comparison  shows  that  the  results  obtained  with 
these  coefficients  are  similar  to  those  obtained  from  the  finite  bearing 
theory,  for  L/D  ratios  lower  than  1.0  and  for  eccentricity  ratios 
between  «  —  0.2  and  0.7.  The  required  relationship  between  the  Som- 
merfeld  number  and  the  eccentricity  ratio  is  given  above.  A  chart 
expressing  this  relationship  for  the  180°  plain  cylindrical  bearing  [8]  is 
given  in  Fig.  9. 


Example 


Calculate  the  plain  cylindrical  bearing  coefficients  for  the  example 
given  in  the  preceding  section.  Compare  the  results  obtained  using 
finite-difference  theory  and  short-bearing  theory.  Assume  that  S  - 
0.333  and  L/D  -*  0.5.  The  eccentricity  ratio  is  then  found  from  the 
expression 


c„~s 


(1  -  «2)2 _ 

irtlir2*!  -  *2)  4-  !6*2]l/2 


0.08325. 


By  iteration,  <  *■  0.548. 
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Fig.  9,  Variation  of  eccentricity  with  the 
Sommerfcld  number  >for  a  plain  cylindrical 
bearing,  180“  oil  film,  After  Smith  [8). 


The  next  step  is  to  evaluate  K^'. 

K  4l7T2(l  -«2)(l  +  2«2)  +  32<2(1  +e2)j 
<x"’  (1  -  «2)I»r2(l  -  «2)  +  16«2]V2 

m  4[tr2(l  -  0.30H1  +  0,60)  +  32(0,30) (1,30)]  ,  ,,6 

(1  -  0.30) (tr2(l  -  0.30)  +  16(0.30)]}/2 

Similarly,  the  other  coefficients  are  found. 

Short-bearing  coefficients: 

K*  ICttu  FCujt  /kuu  fiyy  1 

3.3S6  4.027  -0.582  2.154  4.978  2.195  2.195  2.634 

Finite-bearing  coefficients  [31: 

Kjcx  Kxy  Kyx  Kyy  &xx  &xy  fyx  &yy 

3.35  3.75  -0,25  2.10  6,45  2,14  2,14  2.34' 

The  close  correlation  between  these  results  is  reasonably  common,  pro¬ 
vided  the  L/D  and  «  restrictions  mentioned  above  are  not  grossly 
exceeded,  Short- bearing  representations  for  partial-arc  bearings  and  for 
tilting-pad  bearings  have  also  been  obtained. 


fe'tt  i*  er 1 
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The  following  computer  program  listing  calculates  the  plain 
cylindrical  bearing  dynamic  coefficients.  The  input  consists  of  the  Som- 
merfeld  number  and  the  LID  ratio.  The  program  first  calculates  bear¬ 
ing  eccentricity  from  the  Ookvirk  parameter  S(L/D)  -  /(«)  given 
above  and  then  computes  the  bearing  coefficients.  The  accuracy  of  typ¬ 
ical  results  is  shown  above.  Short-bearing  coefficients  were  calculated 
with  this  program, 


Program  for  Calculating  Dynamic  Coefficients  for  a  180*  Plain 
Cylindrical  Bearings  Using  the  Short-Bearing  Theory 


'  REAL  KXX >kXY>KYXVKYY 
..  IR«.10SIIU«108  •/*•!< 


vkvy  ■  '  • 


A2-A1**2 

100  READ(IR. 10. END-999)  8 r ELEN » DIA 


rtl. 000  • 

:7. 000 

-ttvoo— 

9.000 
10.000 
rxr.ooc— 
•  isivoo 
.iijiooo .  •: 

-f4T0Q0‘  • 

IS. 000 
18,000 
m 7.oov 
18.000 
\  19.000 

“■So-.  000-“ 
21,000 

'.::23 . 000 

rU:  o°o°o0 
-sarooft”  - 

27.000 
28.000 
-297000"' 
■  30.000 
31.000 

-jsrooo  - 

33.000 
34.000 
“357000  — 
38.000 
37.000 

“307000 . 

39.000 


■ ■ ’  E-0.02 
.  06  TO  20 

■~4o  t-e-r/rr" 

20  A3-E**2 

81-1. -A3 

»AS 


T7  ; : ; ; :  "I#:1  \ 


F«<8*<R**2>>-<B4/<A1*E*F1>) 

FP-(<4.*F1*B1*A3)  +  <B4*<F1+<A3*A.13/F1) )>  >/<Al*A3*<Fl**2>> 


i*e*fd>  ’  >'  ')5  j 

J'.BCr'RCC. 


30  SC»<< 1  ./R>**2>*(  <B1**2)7(A1*E»F1 )  )■ 

OUTPUT  'ENTERED'  -Br  'COPUTED'  r  BC.  'KCC. '  rEtf'il/D* 

- 8T-TTA3 - - - - — — 

K3»SQRT<B1) 

_ _ _ _ _ _ _ _ _ _ 

H2-B1  +  1.--  \  '  < V.>?  u  '  '  ' 

-  -ms  pr«37 - — ‘ - - - — *-:u - 

0-A2*Bl*Dl+C2*B2 

01-E*B3*F2 

— —  <nr-AS*iii=ci - ..  . 

.  kXX-4,*07(Bl#F2)  ■  ••  ■VV!?'"yifc 

KYY«4.«<A2*D2+C1>/F2  ■' ■■  ,r  S.rtY' . 

- Kxv--mo'/lin - - - 1 — “ — 

NYX— Al*(A2*»4-Cl#A3)/ai 
DXX-2.*A1*<A3*R4K‘3)701 

- - B  Y  Y-  ST*  AT*  B3  *  Cl  37  <  E  *  F  2  > - "" — ~~ 

BXY«8 . 402/F2  .  "  ,  .  V 

BYX-BXY 

- OUTFirr  KXXrKXYTKYXVKYYVDXX-iTIXY PYY.UYY - ““ — 

GO  TO  100 


39.500  10  FORMAT ( 30 ) 

“407  OfcO  V  99  BTO  P~ - 

41,000  END 
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Sample  Calculation 
S  -  0.333 


L  «■  1.0  in. 
D  -  2.0  in. 


T •  333  9 1  *  9  7. »  t 
B  ■  ,333000000000000 


!sfc&;bi'4  *  q.qooooooooooooo 
iE'l'NTElien  .;■>(•  as*. 

W-  . 

■  ■  . JSaO&OOOooooobO  ' 
COPUTED 

•C  ■  <  3330100318, BA, 1 

Ottk  e*f»-Jr.W,Vv 

PIT' E  3,74,0938337471 : gp 

•■t./'to-.  .  '  V:.  j:- 

m 

ftl 

*ft 

iTrt 

y*xn 

1 

pi.SOOOuOOOOOOOOd!)  Lfb 
KXX  •  3.35500400410,11  N 
KXV  *  ,.0247854,064108 

S5dl5r^yj«/'us/i J  ,"u‘ 
ISASgTO;?:  J|.  »5„ 2321 30301 7 
MMKlW«»7.74gi4217433e  ' 

8YX  ■  2.19,7900,831874 

8YT  -  2  >4334291 7785V35 

1' .  A" 
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